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ON BARELY CONTINUOUS AND CLIQUISH MAPS

1. Let Y be a uniform space with a uniformity 2., Sie
multeneously we will consider Y as & topologlical space with
the topology induced by L« Por any y€Y, AcY and Ve
we denote B(y,V) = {x €Ys (x,y)ev} and B(4,V) =
-:U{B(y,v)z y GA}. ‘Let X be a topological space. A subset
A of a Bpace X is said to be semi-open, if there exists an
open set UCX such that UCACU (of. [1,41).

Awmap £ ¢+ X— Y is called:

- quasi-~ocontinuous at a point X, € X, 1f for every neigh-
bourhood G of t(xo) there exists a semli-~open set ACX sa=-
tisfying the conditions: x ¢ A and f(A)cG (of. [1,6,91);

= ¢liquish at a point X if for every neighbourhood U
of x, and for every V € ) there exists an open non-empty
set U, CU such that (£(x’),f(x"))e V for army x',x"¢€ v,

(cf. [2])e A map f is quasi-continuous (oliquish), if it
has this property at every point.

If a uniformity 2 is given by a metrioc on Y, then the
above definition ocoincides with the well~known definition of
the cliquishness (cf. [6]),

Evidently every continuous map is quasi~ocontinnous and
every quasi~continuous map is cliquish dbut these classes of
maps are different,

Amap £ ¢+ X—=Y is barely continuous, if for every
non-empty closed set M cX the restrioction £ /M has at least
one point of the continuity (of. [5]).
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Theorem 1.1, Any barely continuous map f:X—= Y
‘18 cliquish, : _

Proof, Let xoex and let U be a neighbourhood of
x . By X, we denote a point of the continulty of f/ﬁ. For

arbitrary Ve 2, we choose W €2 such that W = v~ ana wecv
(cf. [8]). Then there exists a neighbourhood Uy of x4 in X
such that f(x) < B(f(x ),W) for each x6U1ﬂ U. Henoo

(£(x'), f(x”))e wicy for every x ,x”eU AU and f 1is oli-
quish at a point xo.

Note that the guasi-continuity and the barely continuity
are independent properties; moreover the class of oliquish
maps 1s greater then the class of barely continuous maps,
as shown by the following examples.

Example 1.2 Let us consider the set X = [Q,00)
with the topology T = {¢.x} u{(r.ool)z r)O} and let R be
the space of real numbers with the natural metric, By Q we
denote the set of rational numbers. The function f£f:X —R

given Yy

% x e[n-1.n)nQ
f(x) =
a5 xe[o=1,00\Q, n=1,2,...

A
is oliquish, The set M = [0,1] 1s closed in X, the function
¢ /N has no continuity points, so £ 1s not barely con-
tinuous,

Example 1.3, Ve take X = (=co,c0) with the to~
pology T = {#, [0,1), [1,2], x}U{[0,2]} . Semi-open sets in
this space are of the form: [0,1)U4, [1,2]UB, [0, 2]Uuc
where A, B, C are arbitrary sets. Let R be the space of real
numbers with natural metric and let Q be the set of rational
numbers. The function f:X—=R given by the formula

0 xe[0,)U(RN[0,2]INQ
f(x) =
1 xe(1,2]URN[0,2] ) N(R\Q)
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is gyuasi-continuous, Let us put M = (~=c0,0) U(2,0°), then
£ /M has no continuity pointé; s0o f 1is not barely continuous,

Example 1.4, The function f:R — R given by
f(x) = 1 1f x is the natural number and f(x) = O in the
other case is berely continuous but is not quasi-continuoas,

In the sequel for a map £:X— Y, we will denote by C(f)
the set of all continulty points of £,

Lemma 1,5. If C(f) is & dense set, then f is
a cliquish map.

Lemma 1.6. If a uniformity 2 on Y has a coun=-
table base, then for each cliquish map £:X— Y the set
X\C(f) is of the first ocategory.

These Lemmas follow by [2, Theorem 5] and [ 2, Theorem 9]
respectively.

A topological space X 1s saild to be a Balire space in the
narrow sense, if every closed subspace of X is a Baire spa-
ce (of. [3]).

