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GRACEFUL UNICYCLIC GRAPHS

1. The terminology used in this paper follows that of
Bollobas [ 3]. In particular, V(G) (resp., E(G)) stands for the
set of vertices (resp. edges) of a graph G, | G| denotes its
order and e(G) its size,

Let G be a graph. Any one-to-one function f on the set
of vertices of G and with values in the set of integers is
ocalled a numbering of G. The value of an edge xy of a
graph G is defined to be equal to |f(x)-f(y)| and is denoted
by £f(xy)., We say that a numbering £ is graceful if it
assigns to the vertices of G non-negative integers less than
or equal to e(G) in such a way that no two edges of G get the
same value, If in addition, for some integer k and for every
edge xy € B(G) either f(x)<k<f(y) or f(y)<k<f(x) then we
say that f is a=graceful. The vertsex of G numbered with 0
is called the base of G (under the numbering f).

Investigations in the area of graceful graphs were ori-
ginated in 1966 by Rosa [7] who considered various wgys of
numbering the vertices of a graph, among others o -valuations
(in this paper referred to as o~graceful numberings) and
f-valuations (only some years later called graceful numberings
by Golomb [5]). His investigations arose from the conjecture
of Ringel [6] that if T is any tree with n edges then the
complete graph K2n+1 can be decomposed into 2n+1 subgraphs
isomorphic to T. Rosa conjectured that every tree has a f~va-
luation (is graceful) and proved that this conjecture is stron-
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2 M. Truszczydski

ger than that of Ringel. Since then many classes of trees
(e.g. paths, caterpillars, symmetrical trees, olive trees)
as well as many classes of other graphs (e.g. wheels, prisms,
cycles with a chard) were shown to be graceful, however, the
Rosa conjecture still remains a conjecture. For more details
and further references the reader is referred to the survey
papers by Bermond (1] and Bloom [ 2],

In this paper we exhibit some olesses of graceful unicy-
olic graphs; among other things all dragons are shown to be
graceful,

2+ Lot us start with the following theorem.

Theorem 1., Let G and H be graphs with disjolnt
sets of vertices. Assume that G is graceful, ve V(G) being
its base under some graceful numbering g, H is «-graceful,

w ¢ V(H) being its base under some a-graceful numbering h,
Then the graph F obtained by identifying v and w in GuH
is graceful. N

Proof. DefineV, ={er(H): h(x}sk} and V, =
= {er(H): h{x) >k}, where k 1s an integer guaranteed by
the definition of o =-graceful nambering. Clearly v1 and V2
are independent sets of vertlices of H., Put r1 = max{h(x)tx eV1}
and T, = min{h(x): b4 eva}. We have r1+1 =Ty since otherwise
no edge in H would have 1 a8 its value. Define a numbering f
on V(F) as follows:

r1-h(x) x ev1
f(x) = e(G)+e(H)+r2;h(x) x eV,
r1+g(x) x eV(G),
Pirst noiice that f 1is well defined since r1+g(v) =T, =
= r1—h(w). It is clear that £ 18 a one-to-one function and
for every xcV(F) 0<f(x)<e(G)+e(H) = o(F), Moreover, one can

casily see that if e ¢E(G) then f(e) = gl{e) and if e ¢ E(H)
then f(e) = e(G) + e(H) + 1 = h(e).
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Graceful unicyclic graphs 3

Pigure 1 (a) shows two graseful graphs G and H together
with suitable numberings-{one of them being an a-graceful num-
bering) and Figure 1 (b) shows the graph F obtained by identi-
fying the bases of G and H, togaether with the numbering
supplied by Theorsm 1,

{a) 1 7 6 5
6 A H: /N/I\
3 0 ¢ 1 2 3 4

(b)
5 8 9 10
F:
7 4 3 2 1 0]
Figure 1

By a dragon Dk(m) we mean the graph obtained by identy-
fying a vertex of the oyole C, (i.e. the cycle of k verti-
ces) with a pendant vertex of the path Poet (i.e. the path
of m+1 vertices), and by S (m) we mean the graph obtained by
identifying a vertex of C, with the vertex of degree m 1in
the star K(1,m).

