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O N B A R E L Y C O N T I N U O U S A N D C L I Q U I S H M A P S 

1. Let T be a uniform spaoe with a uniformity ¿1» Si -
multaneously we wi l l consider Y as a topological space with 
the topology induced by 21 . For any j e i , ACT and 
we denote B(y,V) - { z e Y : (x ,y )e v } and B(A,V) > 
» U { B ( y , V ) i y 6 A } . Let X be a topological space. A subset 
A of a space X is said to be semi-open, i f there exists an 
open set Ocx such that U C A C D (o f . T1»4]J. 

A map f t X—>-1 is called: 
- quasi-oontinuous at a point xQ e X , i f for every neigh-

bourhood 6 of f (xQ ) there exists a semi-open set K X sa-
tisfying the conditionsi x Q « A and f ( A ) c 6 (o f . [1 ,6,9 ] ) } 

- cliquish at a point xQ, i f for every neighbourhood U 
of xQ and for every V e & there exists an open non-empty 
set U , cu such that ( f ( x ' ) , f ( x " ) ) e V for any x ' , x "e U1 

(o f . [ 2 ] ) . A map f is quasi-continuous (oliquish), i f i t 
has this property at every point. 

I f a uniformity U is given by a metrio on T, then the 
above definition coincides with the well-known definition of 
the cliquishness (o f . [ 6 ] ) . 

Evidently every continuous map is quasi-oontinuous and 
every quasi-oontinuous nap is oliquish but these olasses of 
maps are different. 

A map f > X — - 1 is barely continuous, i f for every 
non-empty olosed set Mcx the restrlotion f ^ has at least 
one point of the continuity (of . [ 5 ] ) . 
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2 J , Swert 

T h e o r e m 1.1. Any barely continuous map f :X—-Y 
i s c l iqu i sh . 

P r o o f • Let xQ e X and l e t U be a neighbourhood of 
xQ . By x.) we denote a point of the continuity of f^g . For 
a rb i t ra ry V e ft we choose W e & such that W > w-1 and r e v 
( c f . [ 8 ] ) . Then there ex i s t s a neighbourhood U1 of x^ in X 
such that f (x ) fc B(f(x0),W) f o r each x e i ^ r i u . Henoe 
( f ( x ' ) , f ( x " ) ) e W 2 c T fo r every x ' ^ ' e U ^ O and f i s c l i -
quish at a point x Q . ' 

Vote that the quasi-cont inui ty and the barely continuity 
are independent proper t ies ; moreover the c lass of ol iquiah 
naps i s g rea te r then the c lass of barely continuous maps, 
as shown by the following examples. 

E x a m p l e 1.2* Let us consider the set X • CO,00) 
with the topology T » { 0 , x } u{(r,©°)» r > o } and l e t R be 
the spaoe of r e a l numbers with the natural metrio. By Q we 
denote the se t of r a t i o n a l numbers. The funct ion f »X —1-R 
given by 

x e [n-1,n) HQ 

f (x ) 

1 n 

^ x e [ n - 1 , n ) \ Q , n - 1 , 2 , . . . 
\ 

i s o l iquish . The set II = [0 ,1] i s closed in X, the funotion 
f/M b a s n o continuity poin ts , so f i s not barely con-
t inuous. 

E x a m p l e 1.3* We take X • ( - 0 0 , 0 0 ) with the t o -
pology T » { 0 , [0 ,1 J, [ l»2] , x } u { [ 0 , 2 ] } . Semi-open s e t s in 
t h i s space are of the form: [0,1 J U A, [1 ,2]UB, [0,2] UC 
where A, B, C are a rb i t ra ry s e t s . Let R be the spaoe of r e a l 
numbers with natural metric and l e t Q be the set of r a t i o n a l 
numbers. The funct ion f:X,—*»R given by the formula 

f (x ) 
0 x e [ 0 , 1 ) u ( R \ [ 0 , 2 ] ) r i Q 

1 x i [ l , 2 ] U ( H V [ 0 , 2 ] j n ( R \ Q ) 
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Continuous and d i g a l ah. mapB 3 

i s quasi-continuous. Let us pat M • { - ° ° t 0 ) U ( 2 , , then 
has no continuity points; so f i s not barely continuous. 
E x a m p l e 1.4» The funct ion fiR — R given by 

f (x) • 1 i f z i s the natura l number and f (x) * 0 in the 
other oaae i s barely continuous but i s not q uaBi-continuous. 