Theorem 1.7, Let X be a Baire space in the
narrow sense and let a uniformity 2/ on Y have a countable
base., If £:X— Y is a barely continuous map, then for any
non=-empty closed set MC X the set c(tm) is dense in M,

Proof . 6 Let M be any closed non-empty subset of X,
Since f,:M —Y is barely continuous Theorem 1.1 and Lem-
ma 1.6 imply that ll\c(f/n) is of the first category in M
and the proof is completed. _

Corollary 1.8 [5]. Let X be a Baire space
in the narrow sense and let Y be a metric space, If £:X — Y
is barely continuous, then for each closed non-empty set
McX the set C(fm) is dense in M,

Let £:X —=Y be a cliquish map and let McX, If M i se~
mi-open or dense, then f .- :lsv“cliq-n’ﬂsh_. If M is a tlosed set,
then £ /u heed not be cliquish, as shown by Example 1.3.

Theorem 1,9 ILet X be & Baire space in the
narrow sense and let a uniformity on Y have a countable base,
A map f:X —= Y is barely continuous if and only if for every
non-empty closed set MCX a map f/uzu—vY is cliquish,
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Proof. If f is barely continuous and MCX is
a closed non-empty set, then by Theorem 1.7 we have C(f
is dense in M., So Lemma 1.5 implies that f/- is c¢liquish.

Now let £ /M be cliquish for any closed non-empty set
MCX, Then by Lemma 1.6 we obtain c(rm) ¥ 0, this £ 1is
baraly ocontinuous.

A ssquence {fn : D=1 ,2,...} of maps rn:x —Y is con-
vergent to a map f at a polnt x¢X, if for every Ve 2
there exists n, such that (r (x),f(x)}) eV for n>n,. A map f
is said to be the limit of a sequence {1’ n=1 2,...} i
that sequence converges to I at every point; then we write
£ = 1lim f

n-=oo

Simple examples show that the 1limit of a sequence of
barely continuous maps need not be cliquish,

Theorem 1,10, ILet X ba a Baire space 1n the
narrow sense and let a uniformity on Y have a countable base,
It t :X —= Y is barely continuous map for n = 1,2,,.. and
f= lim £, » then the following conditions are equivalent:

n—»oo
a) £ 18 barely ocoatinuous,
b) for every V € A and for every closed set M CX and opsn
get UCX such that MnU # ¢ there exist a number m and an
open set U'C U such that MNU' # ¢# and (f (x),f(x)) €V for
any xeMnU',

Proof . We assume that f 1s barely continuous,.
Let MCX be closed and let UCX be an open set for which
MNU # @, Por any Vel lot us take W ¢ 2| such that W = W'
and WCV, The sete C(f gry) and C(f, rAg) for o = 1,2,000

are dense Gy in MNU, thus the set C(f/unu)n m C(fn/unu)

in dense in M NU, Let x,ec(rmnumﬁ C(fn/unu’° There

exists a number m such that (f.(x,), f(x1)) €W, Moreover,
there exists a neighbourhood U, of x, such that (£y(x) Ly(xq))e

€W and (f(x),f(x1)€w for xc¢U NMNU. We denote U =
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= U,NU; hence we have U'C U, U'NM ¢ # and (£ (x),2(x)) e WV
for any xcU'NMN,

Conversely, we assume that the condition (b) holds. By
{v,: n=1,2,...} we denote a base for the uniformity 2 on Y
such that V, = Vo' for n = 1,2,... Lot M be olosed and let U
be an open set such that NNU # @. According to assumptions
we can choose a decreasing sequence {Unz n=1.2....} of open
sets and a sequence {nns n=1,2,eee; 0f natural numbers such
that U,N M # ¢ for n=1,2,... and (fmn(x),r(x))e v, for

x€U NM, Take any V ¢ 1l and V, such that VJC B, Then there
exists m, suoh that (fm (x),£(x)) ¢ V, for xeU,nM, Since

n
the sets c(rk,n) for k = 1,2,4s¢ are dense G; in M their
oo
interssction is dense in M. Let x ¢ U, nﬂ C(fk/u). then
1
we have (1’ (x )y f(x ))e V,o Furthermore, there exists a
neighbourhood U, of x, such that (1' (x )ofy (x))GV for
By

any xeU NM. Henoe (f(x,), f(x))ev3CV for xcU nU, NN,
80 X, € c(rm) and f :|.a barely continuous.

