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1. Introduction

The existence of solutions of initial and boundary value
problems for ordinary differential and differential-functional
equations, the existence problems for integro-functional and
functional equations lead us to a fixed point problem for an
appropriate operator in some function space, usually in
¢(I, R™) space. Here C(I, R") is the Banach space of all con=
tinuous functions defined on the interval I = [8,b], 0<a<h,
with values in a real-dimensional space R%, [+ will denote
a norm in RP,

In the literature we can find many partioular results
concerned with the problem, including those obtained by the
¢lasical Banach contraction mapping principle, the comparison
method, the Schguder fixed point theorem and by the more re=-
cent results employing measure of noncompactness or degree
of mapping notions.

In the present paper we intend to describe a wide class
of operators in C(I, R") for which the fixed point result can
be established by the direct use of the Schauder theorem., The
main idea of the paper is: for a given operator defined in
Cc(I, RP) one has to find such a common modulus of continuity
of all functions of some bounded, closed convex subset of
c(I, R™) which remains the same for all images by this opera-
tor of the elements of the subset mentioned,
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2 M. Kwapisz

We will find the mentioned modulus of continuity as a solu=-
tion of some functional inequality related to the opsrator
oonsidered. It seems that the result of the present paper
could not be establised by the direot use of the measure of
nonoompactness method (see [1]).

2+ The main result

Let a continuous operator F:C(I, R®) —=C(I, R®) be given.

Note that in applications sometimes we have to deal with
an operator P, : C(I,, R") — C(I, R®) where the interval
IcI, = "[a1,b1]. However this case can be easily reduced to
the oase where I, = I if gome functions <pec(Ia, rY),
Yeco(1,, BY), I, = (ay»8]s I, = [b,b,], are given. To do this
it ie enough to define the operator P : C(I, R®) — c(I, R®)
by the relation F = F,<E, whers the operator E : C(I, R")—
——»C(I1, RP) has the form Bz = w, where

o(t), tel,
w(t) = <z(t)=L(z(a),z(b))(t)+1{p(a),¥(D))(t), teI
lp(t). tGIb

and

Hu,v)(t) = v + 2= (t-b), u,veR"

In view of this we can confine our oconsiderations to the func-
tional equation

(1) x(t) = (Fx)(t), telI,

We introduce the following assumption,

Assumption H1’. Assume that

1° there exists a nondecreasing operator I : C(I, R, )-—
—C¢(I, R, ), R_ = [0, +00), &nd an element x, €C(I, R?) such
that for any x € C(I, R?),

(2) - l(rx)(t) - x (8)]|<r(x=x ) (t), teI,

- 474 -



“Solutions of operator equations ) 3

2° there exists geC(I, R, ) such that

(3) (rg)(t)<gl(t), tel.
Put
K(x,,8) ={x|xec(I, BY), [x(t)-x (¢ <8(t), t eI},

Clearly K(x ,8) 18 a bounded closed and convex subset of

c(1, r"), lloroovor according to (2) and (3) we get F(K(x,,8))c
CK(xo.g). Unfortunately we cannot apply the Sochauder theorem
because in the general case the operator F is not compact. ‘
But under some additional assumptions we will find a compact
subset of K(xo,g) which is invariant with respeoct to the ope~
rator P.

Let A be a fixed non-empty set, let F(a, R ) denote the
set of all mappings from A to R, and OeVCP(A, R ). We take
the following assumption.

Assumption Hz. Assume that

1° there exist functions: o: AxI-—=1I, @t AxI —I,
I, = (05 b-a], such that '

[x(a(ey t)) = x(x(*,8))] eV,
(4) | (Tyt) =a(T,8)|sw (7, |t-8})
for any t,ecl, TeA, X eK(xo,g)
2° there exists a nondecreasing and continuous operator

2 : I «V-—=R_ such that £(0,0) = 0 and

(5) l(rx)(t)~(Px)(s8)|< (I tsl, | x(al*,t)) = x{ct(*,8)}]),

for any t,s eI and xeK(xo,g),
3° there exigts a nondecreasing and continuous function
] I,— R, such that §(o) = 0 and

(6) $(u) 22 (u,g(wle,u))), uel,
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Note that for our further consideration 1t is enough if
the funotion 7 is defined only on some interval [0,5], 6>0.