In the sequel fo r a map f :X—- Y, we w i l l denote by C(f) 
the set of a l l continuity points of f . 

L e m m a 1.5. I f C(f) i s a dense s e t , then f i s 
a c l iquish map. 

L e m m a 1.6. If a uniformity 21 on Y has a coun-
table base, then f o r each c l iquish map f:X —»• Y the set 
X \ C ( f ) i s of the f i r s t category. 

These Lemmas follow by [2 , Theorem 5] and [ 2 , Theorem 9] 
respect ive ly . 

A topological space X i s Baid to be a Baire space in the 
narrow sense, i f every olosed eubspace of X i s a Baire spa-
ce (of . C3]). 

T h e o r e m 1.7* Let X be a Baire spaoe in the 
narrow sense and l e t a uniformity 11 on T have a countable 
base. I f f:X —• Y i s a barely continuous map, then for aiqr 
non-empty closed set K c x the set C(f^g) i s dense in H. 

P r o o f . , Let M be any olosed non-empty subset of X. 
Since —» Y i s barely continuous Theorem 1.1 and Lem-
ma 1.6 imply that H \ C ( f ^ u ) i s of the f i r s t category in M 
and the proof i s completed. 

C o r o l l a r y 1.8. [ 5 ] . Let X be a Baire space 
in the narrow sense and l e t Y be a metric spaoe. I f f:X — Y 
i s barely continuous, then f o r each closed non-empt^ set 
Mcx the set C t f^ j ) i s dense in M. 

Let f:X—*-Y be a c l iquish map and l e t H e x . I f M i s se -
mi-open or dense, then '/M i s c l iqu ish . I f U la a closed s e t , 
then f ^ j need not be cliquish'^ as shown by Example 1.3. 

T h e o r e m 1.9. Let X be a Baire space in the 
narrow sense and l e t a uniformity on Y have a countable base. 
A map f : X — Y i s barely continuous i f and only i f f o r every 
non-empty closed set l i c i a map — i s c l iquish . 
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4 J . Swart 

P r o o f . I f f i s barely continuous and M c z i s 
a closed non-empty s a t , then by Theorem 1.7 we have C(f^jj) 
i s dense in M. So Lemma 1.5 implies that f ^ i s c l iquish. 

How l e t f^n be oliquish for any closed non-empty set 
H e x . Then by Lemma 1.6 we obtain Cff^g) 4 ft, th is f i s 
barely continuous. 

A sequence { f n : n « 1 , 2 , . . . } of maps f n : X —-7 i s con-
vergent to a map f at a point x eX, i f for every V e 21 
there ex is ts nn suoh that ( f _ ( x ) , f ( x ) ) « T for n > n f t . A map f 

r \ i s said to be the l imit of a sequenoe | f n : n « 1 , 2 , . . . / , i f 
that sequence converges to f at every point; then we write 
f = lim f B . 

n— 
Simple examples show that the limit of a sequence of 

barely continuous maps need not be cl iquish. 
T h e o r e m 1.10. Let X be a Baire space in the 

narrow sense and l e t a uniformity on T have a countable base. 
I f f 0 : X — " Y i s barely continuous map for n * 1 , 2 , . . . and 
f » lim f , then the following conditions are equivalent: Q-»00 11 

a) f i s barely continuous» 
b) for every T eZl and fox* every closed set Hex and open 
set D e i suoh that ItnU 0 there exist a number m and an 
open set U'c« such that MOU' 4 0 and (fm(x) , f ( x ) ) * V for 
any x c H f l D ' . 

