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GRACEFUL UNICYCLIC GRAPHS 

jU The terminology used i n t h i s paper fol lows tha t of 
Bollobas [3]* In p a r t i c u l a r , V(G) ( re sp . 6(6)) s tands f o r the 
se t of v e r t i c e s ( resp , edges) of a graph G, | G | denotes i t s 
order and e(G) i t s size* 

Let G be a graph, kay one-to-one func t ion f on the se t 
of v e r t i c e s of G and with values in the se t of i n t ege r s i s 
oal led a numbering of G. The value of an edge xy of a 
graph G i s defined to be equal to | f ( x ) - f ( y ) | and i s denoted 
by f ( x y ) . Ve say t h a t a numbering f i s g r ace fu l i f i t 
ass igns to the v e r t i o e s of G non-negative In tege r s l e s s than 
or equal to e(G) i n such a way t h a t no two edges of G get the 
same value* I f in add i t ion , f o r some in teger k and f o r every 
edge xy€B(G) e i t h e r f ( x ) < k < f ( y ) or f ( y ) 4 k < f ( x ) then we 
say tha t f i s « - g r a c e f u l . The ver tex of G numbered with 0 
i s ca l led the base of G (under the numbering f ) * 

Inves t iga t ions i n the area of g r ace fu l graphs were o r i -
ginated in 1966 by Rosa [ 7 ] who considered var ious ways of 
numbering the v e r t i o e s of a graph, among others cx-valuations 
( in t h i s paper r e f e r r e d to as oc-graceful numberings) and 
[^-valuations (only some years l a t e r ca l led g r a c e f u l numberings 
by Golomb [ 5 ] ) . His i nves t iga t ions arose from the conjec ture 
of Ringel [ 6 ] tha t i f T i s any t r ee with n edges then the 
complete graph ^ n + l o a n decomposed in to 2n+1 subgraphs 
isomorphic to T. Hosa conjectured tha t every t ree has a (J-va-
lua t i on ( i s g race fu l ) and proved tha t t h i s conjecture i s s t ron -

- 377 -



2 M. Truszczydski 

gar than that of Ringel. Since then many classes of trees 
(e.g. paths, caterpillars, symmetrical trees, olive trees) 
as well as many classes of other graphs (e.g. wheels, prisms, 
cycles with a chard) were shown to be graceful, however, the 
Rosa conjecture still remains a conjeoture. For more details 
and further references the reader is referred to the survey 
papers by Bermond [l] and Bloom [2]* 

In this paper we exhibit some classes of graceful unicy-
olio graphs; among other things all dragons are shown to be 
graceful. 

2, Let us start with the following theorem. 
T h e o r e m 1. Let G and H be graphs with disjoint 

sets of vertices. Assume that G is graceful, veV(G) being 
its base under some graceful numbering g, H is a-graoeful, 
w e 7(H) being its base under some a-graceful numbering h. 
Then the graph F obtained by identifying v and w in GuH 
is graceful* 

P r o o f . Define V1 = {x 6 7(H): h(x)4k} and V 2 = 
= {xe V(H): h(x)>k}, where k is an integer guaranteed by 
the definition of a-graceful numbering. Clearly and 7 2 
are independent sets of vertices of Ii. Put r^ = max{h(x) tx e 7^} 
and r 2 = minjh(x): xe72}-. We have r^+1 = r 2 since otherwise 
no edge in H would have 1 as its value. Define a numbering f 
on 7(F) as follows: 

f(xj =i 
r^htx) xe7 1 

e(G)+e(H)+r2-h(x) x e 7 2 

r^+g(x) xe7(G). 

