
DEMONSTRATIO MATHEMATICA 

Vol. XVII No 2 1984 

M a r i a n Kwapisz 

SOME RESULT ON THE EXISTENCE OF SOLUTIONS 
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1. In t rodgo t ion 
The ex i s tence of s o l u t i o n s of i n i t i a l and boundary value 

problems f o r ordinary d i f f e r e n t i a l and d i f f e r e n t i a l - f u n c t i o n a l 
equa t i ons , the ex i s t ence problems f o r i n t e g r o - f u n c t i o n a l and 
f u n c t i o n a l equat ions lead us t o a f i x e d point problem f o r an 
appropr ia te opera tor i n soma f u n c t i o n space , usual ly i n 
C( I , Rn) space. Here C( I , Rn) i s the Banach space of a l l con-
t inuous f u n c t i o n s def ined on the i n t e r v a l I - [ a , b ] , 0 < a < b , 
wi th va lues i n a r ea l -d imens iona l space R n , ||*|| w i l l denote 
a norm i n R n . 

In the l i t e r a t u r e we can f i n d man; p a r t i c u l a r r e s u l t s 
conoerned with the problem, inc lud ing those obtained by the 
c l a s i c a l Banach c o n t r a c t i o n mapping p r i n c i p l e , the comparison 
method, the Sohauder f ixed point theorem and by the more r e -
cent r e s u l t s employing measure of noncompactness or degree 
of mapping n o t i o n s . 

In the present paper we intend to descr ibe a wide c l a s s 
of opera to r s i n C( I , Rn) f o r which the f ixed point r e s u l t can 
be e s t ab l i shed by the d i r e c t use of the Sahauder theorem. The 
main idea of the paper i s : f o r a given operator def ined in 
C( I , Rn) one has t o f i nd such a common modulus of con t i nu i t y 
of a l l f u n c t i o n s of some bounded, olosed convex subset of 
C( I , Rn) which remains the same f o r a l l images by t h i s opera-
t o r of the elements of the subset mentioned* 
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2 M. Kwapisz 

We wil l find the mentioned modulus of continuity as a solu-
tion of some functional inequality related to the operator 
considered. I t seems that the result of the present paper 
could not be establised by the direot use of the measure of 
nonaompaotness method (see [1])* 

2• The main result 
Let a continuous operator F»C(I, Rn) — R n ) be given. 
Note that in applications sometimes we have to deal with 

an operator P1 : 0(1^, Rn) —* C(I, Rn) where the interval 
l c l 1 « '[a^fb^]. However this case oan be easily reduced to 
the oase where I 1 = I i f some functions </>€C(Ia, R n ) , 
i p e c ( I b , R n ) , I a « [ a , , a ] , I b - [b .b , ] , are given. To do this 
i t i s enough to define the operator F : C(I , Rn) —•> C(I , Rn) 
by the relat ion F - F^B, where the operator B t C(I, Rn) —-
— C ( I l t Rn) has the form Bz • w, where 

In view of this we oan oonfine our considerations to the func-
tional equation 

We introduoe the following assumption. 
A s s u m p t i o n H .̂ Assume that 
1° there ex is ts a nondeoreasing operator r : C(I , R+) — 

— C ( I t R + ) , R+ • [ 0 , +oo), and cm element x eC( I , Rn) such 
that for any x e C ( I , R n ) , 

v(tl, 
w(t) - <U(t)- l (8(a) ,z(b))(t)+l(<f>( a ) ,V(b))(t) 

and 

l ( u , v ) ( t ) - v + I : I ( t - b ) t utv eRn . 

( 1 ) x ( t ) « ( F x ) ( t ) , t e l . 

(2) ||(Fx)(t) - x0(t)|Ur(||x-x0||)(t), t e i 
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Solutions of operator equations 1 

2° there ex i s ta g e C ( I , R+) eucfa tha t 

(3) ( r g ) ( t ) < g ( t ) , t e l . 

Pat 

K(x0,g) « { x | x e C ( I , R n ) , | | x ( t ) -x 0 ( t l | | < g ( t ) , t e i } . 