Corollary 2, Let H be a caterpillar and let
v €V(H) be the base of H under soms o=graceful numbering.
(Caterpillars were shown to be c-graceful by Rosa [7]). Then
the graph obtained by identifying in C vH, k = 0, 3(mod 4),

v and an arbitrary vertex of C, is graceful,

Proof . Rosa[7] proved that if k = 0, 3(mod 4) then
C is graceful and clearly every vertex is its base under some
graceful numbering. Hence the assertion follows from Theorem 1.

Corollary 3. Ifk=0, 3(mod 4) then Dk(m) is
graceful,
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Figure 2

k:l.p¢1, p22

[0 1 . 2 p-1 P 2p-2 2p-1

4;»21 4p 4p-1 3pe2. 3p 2p+1 " 2p
4p+1
k=4p+2, p22
[(_) 1 2 p-1 p ~ 2p- A\Zp
4pe3 I 4ped 4p 3pe3 3psl C 2pe2 2pel
4pe2
Flgure 3



Graceful unnicyclic graphs 5

Proof. Rosa proved that every vertex of degree 1
in the path Pm+1 is its base under some d~graceful numbering
of Ppsq0 8nd 80 the result follows from Corollary 2,

Corollary 4. Sk(m), k>3, m>1, is graceful,
Moreover, the only vertex of S,(m) of degree m+2 is a base
of it,

Proof. Fork=0,3mod 4) the asgsertion follows
from Corollary 2 since K{1,m) is a caterpillar and there is
an o~graceful numbering of its vertices in which the vertex
of degree m receives O (see Figure 2).

So assume now that k = 1,2(mod 4). Suitable numberings
of sk(1) are shown in FPigure 3.

If m>1 then Sk(m) is obtained by identifying the vertex
of degree 3 in S,(1), which is a base of Sk(1), and the vertex
of degree m-1 in K(1,m~1). Hence Sy(m) is graceful by Corolla-
ry 2.

Corollary S5¢ ‘Let H be a caterpillar and let v
be i1ts base under some o -graceful numbering. Then the graph I
obtained by identifying in S, (m)vH v and the vertex of 5y (m)
of degres m+2 is graceful,

An illustration of this Corollary is given in Figure 4,

Figure 4
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3¢ In this section we shall prove that all dragons are
graceful.
Theorem 6, Dk(m), 3, m »1, is graceful.
Proof . Consider a dragon Dk(m). By Corollary 3 we
can restriot ourselves to the case of k = 1,2(mod 4), we can
also assume that m>2, since Dy (1) = S, (1), We shall need
the following lemma.
Lemma. Por every n >2 there is a function
£,:{1,2,00.,041} — {0,2 3,...,n+1} such that £,(1) = 0 and
{|f (1)=£, (1+1)] s 1=1 2,...,n} {1,24000,n}e
Proof. For 2< n<11 the functions given in Figu~
re 5 have the required properties.

i l1]2|3|4lslel7]{8]e|10f1n]12
to(i)fof2]3
fatitfofsfsf2
f,lilfoi4(3|s|2
fslilf0|5]|2]6|4]3
tglidjo|6]2|7|4i5]3
folifol7]2[8f{afs|3]s
tgtizfolsf{2(slsa|7|3}s5]|6
fgtinjoisjz2f0{s|8)3]|6]|5]7
tolitfofio{zfnjsjo|3|7[6]|8]S5
faqlidJO 11 2(12|4|0|3[8]|5/9]7]|6
Pigure 5
For n >12 define
.
fn_z(i) i is o0dd, i< n-1
fn_2(1)+2 i 1is even, i< n~1
£,(1) =
2(n-1) i=n
~fn_2(n-3) i = n+1,
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if n is odd and

—

f,-0(1) i is o0dd, i< n=-1

£ (1i)+2 i is even, i ¢ n-1
fn(i) =< n-2 '

£,-o(n-4) i=n

Lfn-z(”'z’ 1 = n#1

if n 1is even we leave to the readser the simple, but rather
lengthy proof that the functions defined fulfil the require-
ments of the assertion,

We are ready to continue the proof of the theorem., In the
sequel V and E will stand for the set of vertices and the met
of edges of Dk(m),reapeotively. We split our reasoning into
five cases:

1 k = 4p+1, m22p or m is odd,

2 k = 4p+1, p>1, 2<mg2p-2, m 1is even,
3. k = 4p+1, p>1, m = 2,

4, k = 4p+2, m>2,

5¢ k = 4p+2, m = 2,

We shall present only sultable numberings of the vertices
of Dk(m). Proofs that these numberings are actually gracsful
are left to the reader,

CasBe 1. Put Vv :{vo,v1,...,v4p+m} and
B ={vsvs+1 :s=0.1,....4p+m—1}u{vov4p and let °1'°2""’°4p+n
be the sequence of all integers from 1 to 4p+m+1 except 2p in
descending order, Number Vo With ay = 0 and Vasqr Ose<dpim=1

with 8., = ag + (=1)%, ..

In the remaining ocases 0490590e0y0) 4 stands for the se=-
quence of all integers from m to m+k in descending order,
exocept exactly two of them, say b, and by, which will be de=-
fined in each of the cases independently.

Case 2, PutV ={vo,v1,...,vg4p+.} ,

E '{"1'1+1 3 4=0,1500004p=1, 4p+1,000,4ptm=1} v
u{vov”,v‘p_fv,'p“}, by = m+1 and b, = 2p+1, Kumber Vo with
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8y = 0, vy, 1<i<4p, with ay = ay_, + (=1)"Tcy, ana v,
4p+1<1<4psm, with ay = 2p+fm_1(i-4p).
Case 3. Put V s{vo,v1,....v4p+2},
E = {VyVy,114=0,1,000,4p=1}u] Vap¥apet ,v4p+1v4p+2,vov4p},
b, = 2p and b, = 2p+1. Number v, with a, = 0, v4, 1<1 <€4p,
with a; = a;_4 + (=) 04y V
v4p+2 with 84p+2 = 3p+2.
Case 4. Put V ={v0,v1,...,v4p+m+1},
E ={vivi+1 :'i=0,1,....4p,4p+2,....4p+m}u{vov4p+1,v4pv4p+2},
b

4p+1 with S4p+1 = 3p+1 and

1 = m+1 and b2 = 2p+m. Number v, with a; = 0, 1<i<4p+1,

i.1

with ay = a5 _4 + (=1)"""¢cy, and vy, 4p+2<1i<4p+me1 with

a; = 2p+m+l - fm-1(if"4p—1).
C a8 8 e 5. Put V ={Vo,v1,...,v4p+3},
E - { ViVig121=0,15000 ’4p}°{v0v4p+1 ’v2p-1v4p+2’v4p+2v4p+3}'
b, = 2p+4 and' b, = 2p+5. Number v with a; = 0, v4, 1<i<4pH,
with a; = &y , *‘("12.1-1"1' Vap+2 with 84p42 = P and Vap+3
_Examples 1 to 5 illustrate all the five cases oconsidered.
BExample 1. p=1, k=5 m=3, ¢g = 9-i,
1S1$6. C7 = 10

Example 2. p=3.k=13,m=4.b1=5,b2=7,
Ci= 18-1, 1&1&10’ 011 36’ 012=4.
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Graceful unicyclic graphs 9

Figure 7

Example 3. p=2,k=9,m=2, b1 = 4, b2 = 5,
01 = 12-1. 1$i<6’ 07 = 3' 08 = 2.

V9 Vg
6 4
Vg Vo
7 8
Figure 8

Examplse 4, p=2, k=10, m= 3, b1 =4, b, =17,
ci = 14-1. 1<i$6’ 07 = 6' °8 = 5’ °9 = 3,

Figure 9

Example 5. p=1,k=6, m=2, b, = 6, b, - Ty
01 = 8’ Oi = 7-1. 2$1$5.
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Vs V7
1 2
Figure 10

We conclude the paper with the conjecture, supported by
the variety of graceful unicyclic graphs exibited here, that
all unicyclic graphs except oycles cn, n =1,2(mod 4), are
graceful, There are also another examples supporting this
conjecture, 6.g8. cycles with an edge leading to a vertex of
degree 1, attached to eaoh of their vertices. These unicyclic
graphs were shown to be graceful by Frucht [4].
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