First notice that f is well defined since r^gfv) = r^ = 
- r.j-hiw). It is clear that f is a one-to-one function and 
for every XC7(F) 0 4 f (x)e(G)+e(H) = e(F). Moreover, one can 
easily see that if e &£(G) then f(e) = g(e) and if e e B(H) 
then f(e) = e(G) + e(H) + 1 - h(e). 
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Figure 1 (a) shows two g raoefu l graphs G and H together 
with su i t ab le numberings- (one of them being ail « - g r a c e f u l num-
bering) and Figure 1 (b) showB the graph F obtained by i d e n t i -
fy ing the bases of G and H, together with the numbering 
supplied by Theorem 1. 

lb) 

Figure 1 

By a dragon D^fm) we mean the graph obtained by iden ty-
fy ing a ver tex of the oyole C^ ( i . e . the cycle of k v e r t i -
ces) with a pendant ver tex of the path Pm+1 ( i . e . the path 
of m+1 v e r t i c e s ) , and by S^lm) we mean the graph obtained by 
i d e n t i f y i n g a ve r t ex of C^ with the ver tex of degree m in 
the s t a r K(l ,m). 

C o r o l l a r y 2. Let H be a c a t e r p i l l a r and l e t 
v t v(H) be the base of H under some cx-graoeful numbering. 
( C a t e r p i l l a r s were shown to be a - g r a c e f u l by Rosa [ 7 ] ) . Then 
the graph obtained by i d e n t i f y i n g in k s 0 , 3(mod 4 ) , 
v and an a r b i t r a r y ver tex of C^ i s g r a c e f u l . 

P r o o f . Rosa [ 7 ] proved tha t i f k = 0 , 3(mod 4) then 
Ck i s g r ace fu l and c l ea r ly every ver tex i s i t s base under soma 
g race fu l numbering. Hence the a s s e r t i o n fol lows from Theorem 1. 

C o r o l l a r y 3. I f k = 0, 3(mod 4) then Dk(m) i s 
g r a c e f u l . 
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1 2 

Figure 2 

m 

k = 5 
3 1 2 

k : 6 L a A 1 3 2 

0 . 1 . 2 p-1 p 
H -

Ap+2 Ap 4p-1 
• +1 

3p-»2 3p 
2p-2 2p-1 

2pt1 2p 

k =4p + 2 , p^2 

L 0 1 2 

Ap+3 Ap+1 Ap 
i 4p+2 

3p+3 3p+1 2p+2 2p+1 
p-1 —•— 

Figure 3 

- 380 -
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P r o o f . Roea proved tha t every vertex of degree 1 
i n the path Pm+.j i s i t s base under some cx-graceful numbering 
of Pm+1» and so the r e s u l t fo l lows from Corollary 2. 

C o r o l l a r y 4. Sk(m), k >3 , i s g r a c e f u l . 
Moreover, the only ver tex of Sk(m) of degree m+2 i s a base 
of i t . 

P r o o f . For k s 0,3(mod 4) the a s s e r t i o n fol lows 
from Corollary 2 s ince K(l,m) i s a o a t e r p i l l a r and there i s 
an a - g r a c e f u l numbering of i t s v e r t i c e s in which the ver tex 
of degree m rece ives 0 (see Figure 2 ) . 

So assume now t h a t k = 1,2(mod 4 ) . Sui table numberings 
of S k ( l ) are shown i n Figure 3. 

I f m>1 then Sk(m) i s obtained by i d e n t i f y i n g the ver tex 
of degree 3 in Sk( 1 ) , which i s a base of S k ( D , and the ver tex 
of degree m-1 in K(l,m-1). Hence Sk(m) i s g r ace fu l by Corol la -
ry 2. 

C o r o l l a r y 5. Let H be a c a t e r p i l l a r and l e t v 
be I t s base under some cx-graceful numbering. Then the graph T 
obtained by i d e n t i f y i n g in S j i i j u H v and the ver tex of S t(m) 
of degree m+2 i s g r a o e f u l . 

An i l l u s t r a t i o n of t h i s Corollary i s given i n Figure 4. 

4 3 

5 7 8 

12 

Figure 4 
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_3. I n t h i s s e c t i o n we s h a l l p r o v e t h a t a l l d r a g o n s a r e 

g r a o e f u l . 

T h e o r e m 6« D k ( m ) , k > 3 , m > 1 , i s g r a o e f u l . 

