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ON SOME BOUNDARY VALUE PROBLEM FOR THE EQUATION 
AU(X)-C2(X)=0 

Consider the equation 

(1 ) Au(X) - c2u(X) = 0, 

X = (x.^ , x 2 , . . . , x n ) , c - positive constant, ih the half -space 

D = { x = ( x 1 , x 2 , . . . , x n ) , x n > o } ( n > 2 ) , 

and let f ( X ' ) = f ( x 1 , x 2 , . . . , x n _ 1 ) , X ' = ( X 1 , X 2 , . . . , X R _ 1 ) e 

e a continuous and bount 
f ( X ' ) | < M fo r X' € Rn~1 . 

In this paper we giV! 
of the equation (1) with the boundary condition 

( 2 ) l im I'D U(X) - hu(X)l = f ( X ' ) , 
X-X„L n J O 

be a continuous and bounded function on the space R n ~ \ 

o 
In this paper we give the particular solution u(X) € C (D) 

o 

where Xo = ( x ° , x 2 , . . . ,0) is a f ixed point, X^ = 

= . • . ) and h is some positive constant. 
In this problem we w i l l use properties of Mac Donald 

functions, modified Bessel functions K p (x ) (see ["4] §52). 
These functions sa t i s fy the fo l lowing equations 

(3) K p + 1 ( x ) - K m { X ) 4 ' V X ) , 

(4) k ( x -PK p ( x ) ) = - x - \ + 1 ( x ) . 
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2 Ck. Laster 

?, Let 

K ( c r ) 0 ° „ 
(5) g(r) = p , p- = > (x^-a.,)*, XM(a 1 t a~ a ) . 

r p ^ ^ 

L e m m a 1» The function (5) of index p 4 0 s a t i s f i e s 
equation (1) on fin\ A only i f p = . 

P r o o f . For the function g (r ) we have 

Ag{p) = g"(r) g' . (r) . 

Prom properties ( 3 ) , (4) of the funct ions K p (x) , we i n f e r that 

s ' ( r ) - - • c = - ^ p V c r ) + V i ( c r ) ] = 

_ ., V c r ) - 2 P W c r ) . c 
r p r r p ~ 1 r 

e
 r p - 1 r +

 PP-1 r 2 r P r r P r 

- s ^ * 2 • • f g r ® • V « 1 + V i < ~ > ] + 

r P r P - i r P 

Next, we have 

A g ( r , . g { r } c 2 + i f c l ^ i . 2 B » . + ^ . 4 ^ + 

+ 

Pp-1 r z r p 

K p ( c r > . 2p W 6 ^ . o 
r P r r P-1 r 

. £ ( r ) c 2 , K P - 1 ( C r ) , 2pc+c»o(n-1) , K p ( c r ) . 4p2+2p-2p(n-1 
p ' ]yP 
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Boundary value problem 

K_ - (or) K (cr) 
Note, that the functions ^ ' H and p „— ore l inearly in-

rP" 1 rP 
dependent and g ( r ) = g(r )c only when 2pc+c-c(n-1) = 0 and 
4p2+2p-2p(n-1) = 0 or 2p+2-n = 0. 

_3. Let UB take a function g(r ) of index p = , 
n x 3 , 5 , 7 , . . . . Using (see [3] form. 223) the formula 

I— V k 
W x )  = vè • 2 kfetth • (à) •  v-0'1*2  

2 k=0 

we have 

L e m m a 2. I f q = , n = 1 , 3 , 5 , . . . , then 

where 

r q n â? 

n+1 
û-1 ,1,2 

Q n(?) " V ( ï ) + an-1 * ( r ) + — + « w l ? ) 
2 

i s a polynomial with c o e f f i c i e n t s 

an n ^ ( P " 2 M n ' V I ' a n±l " V I 
2 2 (5=3) !c 2 2 

Prom (6 ) , (7) f o r p » , n » 3 , 5 , 7 , . . . , we have 

Similarly using (3)» (4 ) , we obtain formulas for par t i a l 
der ivat ives up to the seoond order (of upper index p) for the 

K (cr) 

V ( r ) * • « V " _ r Q n ( i ) * " ° r ' 0 V 

1,2,. 
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4 Cz. Loster 

D* * S(r) = 
K „ . ( o r ) 