Now we can formulate

T‘h eorem 1, If the essumptions H.' and H2 are
satisfied then there exists in K(xo.s) at least one solution
of the equation (1). :

Proof. In order to prove the theorem we take the
function determined by condition 3° of Assumption H2 and we
define the set

s(g) ={x|x €K(x 8l x(t)-x(s)]< gl t-81), %,8¢ I},

It is obvious that the set S(7) 1s a convex and compact
subset of C(I, RP}. We easily prove that S(y) is invariant
with respeot to the operator F, i.e. F(S(g))c S(y). Becanse
of the relation P(K(xo,g))CK(xo,g), it is enough to observe
that according to the evaluations (4)-(6) for any xe¢ S(7})
and t,8€1 we get

l(Fx) (%) =(Px) ()] <R (1 t=81,]x(ct(e,t) ) =x(c(+,8))] )<
<R(1t=-8], ylw(e,1t=81))) <y{lt=-8]).

This means that Fx e S{%). Now the assertion of the theorem is
implied by the Schauder fixed point theorem.

3. Discussion of the assumptions

Let us discuss some special cases and possible applica-
tions of Theorem 1. First we observe that Assumption H1 is
fulfilled if the operator F is bounded, i.e. if there exists
a continuous function M : I—=R,_ such that |[(Fx)(t)] < M(t),
tel, )

Now the operator I does not depend on x and we can
assume that

Pl x=x || 1(t) =[x te)] + M(t),

so for g(t) we can get the right-hand side of the last equa-
tion. This is the simplest possible case. Otherwise the operu=-
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tor I should preserve the specific features of the opera-
tor P, i.,e., it should be an integral or integro-functionsl ifr
P is of this kind., Having the opsrator r fixed we need to
find a solution of inequality (3).

The discussion of possible special cases of the opera-
tor L2 and the function w appearing in Assumption H2 seems
to be more difficult and interesting.

1) The simplest case: appeafe if the operator K does not
.depend on the second variable, i,e.

R{u,z) = m(u), uel,, zeV,

Now we can take y(u) = m(u). This is the case which
usually occur in discussions of the existence problem for in-
tegral equations, Clearly this includes the existence problems
for initial and boundary value problems for ordinary differen=-
tial and differential-delay equations., Evidently the discussion
of proparties of the set A and the function w has no meaning
in this casse. .

2) Apother rather simple case occurs if the set A is a
one-point set, say-A = {1}. Now we can assume that F(A, R,) =
=R, V= 13+ and

Q(u,z) = m(u,z), ueIo, zeE*.

The functions o and w appearing in the condition 1°
of Assumption H, we can consider as functions of one variabls,
The evaluations (4) and (5) now take the form

[t(t) =a(s)] cwllt = 8])

l(Fx1(t)=(Px)(8)| < mf] t=e |,||x(clt) )-x(x(8))]|), t,mel.

For 7 we take a solution of the funotional inequality

glul>mlu,3(w(u))), uell.
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Now the discussion of the existence of the ocontinuous and
nondecreasing solution of this inequality is required. We
note that in view of the Banach contraction principle there
exists such a solution of the last inequality (equation) if

n{u,z) = qla) + k2, ke[0,1)

and the functions q,w sare continuous and nondecreasing.
However, if w(u) < u we oan take

7lu) -—‘y—_%)- .

Another case, when the exlistence problem for the mention-
ed inequality for 7 1is easy to solve, we obtain if

m(u,z) = Q uf + k z, win)gcen,

for some Q, p, k, c€R_, 0<pg1, 001 and k oeP <1, Now we

get glu) = Q uP/1-kcP as a solution to the mentioned inequa-

1ity. _

The case desoribed we meet usually in discussions of the
existence problem for the integro-functional equations of the
form

r(t)

x(t) = £(t, f g(t,s,x(8))ds, x{c(t)) ],
p($)

3) The more general case we have if the set A={1,2,...,r}.
Now we assume that P(4, R+) = R:: =V,

afe,t) = (0\1(t,,'--’dr(t,), tel,

w(o’ll) = (&)1(0),...'(01,(0)), uGIo,

&(u,z’ = m(u,z1,ooo’zr), zZ = (21,ooc’zr)eR:.
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In this case the evaluations (4) and (5) take the form
]di(t)-di(s)l Swi“t-sl), 1-1,2,...,1',

[[(rx)(t)=(Px)(8)]<

< mf| t-sI.l]x(u1(t))-x(o¢1(8))ll,...;le(ur(t))-x(ur(s))H). t,sel.
Now 7 should be a solution of the inequality

tlu) > mlu,glog(a))yeee,gloplu))), ael,.