P r o o f * C o n s i d e r a d r a g o n D ^ f m ) . B y C o r o l l a r y 3 we 

o a n r e s t r i o t o u r s e l v e s t o t h e c a s e o f k = 1 , 2 ( m o d 4 ) » we c a n 

a l s o a s s u m e t h a t m > 2 , s i n o e D ^ d ) = S k ( 1 ) . We s h a l l n e e d 

t h e f o l l o w i n g l e m m a . 

L e m m a . F o r e v e r y n > 2 t h e r e i s a f u n c t i o n 

f n : { 1 , 2 , . . . , n + l } — - { 0 , 2 , 3 » . . . , n + l } s u c h t h a t f Q ( l ) = 0 a n d 

{ | f n { i ) - f n ( i + 1 ) | » i « 1 , 2 , . . . , n } « { l , 2 , . . . , n } . 

P r o o f . F o r 24 t h e f u n c t i o n s g i v e n i n F i g u -

r e 5 h a v e t h e r e q u i r e d p r o p e r t i e s . 

\ 1 2 3 4 5 6 7 8 9 10 11 12 

f 2 ( i ) 0 2 3 

f 3 ( i ) 0 3 4 2 

f 4 ( i ) 0 4 3 5 2 

f 5 ( i ) 0 5 2 6 4 3 

f 6 ( i ) 0 6 2 7 4 5 3 

f 7 ( i ) 0 7 2 8 4 5 3 6 

f 8 l i ) 0 8 2 9 4 7 3 5 6 

f 9 ( i ) 0 9 2 10 4 8 3 6 5 7 

f 1 0 ( i ) 0 10 2 11 4 9 3 7 6 8 5 

f11 t i J 0 11 2 12 4 10 3 8 5 9 7 6 

P i g u r e 5 

F o r n > 1 2 d e f i n e 

f n ( i > = 

f n - 2 ( i > 

W i , + 2 

f n . 2 ( n - 1 ) 

f n . 2 ( n - 3 ) 

i i s o d d , i ^ n - 1 

i i s e v e n , i < n~1 

i = n 

i = n + 1 , 
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f n ( i ) 

i f n 1B odd and 

f n _ 2 ( i ) i i s odd, i ^ n - 1 

f n - 2 ( i ) + 2 i i s even, i $ n-1 

f n _ 2 (n -4 ) i = n 

f n _ 2 (n -2 ) i = n+1 

i f n i s even we leave to the reader the simple, but r a the r 
lengthy proof that the funct ions defined f u l f i l the r equ i re -
ments of the assert ion« 

We are ready to continue the proof of the theorem. In the 
sequel 7 and S w i l l stand f o r the se t of ve r t i c e s and the se t 
of edges of D^fm), r e spec t ive ly . We s p l i t our reasoning in to 
f i v e casest 
1. k - 4p+1, m^2p or m i s odd. 
2. k » 4p+1, p > 1 , 2<m<2p-2 , m i s even. 
3. k = 4p+1, p >1 , m « 2. 
4. k =t 4p+2, m >2. 
5. k • 4p+2, m a 2. 

We sha l l present only su i tab le numberings of the ver t ioes 
of Dk(m). Proofs tha t these numberingB are aotual ly graoeful 
are l e f t to the reader . 

C a s e 1. Put ^ p « } and 
B s { T s v s + 1 , s = 0 » 1 » - - - » 4 P + , n - 1 } " { v 0 v 4 p } 8 n d l e t ° 1 » C 2 °4p+m 
be the sequenoe of a l l in tegers from 1 to 4p+m+1 exoept 2p in 
descending order. Number vQ with SQ • 0 and • 8 + 1 t 0$s^4p+m-1 
w i t h a s+i - Bs + ( ~ 1 , B ° s + r 

In the remaining oases o.j , o 2 , . . . »ofc-1 stands f o r the se -
que nee of a l l in tegers from m to nn-k in descending order , 
exoept exactly two of them, say b1 and b 2 , which w i l l be de-
f ined in eaoh of the oases independently. 