COrollary 1.11. Let X be a Baire space in
the narrow sense and let a uniformity A/ on Y have a count-
able base, If a sequence {rn: n=1.2,...} of barely continuous
maps rn:x — Y 1is uniformly convergent to a map f, then ¢
is barely continuous,

2. Let X and Y be topological spaces and let I be a
uniformity on Z, For any map £:XxY —=2Z we will denote by
£, and Y maps given by: t.(y) = f(x,y) and £ (x) = £(x,y)
for xeX, yeY.

Theorem 2.1, Let X be a Baire spade and let Y
be locally seocond countable, If £:XxY — Z is such that
£, 1s oliquish for any xeX and £V is quasi-continuous for
any ye€Y, then £ 18 cliquish,

Proof. Let (x,,y,)€X=Y and let UxV be any
neighbourhood of it point. We can assume that V has a count-
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able base {an n=1,2,...}. Por arbitrary W1 € we take
W €2l which satisfies W = W' and WoC W,. We denote

H, = {x €Us (£(x,y'),2{x,3")) e W for y',y" ¢ Gn}.

oo
It is easy to see that U = | ) H . Since U is of the second
n=1

— 3\ —
category, Int Hj ¥ ¢ for certain n, let 0‘1 = UnlInt H,

and b ¢ Gn’ By the quasi-oontinuity of fb there exists an
open non-empty set U2C U1 such that

(1) (£(x’,b),£{x"“,D})) € W for every X' yx" € Uye

Let (x1 ,y1), (12,32) € (Uzn H,) x G,. From the condition
Xy9Xy €Hy 1t follows that (f(x1,y1),(f(x1,b))e W and
(f(xz,b),f(xz,yz)) € W, Applying (1) we have

(2) (i’(x‘| .71).1‘(::2.32))6 w2 for every
(x1 s71)o(12’7_2) € (,U2ﬂ Hn,) x Gpe
Now we take (x,,3,)€ (U,nH,) * G, and (x,,3,) € (Up\Hp) x Gpe

¥
Since f 2 is guasi-continuous at a point x, there exists a
non-empty open set U,C U, such that (f(xz.yz)‘,f(x_’ WJol)eW
for x'e U3e Henos

(3) for each (x,,y,) ¢ (Uy\H,) x G, there exists a point
(xé,yz) € I(Uzn Hh) * G, such that (f(zz.yz),f(x'z.y2) )€ We

The condition x1.x'2f:l-ln implies (f(x,3,),f(x4,b})e W and
(f(xé,ye),f(xé,b))e W. Applying (1) and (3) we have

(4) (£(xq,349)08(x5,3,)) € wt for every (x1,y1) 6 (U,NHy) =Gy
and (x,,3,) € (Uy\H ) *Gp.

Finally let {(x,7,), (x5575) € (U,\Hy) x Ge By (4) it follows
that
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(5) (£(x1,7,),2(xp,7,) € W,

Thus by (2), (4) and (5) we have (£(x9,34),2(x5,3,)) € W,
for all points (x;,3,), (xz,yz) €Uy,*xG,CUxV and the proof
is completed.

3. Let X, Y be topological vector spaces and let 27 be
the neighbourhood filter of 0 €Y, The o¢liquishness of a
map £:X —=Y at a point x € X in this case means that for
every neighbourhood U of x, and for every V € ¥ there exists
a non-empty open set U’'c U such that f£(x’') - f(x")e V for
any x',x"<U’,

Theorem 3.1, Let X and Y be topologlcal vector
spaces, For any linear map f:X —Y the followlng propertiss
are equivalent:

a) £ 1is continuous,

b) £ 4is quasi-continuous,
¢) £ is barely continuous,
d) £ 418 cliquish,

Proof, It is sufficient to show that every cli-
quish linear map is continuous. Let Ve X7, Since f 1is cli-
quish at O there exists an open non-empty set G CX such that
f(x') - £(x") eV for each x',x" € G, We take any point x4 € G}
there exists a neighbourhood U of 0 ¢ X such that x, + UcG.
Then for every x €U we have f(x1+x) - f(x1) €V, i,e, £(U)V
so f 1s continuous.

Theorem 3,2 Let both topologlocal vector spa-
ces X and Y have a countable neighbourhood filter of 0. More-
over, let X, Y be Baire spaces and let Z be topological vec=-
tor space. If £:X <Y — 2 is a bilinear map such that f and
£ are cliguish for every xe¢X, yecY, then f 1is continuons.

Proof. By Theorem 3.1 it follows that f_ and fJ
are continuous for each xe¢X and y ¢ Yo Thus according to
[7, p.88] £ 18 continuous,
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