- c + r . _e±2 K ^ ( c r ) 
piT • c D„ r»D„ r -x i 

K p + 1 ( c rh 
r • p ; . ^— • cD_ _ r = 

x i x 3 

- ^ ^ . 0 (or , + K (or , 

_ r • P+1 

rP+1 

K^<(c r ) 

c r p+v D_ r*D r -
x i x i 

P+1 CDX x r = x i x j 

- W ^ - c + c n V ^ ^ ^ l 
rP+1 ' - - rP+1 

- r • • cD r = 
r p x i x j 

- [c(n-1>Qn(l) + c2 Q n _ 2 ( l ) ] e ^ . D ^ r . D ^ r -

In tha t case we have the es t imates : 

(8a) | D
X i S ( r , | * o r < i n ( ? ) e ~ C r ' 1 = 1.2. 

D_ r»D_ r -x- xA 

{ S b ) | V 3
e ( r ) l < [ ° 2 Q n-2( r ) + o n Q n ( f ) ] = 1 ' 2 n -

Using (5) we construct the following func t ion of 
points Y,X e D 

(9) G(YsX) = g f r ^ + g f r g ) - 2 h * J -T - h ( t - y n - x n ) • g{r3)<rt', Y|iX, 

?n + x n 
n-2 p = • • , n - odd number, n > 3 , where h i s a pos i t ive con-

s t an t and 
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Boundary value problem 5 

n n-1 

i -1 i-1 

- 2 ( * i - x i ) 2 + t 2 -
i - 1 

Letting t » t - - x n in the improper integral above, we 
have 

+oo 
(9a) G(Y:X) - g(r^) + g ( r 2 ) - 2h» J e ^ g t ^ J d - r , 

0 
where 

rn-1 
* 3 " 2 ^ t - X i ) 2 + ( t+yn+x f l ) 2 . 

i - 1 

The function (9) has the following properties: 
1. I t i s symaetrio with respeot to ? , X «D , i . e . G(Y:X) = 

- G ( I : Y ) . o 
2* I t i s of o la s s C(D) with respeot to 7 and X, because 

by (8a) , (8b) the improper integral in (9ia) and the correspond-
ing integrals of part ia l derivatives are uniformly convergent 
in any bounded and closed domain EcD with respect to X and 
Tv hence they are almost uniformly convergent with respeot 
to X,Y, X 4 Y, in the domain D. 

3. I t s a t i s f i e s the identity 

(10) D G(Y' t0iX) - hG(Y',0:X) = 0 , Y ' « ( y , , y 2 , . . . t y n - 1 ) , XeD. 
*B 

Indeed, with l e D , I « D , T ^ I 

- K - f c r , ) K _ . i ( o r , ) y_+x_ 
D 0 ( T i I , . P+1 1 c . ^ ^ - o . ^ + Z h g l r J -

y n rP P 1 rg r 2 2 

- 2h2 • / « 0 " g ( r 3 ) d t . 

*n + x n 
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6 Ca. Loster 

I n that oasa 
+o° »h.( t - x ) 

Dy G(Y ' ,0 :X) - 2hg(r) - 2h2« J e" " n g ( r 3 ) d t , r 2 

n-1 

2 h ± - x i ) 2 + xn* 
i - 1 

S i m i l a r l y , 

+ 0 0 

G ( Y \ 0 : X ) - 2g(r) - 2h• / e n g { r 3 ) d t , 
x n 

which Implies (10)• 
Moreover, by Lemma 1 the function (9) s a t i s f i e s equation 

( I ) with respect to X for every Y 4 X. 

( I I ) u(X) • J f i T ' J G i Y ' . O j X j d Y ' , X eD, a>n - a number. 
R n-1 

T h e o r e m 1« The function (11) i s of c l a s s C2(D) 
and s a t i s f i e s equation (1) i n D. 