C a s e 2. P u t V = { v Q , v 1 , 
B " { v i T i + 1 1 4 p + 1 . * ,4p+m-lj- >j 

{ Y0Y4p , T4p -1v4p+l}» b i " 1111+1 a n d b2 " 2p+1. number vQ with 

- 383 -

<J 



M. Truezozyneki 

aO * v i* 1 w i t h a i = a i - 1 + f " 1 ^ - 1 ®!» a n d v i » 
4p+1< i < 4p+m, with = 2p+fm-1(i-4p). 

C a s e 3. Put V » { v Q , v 1 . . .v4p+2}, 

B - {v iv i+1 »• •• »4p-l}>-'{ V2pv4p+1 »v4p+lv4p+2'vOv4p}* 
b1 « 2p and b2 = 2p+1. Number vQ with aQ = 0, v i t 1^ i ^4pt 

with a± ** a l_1 + ( -1) 1" 1 o i t v4p+1 with a4p+1 = 3p+1 and 
v4p+2 w i t h a4p+2 = 3P+2- f 

C a s e 4. Put V %+m+l}' 
E " { v i v i+1 : 1 b 0» 1 »• • • .4p,4p+2,... .4p+m}^{v0v4p+1 ,v4pv4p+2}, 
b1 = m+1 and bg » 2p+m. Number vQ with aQ = 0, l^i<4p+1» 
with a± = + ( - l ) 1 " 1 «^ , and v l t 4p+24 i 4̂p+m+1 with 
aA = 2p+m+1 - f m - 1 ( i -4p-1) . 

C a s e 5. PUt V = { * 0 » v 1 '* , v 4p+3}» 
B " { v i v i + 1 : 4 p M V4P+1'v2 p-1v4 p+2 * v4p+2v4p+3}' 
b1 = 2p+4 and bg • 2p+5. Number vQ with aQ =» 0, v i t 14i<4p+1, 

with a± - a ^ + . ( -1 ) i " 1 e l , v4p+2 with a4 p + 2 = p and v4p+3 

w i t h a4p+3 * p+1* 
Examples 1 to 5 i l lus t ra te a l l the five cases considered* 
E x a m p l e 1. p = 1, k = 5» m = 3, c^ = 9 - i , 

U i 4 6 , c 7 = 1. 

/TT\ 
v 0 V1 v2 v3 v4 v5 v6 v 7 

0 8 1 7 2 6 3 4 

Figure 6 

E x a m p l e 2. p - 3» k = 13» m « 4, b-j « 5, bg = 7, 
c± = 18-i, c ^ = 6, c 1 2 = 4. 
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( A 
V0 V1 V2 V3 VA V5 V6 V7 V8 V9 V10 V 1 l \ V12 

0 17 1 16 2 15 3 14 4 13 5 11 \ 7 

v13 v14 v15 v16 

6 9 10 8 

Figure 7 

E x a m p l e 3. p = 2, k = 9, m = 2, b^ • 4, b2 « 5» 
a 12-i, 1 < 1 < 6, Qrj «= 3» Cq » 2. 

f , \ 
v 0 V1 v2 v3 V \ V 5 V6 v7 v 8 
0 11 1 10 2 \ 9 3 6 4 

E x a m p l e 4. p = 2, k = 10, m = 3, b1 = 4, b2 o 7, 
c± = 14-i, Crj = 6, oQ = 5, cg a 3. 

/ . A 
V V V V V V V v v \ v 

0 1 2 3 4 5 6 7 8 \ 9 

0 13 1 12 2 11 3 9 4 

v10 V11 v12 
8 6 5 

Pigura 9 

E x a m p l e 5• p = 1, k = 6, o « 2, b^ - 6, b2 • 7, 
o1 = 8, oi = 7-i, 2^145. 
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L 
' V 

0 8 

1 2 

Figure 10 

We conclude the paper with the oonjecture, supported by 
the variety of graceful unicyclic graphs exibited here, that 
all unicyclic graphs except cycles Cn, n = 1,2(mod 4), are 
graceful. There are also another examples supporting this 
conjecture, e.g. cycles with an edge leading to a vertex of 
degree 1, attaohed to each of their vertices. These unicyclic 
graphs were shown to be graceful by Frucht [4]* 
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