Clearly K(x0,g) i s a bounded olosed and convex subset of 
C(I , R n ) . Moreover according to (2) and (3) we get F(K(xQ ,g))c 
c K ( x 0 , g ) . Unfortunately we oannot apply the Sohauder theorem 
beoause i n the general case the operator F i s not oonpact. 
But under some addi t ional assumptions we wi l l f ind a compact 
subset of K(xQ,g) which i s invar iant with respect to the ope-
r a t o r P. 

Let A be a f ixed non-empty s e t , l e t F(A, R+) denote the 
se t of a l l mappings from A to R+ and OeVcp(A, R + ) . We take 
the following assumption. 

A s s u m p t i o n Hg. Assume that 
1° there ex i s t funct ions! a t A* I—»-I , cot A * I Q — 

IQ • [0 . b -a ] , such that 

| | x («( . , t ) ) - x (« (* , s ) ) | | e V, 

(4) |<*(v t t) - « ( t , S ) | < m ( « , l t - a | ) 

f o r any t , s e l , t e i , x eK(x 0 ,g) , 
2° there e x i s t s a nondecreasing and continuous operator 

& : I 0 * V — s u c h that ¿2.(0,0) = 0 and 

(5) | | (Fx)(t)-{Fx)(s) | |< ¿2(1 t - s I, || x(a(* , t ) J - x (« ( . ,s) ) | | ) , 

f o r any t , s e l and x e K ( * 0 , g ) , 
3° there e x i s t s a nondecreasing and continuous funct ion 

7f s I Q — • R+ such that U(o) « 0 and 

(6) 'j(u) ^ffl (u,-jf(o)(*,u))), u e l 0 . 
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Note tha t f o r our f u r t h e r cons idera t ion I t i s enough i f 
the func t ion f i s defined only on some i n t e r v a l [ o f 6 ] , 6 > o . 

How we can formulate 
T h e o r e m 1. I f the assumptions H^ and Hg are 

s a t i s f i e d then there e x i s t s in K(x0 ,g) at l e a s t one so lu t ion 
of the equation (1 ) . 

P r o o f . In order to prove the theorem we take the 
func t ion determined by condi t ion 3° of Assumption Hg and we 
def ine the se t 

SITS) e K ( x 0 , g ) , | | x ( t ) - x ( s ) | U t - s | ) , t , s e l } . 

I t i s obvious tha t the set S(fl) i s a convex and compact 
subset of C(I , R n ) . We eas i ly prove tha t S(^) i s Invar ian t 
with respeot to the operator F, i . e . P ( S ( | ) ) c S ( , j ] , Because 
of the r e l a t i o n P ( K ( x 0 , g ) ) c K(x 0 , g ) , i t i s enough to observe 
tha t according to the evaluat ions (4) - (6) f o r any x e S(-j-) 
and t , s e I we get 

| | (Px ) ( t ) - {Px) ( s ) | | ^ i2 ( l t - s | , | | x (o<( . , t ) ) -x (oc ( . , s ) ) | | ) ^ 

I t - s | , tf M • , | t - s | ) ) K yC I t - s | ) . 

This means tha t Fx e Sift) . Now the a s s e r t i o n of the theorem i s 
implied by the Schauder f ixed point theorem. 

3. Discussion of the assumptions 
Let us d iscuss some spec ia l cases and possible app l i ca -

t i o n s of Theorem 1. F i r s t we observe tha t Assumption Ĥ  i s 
f u l f i l l e d i f the operator F i s bounded, i . e . i f the re e x i s t s 
a continuous func t ion M : I—*-R+ such tha t || (Fx) ( t j|| ^ M(t) , 
t e l . 

Now the operator r does not depend on x and we can 
assume tha t 

r ( i | x -x 0 | | ) ( t ) = | | x 0 l t ) | | + M(t) , 

so f o r g ( t ) we can get the r ight-hand side of the l a s t equa-
t i o n . This i s the simplest possible case . Otherwise the opert»-
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tor r should preserve the specific features of the opera-
tor F, i.e. it should be an integral or integro-functional if 
9 is of this kind. Having the operator r fixed we need to 
find a solution of inequality (3). 

The discussion of possible speoial oases of the opera-
tor Si and the function u> appearing in Assumption Hg seems 
to be more difficult and interesting. 