P r o o f . Having 

f f ( Y ' ) G ( Y ' , 0 : X ) d Y ' 
Rn-1 

= 2« / 
n-1 

f ( Y ' ) 
T - h ( t - x ) 

g ( r ) - h* j e n g ( r 3 ) d t 

by ( 6 ) , (8a) , (8b) and |f(Y ' )| 4 M i n H n ' 1 , we obtain the i n s -
q u a l i t i e s 

/ | f ( Y ' ) G ( Y ' , 0 i X ) | dY'4 4MQn«l(x~)* / e " " « ' . 
3n-1 R n-1 
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Boundary v a l u e problem 7 

/ I f i T ' i D ^ Y ' . O ^ I d T ^ ^ M Q ^ ^ - y / 

R n - 1 R n - 1 

w h « r e - * « ( ? ) • 1 " 

e ^ d T ' , 

I | ' * < r > » v 
R n - 1 1 

G ( Y ' , 0 : X ) dT'< 
i 

R 

i f d • 1 , 2 , . . . , n - 1 , and s i m i l a r l y , d i f f e r e n t i a t i n g t h a t i n t e -
g r a l w i t h r e s p e o t t o i t s parameter , we get f 

R n - 1 | <HT',OiX)|dY'£ 

R 

I I x G d ^ O t X j I d Y ' ^ 
} n - 1 1 n ' 

e " c r d Y ' , 

<2M 

R 

e a l , 

i = 1 , 2 , . . . , n - l , 

2M 

/ I f ( Y ' ) D _ G ( Y ' , 0 : X ) | d Y ^ 
„ i 1 n n I 

R 
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a 08« Loster 

This implies f o r the above in tegra l s the uniform conver-
gence in any bounded and closed set S e n , Henoe u(X) E c 2 ( D ) . 

The seoond part of the theorem r e s u l t s trom the propert ies 
of the function G(YtX) and from Lemma 1. 

5. Let us take numbers RQ> 0 and <* e ( l - 1) and f o r 
some point X^D the sphere of oentre X' • ( x ^ . x g , . . . » x ^ ^ 
and of radius H * R x " , o n 

n-1 

i - 1 

and l e t 
n-1 

(12) H (X) - / e " o r • d i d T ' » r " 2 <* i - x i ) + xn* 

°R 

m = 0 l 1 l 2 | t<>»n. 

L e m m a 3« The function (12) has a l imi t 

(13) lim H (X) -m 

0 f o r m • 0 , 1 , 2 , . . . , n - 1 , 

7T _ _ f a r m - n, where X o - (x f t x£ v . . . , x£_ 1 , 0 )« 
r l2) 

P r o o f * I t i s obvious.from the proof of Lemma 3 
in [ 2 ] , 

The pa r t i a l derivat ive of the funotion (11) with respect 
to xQ i s equal to 

Dx u<x> " "J" ' f f l T 
n n 

H 

- h 2 J e n g ( r 3 )d t + hg(r) 

" W c r ) 
- " U ox — ^p+T n 
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Boundary value problem 9 

hona« we have 

(14) D_ u(X) - ha(X) • / t(Y/) . V l ' f cx dx' X € D. 
R 

T h e o r • • 2. I f a function f satisfies the 
assumptions of Seotion 1 and 

n-2 

(15) " n - - ^ ) 2 ' 

then u(X) i s a solution of problem (2). 
P r o o f . For sobs point X * D take sphere Ug c Hn"1. 

Then 

Rn-1 

. / [ f ( Y ' ) . f ( x ; , ] ^ 0,BdT' + f ( x ; ) . / ^ cxndT'. 

cuE r 

where X̂  • (x ° ,x ° , . . . |X°_.j) i s a fixed point. Using formula (6) 
lP+1 - f ) . with |f (Y ' ) |^M f M>0, we have 

/ | W ) -f<i; ) | CXndY'^o.HX>).J Qn(i).-CrxndY', 
% % 
where H(^) " nax|f(Y') - f i n closed sphere Ufi and 

°R «R 
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10 Cz. Loetar 

cuR r CUR 

CUR 

(gn-l(r) " ^nfr) 811(3 f o r a n y p o i n t T ' e C UR i B r = XY'>R). 

From Lemma 3 and the formula for the coefficient aQ of 
the polynomial i o (7) w® have 

P K ^ t c r ) 

X Xo U R 

Similarly, flpom the continuity of f(Y') in Rn""1 we obtain 

(16b) lim Ofi(X̂ ) / Qa(^)e-
orxndT' - 0 . 