P r o o f * We assume that f i s barely continuous. 
Let Hex be closed and l e t U c x be an open set for whioh 
M n U 4 0 . For aqy V e Zt l e t us take W e U suoh that W - W 1 

and W^cv. The sets C(f/¡rfyji) and C f f ^ g - ^ ) for n - 1 , 2 , . . . 
co 

are dense Ĝ  in HDU, thus the set C{ fy j j n [ j )n n 
oo 

in dense in M nu. Let * 1 € n O Ct f n/M7vu'* T h a r e 

ex i s t s a number m suoh that ( f m ( * 1 ) » f ( * 1 ) I € M o r e o v e r , 
there ex is ts a neighbourhood UQ of x^ suoh that ( f m (x ) , f m (x 1 ) )€ 
e W and ( f ( x ) , f ( x 1 ) e W for x € U o n i i n U . We denote U' -

- 334 



Continuous and c l iqu ish maps 5 

= U 0 H U | henoe we have U'c u, U ' O M 4 0 and ( f a ( x ) , f ( x ) )e W3cV 

f o r any xeU 'DM. 
Conversely, we assume that the oondition (b) holds . By 

{ v q : n = 1 , 2 , . . . } we denote a base fo r the uniformity U on Y 
such that V„ • V~1 f o r n « 1 , 2 , . . . Let M be olosed euad l e t U n n 
be an open set such that MOD 4 0» According to assumptions 
we oan ohoose a decreasing sequenoe { u q : n=1 ,2 , . . . j - of open 
s e t s and a sequenoe {nQ: n B l , 2 , . . . } of na tura l numbers such 
tha t UnflM / 0 f o r n = 1 , 2 f . . . and ( f m ( x ) , f ( x ) ) e Vn f o r n 
x e U n n M . Take any V & XI and Vn suoh that V^cB. Then there 
e x i s t s mQ suoh that ( f D ( x ) , f ( x ) H Vn f o r x e U n n l l . Since 

n 
the s e t s Cif^^jj) f o r k » 1 , 2 , . . . are dense Ĝ  in M t h e i r 
i n t e r sec t ion i s dense i n M. Let * 0

€ U n n O c(^k/M^ • t l l 8 n 

we have ( f m ( x Q ) t f ( x 0 ) ) e Vn. Furthermore, there e x i s t s a 
n 

neighbourhood UQ of xQ suoh tha t ( f m ( x 0 ) , f n ( x ) ) e Vfl f o r 
any x e U onM. Henoe (f(xQ) , f ( x ) ) e y3 cv f o r x c UQ n O no H, 
so xQ € C(f^) and f i s barely continuous. 

C o r o l l a r y 1.11. Let X be a Baire space in 
the narrow sense and l e t a uniformity XI on 7 have a count-
able base. I f a sequenoe { f n t n » 1 , 2 , . . . } of barely continuous 
maps f f l :X —-Y i s uniformly convergent to a map f , then f 
i s barely continuous. 

2, Let X and T be topological spaces and l e t 2i be a 
uniformity on Z. For any map f : X * Y — w e wi l l denote by 
f x and f 7 maps given by: f x ( y ) = f(*»y) and f y ( x ) ® f(x»y) 
f o r x E X, y E Y . 

T h e o r e m 2 .1 . Let X be a Baire space and l e t Y 
be loca l ly seoond countable. If f :X*Y—'-Z i s such that 
f x i s o l iquish f o r any x e X and f 7 i s quasi-continuous f o r 
any y e T , then f i s c l iqu i sh . 

P r o o f . Let ( x 0 , y 0 ) € x * Y and l e t U * V be any 
neighbourhood of i t point . Ve can assume that V has a count-
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6 J. Bwert 

able base {Gni n=1,2,...}•• Por arbitrary W^Il we take 
W € U which satisfies V « V**1 and W®c w^. Ve denote 

Hq -{xfeDj (f(x,y'),f(x,y"))e W for y' ,y" e GJ. 
o o 

It is easy to see that U • U H . Sinoe U is of the second 
n»1 ^ _ 

category, Int H n 4 0 for certain n. let Uij = U nint HQ 
and b eGn. By the qaasi-continuity of there exists an 
open non-empty set Ug^U^ such that 

(1) (f(x'tb),f{x",b))e w for every x',x"€U2. 