1) The simplest case appears if the operator SI does not 
depend on the seoond variable, i.e. 

£(u,z) • m(u), zeV. 

Now we can take » m(u). This is the case which 
usually occur in disoussiona of the existenoe problem for in-
tegral equations. Clearly this includes the existenoe problems 
for initial and boundary value problems for ordinary differen-
tial and differential-delay equations. Evidently the discussion 
of properties of the set A and the function GO has no meaning 
in this case. 

2) Another rather simple case occurs if the set A is a 
one-point set, say-A • {t}* Now we can assume that F(A, R+J • 
» R+, V » R+ and 

£(u,2j - m(u,zj, uel0, z e R+. 

The functions « and co appearing in the condition 1° 
of Assumption Hg we can oonsider as functions of one variable. 
The evaluations (4) and (5) now take the form 

I «(t J - a(s)| < u(| t - s|) 

||(FxJ(t)-(Fx)(s)|| ̂  m(| t-s |,||x(o<(t) )-x(a(s) )|| ), t,s el. 

For ^ we take a solution of the functional inequality 

tf(u)»m(u,'5(«(u))), n€l0. 
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Now the discussion of the exlstenoe of the continuous and 
nondecreasing solution of t h i s inequali ty i s required. We 
note that in view of the Banaoh contraction principle there 
ex i s t s such a solut ion of the l a s t inequali ty (equation) i f 

ffl(utz) » q(a) + k z , k € [ 0 , 1 ) 

and the functions q,o) are continuous and nondeoreasing. 
However, i f « ( u ) ^ u we can take 

TU> - - H i 1 • 

Another case, when the existenoe problem for the mention-
ed inequali ty f o r -y i s easy to solve, we obtain i f 

m(u,z) - Q up + k z , co(u)^o*u, 

fo r some Q, p, k, c 6 E+ t 0 < p < 1, 0 < c < 1 and k c p < 1. How we 
get -j-(u) = Q up /1-kcp as a solut ion to the mentioned inequa-
l i t y . 

The case described we meet usually in discussions of the 
existence problem f o r the integro-funct ional equations of the 
form 

/ r ( t ) \ 
x ( t ) = f t , f g ( t , s , x ( s ) ) d s , x(o«t)) . 

\ P(t) / 

3) The more general case we have if the set A = { l , 2 , . . . , r | . 
Now we assume that F(A, R+) » R* = V, 

<*{*,t) x ( a 1 ( t j , . . . , c < r ( t i ) , t e l , 

co(.,u) = ( u 1 ( u j , . . . , c o r ( u j ) , u e 

,ft(u,z) • m ( u , z 1 , . . . , s r ) , z « ( z 1 , z r ) e R^. 
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In this case the evaluations (4) and (5) take the form 

| cx^(t)-o(^(s)| < co±(I t-al >, i»1,2,...,r, 

||(Px)(t)-(Px){s)||< 

< m(l t-sl,||x(a1(t))-*(0i1(s))||,...,j|x(0(r(tj)-x(ar(8j)|| j, t,sel. 

N o w fl should be a solution of the Inequality 

•y(uJ>m(ut'jf(w1(u)J,...t's(co:p(u))), u e I Q . 

It is not diffioult to discuss the c o n d i t i o n s w h i o h g u a -
rantee the existence of the s o l u t i o n ft of this inequality 
(equation) h a v i n g the properties r e q u i r e d by the c o n d i t i o n 3° 
of A s s u m p t i o n H g if 

r 
m(u f* 1,... t» l,) - q(u) + ^ * i U ) « i t « € l

0 * 
1 - 1 

Clearly, the problem c a n be easily solved if k^ are c o n -
stant and their sum is less t h a n one* If w ^ f u j ^ u , 1 - 1 , 2 , « . ^ , 
k^fu) « k^ and 

k . i * : < i 
i-i 

we c a n take -y(u) - q(u)/1-k. Otherwise, I f q(u) - Q u p , 
M ^ u l ^ C j . u , k ± ( u ) « k£, i - 1,2,...,r, u e l 0 , 0 < p ^ l , 
O ^ C j ^ 1, Q ^ O and 

k * - 2 k i < > i p < i . 
i-i 

t h e n w e get y(u) » Q u p / 1 - k * , u e I Q . If some Oĵ  are greater 
than one t h e n the same formula for tf 1b valid for u e[o,<5], 
w h e r e S > 0 jls such that o ^ ^ ^ b - a , i » 1,2,...,r. 
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This considerations are useful for discussion of the ex i -
stence problems for suitable generalization of the integro-
-functional equation mentioned in 2) . 