* "**» IT U R 

Also 

(16c) lim ^ J ^ ( J ) . " 0 * « ' « 0. 
* o CUR 

Indeed, in the polar coordinates on Rn~1 the integral (16c) be-
comes 

+oo 

R 

where £ is the coefficient of the polar transformation and 

P o r ï T 1 - 1 < « < 1 , with -7==Î<1. 
we hâve ° V* + In 

- 312 -



B o u n d a r y v a l u e p r o b l e m 11 

+ 0 0 

R 

+00 n - 3 \ 

/ a n ' ï + a n - 1 + a n - 2 < ? + — + a n + 1 ' ? 2 V " ® ^ -

On t h e o t h e r s i d e , w i t h a > R , 

+00 +00 f~2 2 

/
. - c r n * a - c a + x a +x_ . 
- X " V I 

R 0 a 

I n t h a t c a s e we h a v e t h e e s t i m a t i o n 

c u n 

^n 
R . a n l n 

w h e r e m = , w h i c h i m p l i e s ( 1 6 0 ) . 
F rom ( 1 6 a ) , ( 1 6 b ) , ( 1 6 0 ) t h e t h e o r e m f o l l o w s . 

+00 a 

/ • / [ 2 s - , « * - 1 

0 W « 1 

.6 . L e t t h e d i m e n s i o n n o f t h e spaoe E n be e v e n , n > 2 v , 
v e N . I n t h i s c a s e we use Uao D o n a l d ' s f u n c t i o n s 

+9*= 

( 1 7 ) V x ) " 2 / e x P [ - I ( t + T | ] t V " 1 d t * 
0 

x > 0 , v - 0 , 1 , 2 , . . . ( s e e [ 1 ] , [ 4 ] ) 

+ o o / x \ 2 n D 
( 1 8 a ) K Q (X ) = - I 0 ( x ) ( l n § + C ) + J 2 f T ^ » 2 k ' * > < > . 

m-1 < m , ) k « 1 
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1 2 C z . L o e t e r 

( 1 8 b ) ^ ( x ) - ( - 1 ) v + 1 I v ( * ) ( l n f + C ) + 

2 m i - . t e - f i U d ^ ^ 

• - o 

T _ + / x \ 2 n + T / • n + v \ 

• ( • f ) " t t 2 2 i n 2 b 2 i\ 
k - 1 a - 1 \ k « 1 k > 1 

x > 0 , • t H , 

• ( f r 

w h e r e I p ( x ) - ^ a i r ( a + p + i ) » c i a B u l w P o o n s t a n t . 

L e a a a 4 » I f t • 1 , 2 , 3 , . . . , t h a t 

( 1 9 ) V x ) ^ 2 [ 1 *x * ( i f ( Y - 1 ) + 

+ ( | ) 3 ( r - 1 ) ( v - 2 ) + . . . + ( - § ) * ( v - 1 ) t j e " 2 . 

P r o o f . F r o m ( 1 7 ) ( w i t h x > 0 ) 

(1 X +©o X \ 

/ e ~ ? d t + / t T - 1 d t j . 
I n t e g r a t i n g t h e s e c o n d i n t e g r a l b y p a r t s w e h a v e ( 1 9 ) . 

L e a m a 5 . i f • m 1 , 2 , 3 

• f i I ) 2 " / • m+T 

2 m i l r«M-Tj i 2 

1 
S - 2 

B - 1 V k - 1 k - 1 
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Boundary value problem 11 

+00 

P r o o f * 

f*\2 n / a m+v \ +00 /_x\2m 

2 i H i i r l J ' 2 ¿ U s i i f f i j i r « - » ! 
-1 \k-1 k-1 / n>1 

+o° ( f ) ! " t o ° ( i ) 2 ( B + 1 ) 
2 2 >l(m+*-1 JI 2 2 (m+l) I(oh-v) t 0 

m-1 m«0 

v 2m . 2m 2 +»o 

m-0 m.O l®1' 

By Lemma 1, the function 

- (or ) „ n 0 
(21) k ( r ) « , p2 » 2 C ^ - H ) 2 , X^A(a1fa2 a n ) , 

r 1 -1 

s a t i s f i e s equation (1) In R°\ A. Using formulas (18a), (16b) 
ve have 

+00 /or\ m 
k ( r ) - - I 0 ( o r ) ( l n *§- + c) • 2 T ^ I F ' 2 t 

m-1 ( B | ' 1-1 

2m H 
for v • 1, 

• i ( * r 2 ( - 1 . - - ^ m 2 ™ * • ' ¿ V 
•"O 1-1 

\2m / Ui BtT"l \ 
" " for v > 2. 