It 1s not diffiocult to discuss the conditions whioh gua-
rantee the existence of the solution 7 of thles inequality
(equation) having the properties required by the condition 3°
of Assumption Hz ir

: : r
ﬂ(u.’1’000”r, Lad Q(ll, + 2 ki(u)'ig uEIo.
=1
Clearly, the problem can be easily solved if k; are con-
gtant and their sum is less than one. If wi(u) Su, 1=1,2, wey?,
k,(u) = k, and
gt 1
r
k= > k <1
i=1

we can take 3(u) = q(u)/1-k, Otherwise, if q(u) = Q uP,
wi(u’Sei-u, ki(ll) = k;. 1 o 1,2,..‘..1‘, neIO’ 0<p$1’
0<04¢<1, Q>0 and

r
= > K o,P<n,
i=

then we get 7lu) = Q uP/1-k*, uel . If some o; are greater
than one then the same formula for 73 is valid for ue[O,tS],
where § > 0 is such that oi-dsb-a, 1 = 1,2,000,0
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This considerations are useful for discuseion of the exi-
stence problems for sultable generalization of the integro-
~functional equation mentioned in 2),

There is a variety of other possible cases involving in-
finite sets A (intervals for instance). They lead us to very
complioated functional inequalities for the function 7y, for
instance of the form

d
glu)> m(‘% I 'ﬁ'(w("lu) )d't K(«o“))o
0
where the integral is the Stieltjes one,

4. A generglization of the main result

Sometimes the operator P has more complicated form and
Assumption H2 does not hold., It takes place for imnstance if
we have to consider the existence problem for differential
delay equations of neutral type with transformed argument de-
pending on the derivative of unknown function. In such situa-
tion in order to establish some existence result for equation
(1) we modify Assumption H, as follows

Assumption H.,. Assume that

1° there exist funotions o t AxI:K(xo,g)———I, oqtaxI —1,
m:AonxV—>I°, o.‘xAon——Io, such that for any t,mcI,
x €K(x,,8),

[[x(ct{e,t,x)) = x{ct(e,8,x))| €V,
| x(otq(+4%)) = xlexq(e,8))]| €V

and
| t(Tytyx) = x{%y8,x)|<

<wlT,lt-8] .“1(01(‘,t))-1(0(1(°.8))”)',

[u1(fr.t)-a1('r,a)| Swy(z,lt=8]), T <4,
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2% there exists a nondecreasing and continuous operator
Q:IxV —R_ such that 2(0,0) = 0 and for any t,scI,
xeK(x,,8)

[ (Px) (£)=(Fx)(8)|| < 2(It=81,]x(ale,t,x))=x({a(,8,x))]|),

3% there exists a nondecreasing and continuons function
3:I,—= R, such that 3(0) = O and

glu)20 (u,g (w( sty g lawg (e .u))))) y uel,

Now we can state

Theorem 2, If the aessumptions H1 and H3 are ful=-
filled, then there exists in K(xo.s) at least one solution
of the equation (1).

The proof of this theorem runs by the same way as for the
previous one. '

It is clear that the last inequallty for the function 7
is more complicated than the inequality (6) but there exist
sitnations when 1t i1s not difficult to find the solution of
this inequality. It is certainly the case when A = {1} and

Q(u,2) = Q u + k 2z, w(u,z) = reu + lez, w,(u) = oo,

Q, k, 1, ¢, r€R_. Now 3(u) = Geu, where G>0 is a solution
to the inequality

G>Q+krCG+kl1c G

Such a solution obviously exists i1f k r<1 and (1-k:|.~)2 -
- 4Qklc > O,

There are possible further generalizations of Assumption
H2' Por instance, if in Assumption H3 we assume that oy de~
pends on x, then we need to assume that there exist soms
additional functions oy and Wy which play with respect to
the function olq the same role as functions 4 and Wy play in
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10 M. Kwapisz

Assumption H2 with respect to the function o. This process can
be iterated many times.

5. Remarks

The method described in this paper oan be easily extended
to the equations of type (1) with the unknown function of
multidimensional variable., Also an extension of the method for
operators F in Lp(a,b) is possible,

The present paper essentlally developes an idea which in
particular cases can be found in [ 2]-[7].
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