There is a variety of other possible oases involving in -
f in ite sets A (intervals for instanoe)* The; lead us to very 
complicated functional inequalities for the function -¿f, for 
instanoe of the form 

where the integral is the Stie lt jes one* 

4. A generalization of tfre main result 
Sometimes the operator ? has more complicated form and 

Assumption Hg does not hold. I t takes plaoe for instance i f 
we have to consider the existence problem for di f ferentia l 
delay equations of neutral type with transformed argument de-
pending on the derivative of unknown function* In such situa-
tion in order to establish some existence result for equation 
(1) we modify Assumption Hg as follows 

A s s u m p t i o n Hj. Assume that 
1° there exist funotions ex t A * I *K (x 0 , g )—- I , cx^ »A* I—* - I , 

w:A*I0*V — I Q , c a 1 : A « I 0 — s u c h that for any t , s € l , 
* e K ( * 0 . 6 ) . 

||x(oi(.,t,x)) - x(a(* ,s,x))|| e V, 

l l x f o ^ K t ) ) - x ( «1 ( . ,B) )|| e V 

and 
| <x(*,t,x) - c x ( i : t B t x ) | < 

< coir, I t -s| ,)|x(a1 (• , t ) ) —x(o< (̂• ,s ) )||), 

| a 1 ( f , t ) - a 1 ( ' r t s ) | < I t - s| ) , * e A, 
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Solutions of operator equations 9 

2° there ex i s t s a nondeoreasing and oontlnuous operator 
£¡ V —""R+ such that ¿2(0,0) • 0 and fo r any t , s e l , 
* f K ( x 0 , g ) 

| | ( f tc)( t )-(Fx)(s) | | < fl( I t - s | , | | x ( a ( * , t , x ) ) - x ( « f , s f x ) ) | | ) , 

3° there ex i s t s a nondeoreasing and oontlnuous function 
$ : I 0 — R + suoh that fl(0) « 0 and 

Tf ( • 1 *»"))))} » u e I
0 * 

Now ve can s t a t e 
T h e o r e m 2* If the assumptions Ĥ  and Hj are f u l -

f i l l e d , then there ex i s t s In K(xQ,g) at leas t one solut ion 
of the equation (1) . 

The proof of t h i s theorem runs by the same way as fo r the 
previous one. 

I t I s olear that the l a s t Inequality f o r the funct ion tf 
I s more complicated than the Inequality (6) but there exis t 
s i tua t ions when i t i s not d i f f i c u l t to find the solut ion of 
t h i s inequality* I t i s oertainly the oase when A • {1 }• and 

&(u ,s ) b Q u + k z , co(u,z) a r . u + l»z , ^ ( u ) « o*u, 

Q, k, 1, c , r e R + . How f ( u ) = G*u, where G>0 i s a solution 
to the inequali ty 

G ^ Q + k r G + k l c G 2 . 

Such a solut ion obviously ex i s t s i f k r < 1 and (1-kr) 2 -
- 4Qklc> 0. 

There are possible fu r the r general izat ions of Assumption 
Hg. For instanc.e, i f in Assumption H^ we assume that o^ de-
pends on x t then we need to assume that there ex is t some 
addi t ional functions oc2 and cdg whioh play with respect to 
the function o<1 the same role as funct ions ou and («L play in 
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10 M. Kwapisz 

Assumption Hg with respect to the function oc. This prooess can 
be iterated man; times. 

5. Remarks 
The method described in this paper oan be easily extended 

to the equations of type (1) with the unknown function of 
multidimensional variable. Also an extension of the method for 
operators F in Lp (a ,b ) is possible. 

The present paper essentially developes an idea whioh in 
particular cases can be found in [ 2 ] - [ 7 ] . 
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