_ - +«x> /0£ \2" / m b+t-1 \ 

• M S Z w H & n r 2 i 
a - 1 1-1 

S imi lar ly , we oonolode from lemma 4 that for n • 2v, v eF, 
there ex i s t s a polynomial Wn of degree n with positive 
ooeff le ients and the ffcee term equal to 0 such that 
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14 Cz. Loeter 

(22) < wn(r-)ee™ 2 • n " 29• 
r 

In that oase, similarly in Section 3» we have estimations of 
partial derivatives of function k(r) up to the seoond order 

cr 

or 
Dx±

k(r,| < orWn(r),e 2 • 1 " 1»2' 
_cr 

e 2 , - 1,2,...»n. 

With n » 2v, v eN, the functions (9), (11) have an analogous 
form 

-h(t-y-x) 
e n n k(r3)dt, Y/XeD, 

"n n 
where r2, r^ are like in (9) 

u(X) • / f(Y')G(Y'(0;X)dY', 
n Rn-1 

u> - proper coefficient, X e D. ? 
These functions are of class C (D) and satisfy equation 

(1) in D because of (22) and estimations of partial deriva-
tives of k(r). With condition (2) we have, similarly to (14), 
formula 

, P K_(cr) 
(23) B t U(X) - hu(X) x - J- • / f(Y') •-3L-=— cx dY', 

n Rn-1 
n = 2v, v t H, X e D 

n-1 
where r 2 = 2 )2 + *n* 

i=1 
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Boundary valae problem 15 

Ta shall prove, that u(X) s a t i s f i e s condition (2) in any 
point x'Q e Bn~1 with proper coeff ic ient 

I f v « 1, or n « 2, then formula (23) has the form 

DX u(X) - hu(X) « - F f(y.,) • ox2dy1t r ^ ( y ^ ) ^ , 
2 W2 _oo 

where X «= (x . , ,x 2 ) f T « (y. , ,0) , while (from (18b)) 

V ^ i i , * . ( f f ° f l n c, 
~~ r " 2 * 2 . m!(m+l)l [ l n ~2 

m=0 
in ^ + C ] + 

+oo /cr\2 m / m 
* 1 c 0 . V ( 2 ) . U V M 

T I ? 5" T 2J m!(m+1 ) t 2 Z r + "5ff * 
0 P D-1 \ i - 1 / 

In this integral we put y^ » x^ + t and next we take in sum 
of Integrals 

v /„=i -a a +oo 
K1<CR) P FI P -O O 9 <V , + x|, a« Xg, / f ( x 1 + t , J - ^ c x 2 d t » / + / + / 

- oo -a a 

with any a, 0 < « < - ^ • Because of (22) , with n = 2, and 
I f (x^ + t)| <M, 

-a +oo +oo K ^ 
/ + / | f (x 1 +t J + f ( x t - t ) | — c x 2 d t < 

•RNOA a 

+oo _cr +oo ct ao 

^ 2 c x 2 « / W 2 ( i > " 2 d t < 2 o t e 2 f f 2 ( i ) / e _ 2 d t = 
a v ' a 

and using lim^ *2 W2 (a )̂ " t h e s u m o f / + / 
^ 8 

tends to 0 , when X—-X^ « ( x ° , 0 ) . The integral / i s equal 

to the sum a 
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16 C«. Lostar 

+00 (of)2" ' 
* • / f ( t + V 2 -HTOTTT ¥ • c ) o x 2 d t • 

B>0 -a 

/ [ f i t « , ) - f ix? ) ] | § dt + f(x?) . d t -

f . / f i t « , ) 