Let (x^y.,), (x2,y2) G (U2n Hfl) * Gn. Prom the condition 
x l tx 2eH n it follows that (f(x1 ,y1) ,(f (x1 ,b)) e ff and 
(f(x2,b),f(x2,y2)) e W. Applying (1) we have 

(2) (f(x1,y1),f(x2,y2))e w3 for every 
(x1,y1),(x2,y2) e (U2nHn) * Q^. 

How we take (x^j,)« (U2nHn) « GQ and (x2,y2) e (U2\HQ) « Gn. 
7? 

Since f is quasi-continuous at a point x2 there exists a 
non-empty open set D j C D j such that (f (x2,y2) ,f (*.' ,y2)) e w 
for x' * U^. Henoe 

(3) for eaoh (x2,y2) e (UgXHg) x Gfl there exists a point 

W 2t7 2
) 6 ( U2 n Hn } * Gn e u c h t h a t (f(*2,72) »f (x2»^2)' 6 W* 

The condition x1 , x 2 H n implies (ffx^y.,) ,f(x.,,b)) e w and 
(f(x2,y2),f(x2,b))e w. Applying (1) and (3) we have 

(4) (f(x1,y1),f(x2,y2)) e W4 for every (x1,j1)6(D2nHn)«Gn 

and (x2,y2) e (U2\HQ) « Gfl. 

Finally let (x1,y1), (x2,y2) e(o 2\HJ « Gn. By (4) it follows 
that 
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Continuous and c l i qu i sh maps 7 

(5) ( f ( x 1 t y 1 ) , f ( x 2 , 7 2 ) € w8. 

Thus by ( 2 ) , (4) and (5) we have ( f ( x . , ) , f ( x 2 , y 2 ) ) « W1 

f o r a l l points ( x ^ y . , ) , (*2»y2) e U2
 x G„ c U x V and the proof 

i s completed* 

3* Let X, Y be topologica l vector spaoes and l e t OP be 
the neighbourhood f i l t e r of 0 f Y . The c l iqu i shness of a 
map f : X — - Y at a point x Q e X in t h i s case means tha t f o r 
every neighbourhood U of xQ and f o r every V e ^ there e x i s t s 
a non-empty open se t U 'c u such tha t t ( x ' f - f ( x " j e v f o r 
any x ' , x " e u ' . 

T h e o r e m 3 .1 . Let X and Y be topologica l vector 
spaces . For any l i n e a r map f t X — - Y the following proper t i es 
are equivalent* 
a) f i s continuous, 
b) f i s quas i -cont inuous , 
o) f i s barely continuous, 
d) f i s c l i q u i s h . 

P r o o f . I t i s s u f f i c i e n t to show tha t every c l i -
quish l i n e a r map i s continuous. Let V eTP, Sinoe f i s c l i -
quish a t 0 there e x i s t s an open non-empty set G c x such tha t 
f ( x ' ) - f{x") e V f o r each x ' , x " e G . We take any point x., e Gj 
there e x i s t s a neighbourhood U of 0e x suoh tha t x1 + DcG, 
Then f o r every x « U we have f f x ^ x ) - f ( x 1 ) e v , i . e . f ( U ) c v 
so f i s continuous. 

T h e o r e m 3.2 . Let both topologica l vector spa-
oes X and Y have a countable neighbourhood f i l t e r of 0. More-
over, l e t X, Y be Baire spaoes and l e t Z be topolog ica l veo-
t o r space. I f f : X * Y — - Z i s a b i l i n e a r map such tha t f x and 
f y are c l i q u i s h f o r every x e x , y € Y , then f i s continuous. 

P r o o f . By Theorem 3.1 i t fol lows tha t f x and f 7 

are continuous f o r each x e X and y e Y. Thus according to 
[7 , p.88] f i s oontinuoas* 
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