- , 2m too /or\ / m m+1 v 

W - 2 sMtínTlSi* 2 1 
B-1 \i-1 i-1 / 

OIgdt a 

• A, + Ag + Ag + A .̂ 

With small x2> O, r <1 for an; t e ( -a ,a ) we have estimations* 

2 a 

I Al| ^ " ' V 0 ' " / t ' 1 "* ! + I ̂ f + C|)dt.x2, 

A2| < 
<-«,a> 

a x 

Iftt+x,) - f(x®)| • / r f - d t , 

|*4 < t » 
o2r2 

a *-> -2 
Beo aase of / -g- dt 

• / [ 1 + S _ T" ' I o ( 0 ) d t ' x2* í ( 2 0 ) ' v" 1 , 1 

- 1 

2 u. - J»" — = 2arctg(Xg~1 ) t A-j has limit 
¿«-1 1 + * 

9 m. - , — d t 3 * 2arctg(T*"1 
-a r 

lim Aj • f(x®)7T, where (x^xg) — ( x ° , 0 ) . Obviously, 
lim A, * 0, lim A4 = 0 and, by the continuity of the funotion 
f , lim Ag « 0 when (x^xg)—»-(x°,0). Henoe the theorem In 
case w2 - - or i s proved* 
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Boundary value problem 17 

Vow l e t n = 2v, r t H, v > 2 . Like In Seotion 5 fo r any 
X e D we take the sphere Ug, R * s 0 z n * « 6 (1 - « 1) and 
ve s p l i t Integral (23) into the son of in tegra l s 

/ f ( Y ' ) . cxndY' - / + / . 
n-1 p CUg UR R 

Because of (22) , with | f ( Y ' ) | 4 M we have 

/ f ( T ' ) • 0 X n d T ' 
CUR 

P 

CUR 

/

_cr 

V i £ > 2 

CUR 

where * n _ i ( p ) * r * n ( r ) * Similarly in the proof of (160) we 
s t a t e 

lim / 
M o CU, 

K J c r ) 
f ( T ' ) « 7 - ox_dT' - 0 . 

r * B 

R 

Aooording to (18b) we have 

. - + 1 I - ( o r ) / \ 
j v . ( -1) i n * § - + c ) + 

r r 

z m * * [ i f * • 
fflsO 

i -1 
v v + / B m+v \ 

m«1 . i -1 i -1 
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18 C z . L o s t e r 

P K f o r ) 
I n t h a t o a s e t h e i n t e g r a l J f ( Y ' ) • Y

 v — o * n d y ' i s e q u a l 

% 
t o t h e s u m o f i n t e g r a l s t 

J , • l - 1 ) " 1 O I n / f ( T ' ) • ( l n ^ + c ) « ' . 

h - i S [ « » ' I - 2 ( . „ « . i ^ u i d f - ' . ^ a i ; 
üjj m = 0 r 

m « 0 

-HÜ f(y') 

\2m 
v +> ^ er j " i a 

v T * 2 i + r 2 mi(m+v)i 2 r 2 T 
i=1 m=1 \i=1 1=1 /. 

F o r T ' € U g w e h a v e r 2 < a n d s o w e c a n p a t S > 0 

s u c h t h a t fifom c o n d i t i o n x n < 6 w e h a v e r < 1 f o r e v e r y Y ' e U R . 

T h e n , l e t t i n g | U g | b e t h e v o l u m e o f U g , w e h a v e t h e e s t i m a -

t i o n s 

I ^ M f f M x n ( | l n x n | + | l n f + C | ) I 0 ( O ) . | « B | , 

a n d f r o m ( 2 0 ) 

| J 4 | ^ c ( f ) V M x n [ l + f 2 • I 0 ( c ) ] l O g j . 

F r o m t h a t l i m J 4 » 0 , 1 1 m J , - 0 . 
1 4 
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Boundary value problem 19 

By Lemma 3 in [ 2 ] , we have 

u. 2 <-i>- • (fr**1- / 5äk «*—(«?r 
* z o m«0 ÜR

 r 

( lQ = (x®,x2»«»*»*n_it0)» • an<3 t h u a continuity of f 

o o 
Thas we aonolade that the boundary problem (2) i s s a t i s f i ed 

when 
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