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INTO ITS STRUCTURAL GROUP

Introduction

The great part of geometrical structures on differentiable
manifolds is given with the aid of a non-degenerate tensor
field of type {0,2) or (2,0) or (1,1}, For instance, the
Riemannian, pseudo-Riemannian, almost Hamiltonian, almost
complex, conformal structures are of such types. The values
of such tensor field on a linear frame determine a mapping of
the bundle of linear frames into linear group Gl(n), For in-
stance, if u = (x,u1....,un), xeM, uje T M, is a frame (ug =
vectors tangent to an h-dimensional manifold M at x €M),
o= (x,0',...,6%), ote T;M, ei(uj) = 81, o- dusl frame of u
and f 1is non-degenerate tensor field of type (1,1) on M then
the matrix (£(u;,69)), 1,j = 1,¢.0,n, is an element of Gl(n),
Thus we got a mapping of the principal bundle F(M,Gl{n),p)
of linear frames into Gl(n).

From historical point of view, such structures were in-
vestigated separately. Treating such structures as given by
a mapping 1 : ¥ — Gl{n) we can present a theory which contains
their common properties and allows us to consider these struc-
tures from more general point of view, Obviously, such mappings
mast satisfy some conditions,

In this paper we shall generalize this theory by introduc-
ing some mappings of a principal fiber bundle E(M,G,p) into
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1ts structural Lie group G. This makes possible to investigate
analogous structures on general principal fiber bundles.

As the main tool of investigations we use the notion of
covariant derivation, i.,e. we assume that a connection on a
considered principal fiber bundle is given,

411 the considered here functions are assumsd to be of
class C(oo). Connections and connection forms on E will be
denoted by the same symbol w,

The tangent vector space to a manifold M at xeM will be

denoted by T.M, ) T M = TM, A manifold is considered as
xeM
Hausdorff with countable basis,

If f:M — G is a mapping of M into a group G then the
mapping x —*-(f(x))'1, where (£(x))~! is converse to f(x)
in G, will be denoted by £, i.e. £7'(x) = (£(x))”'. The
identity mapping will be denoted by I, I{x) = x.

1.1 -mapping and 7w=forms

Let E(M,G,p) be a principal fiber bundle where I is an
n-dimensional manifold, G is an r-dimensional Lie group and
p:E —M is the projection mapping.

Definition 1o A mapping w:E — G is called
M ~-mapping of type (g,r) if

(1) n(zg) = ¢(g)n(z)v(g) for all 2z€E, ¢e¢q,

wher~ Q:G — G and ©:G — G are respectively right and left
homomorphismg, i.e.

¢(ab) = g(ble(a) right homomorphism

z(ab) =< (a)r(b) left homomorphism
for all a,b €G,

Remark, This mapping was introduced and called
principal object by J.Ganoarzewicz in [1]. .

Now, if UCM is a coordinate neighborhood arnd 20 —E
a cross section over U then for each z = zU(x)g we have

(2) m(z) = glaglmylxlv(g), Ty =m(zyl.
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Let us consider the diffeomorphism ¢U:UxG — p'1(U) CE
given by the formula

bylxs8) = zy(xle.

This allows us to introduce a coordinate system in a neigh-
borhood of zU(U)<IE. Nemely, if x' are coordinates of x€U
and g“ of ge-we<:G in a coordinate neighborhood We containing
the unity e of G then we assign to the point 2 = zU(x)g =

= ¢U(x,g) the coordinates (x1,...,xn,g1,...,gr).

Suppose w is a connection form given on E, Using ¢U we
want to give a formula for « by means of the locel connec-
tions form wy = w(dzU). Each vector X,, 2z = zU(x)g, tangent
to E at 2z, may be written in the form X, = dzylv)g +
+ zU(x)dg(w), velM, weTgG. Thus, m(xz) = g’1wU(v)g +

+ g'1dg(w) for X, = d¢U(v,w). We identify a neighborhood

of zy(U), Vizy(U)), with ¢G1(V(zU(U)) and © withw(ddy) there.
Thus we can write

(3) w=g (g +wye)

1n ¢35 (V(zgy(0)).

Now, we shall define a linear form F:TE —*-TeG which is
the main notiorn in this paper,.

Definition 2, If E(M,G,p) is a principal
fiber bundle with a given connection w and all-mapping of
type (¢,v) then

F:TE —» TéG
defined by the formula
(a) F(X) = 7 Yan(ux),

where HX is the horizontal part of X, is called w-form (or
tensorial 1-form of type (m,w)).
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For us it is more convenient to present F in terms of T
and w,
From (3) %he horizontal vectors satisfy

dg = -ngo
Thus we shall obtain from (2) and (4)
dn(dz) = dg(dghrum‘ + qd':rU't + QIrUd'r(dg)

F= 1:"11r1';1'c'1l.dq(-wng)1ru1:+ edTyT + emwydr(-wyg) at 2= zy(x)g.

Since dq(-wug) = -Q(g)dg(wu), df(-uug) = -d't(wU)'r:(g) we get
finally in ¢35 (V(gy(U))

(5) P =x"tmglamy - mpldeteylm, - avley) v,

It is easy to verify by substituting

Z = 248, dz = dzug + szg, dw = dq:ruft + qdaru-u +Qerd-r,
- -1 -1 -1 -1
w=olglryrle), w=g"'dg + g wys, dglg™ de) = deoldgle™al,

av(g~1dg) = v~ Y(g)dx(dg)

into the formula

xlam - Tr'1dq(w)1r- dz(w)

that we shall obtain the formula (%), (after long calculations).
In virtue of (5) and this remark we are in a position to for-
rulate

Theorem 1. If thel-mapping is of type (¢,7)
then m-form F is tensorial 1-form of type adt” ' and is given
by the fornula

(6) F=x"1dx - 7r'1de(w)1r - dv{w).
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Thus we have F(Xg) = v~ 1(g)P(X)x(g), (or F(Xg) =
= fc(g"‘)F(x)'C(g)). If = I is the identity automorphism
then

(7) co,r=1r'1d1r-1r'1dq(w)3r

is a connection form called m=-conjugate with w.
Proposition 2. If N-mapping is of type
to,I) then w=form F can be written as

(6 F=uw-~-w

1 ) T
where w, is w-conjugate with the connection form w.
The w=-form exlists if and only if the [M-mapping exists,
the next theorem clears up some aspects of this problem,
Theorem 3, Let E(M,G,p) be a principal fiber
tundle, @ and t respectively right and left homomorphisms
of G,ﬂgo ={g,g(g)g°«r(g) = g, and gec}- the isotropy subgroup

of G at 8o¢€ G with respect to the transformations Y8 —
—»¢la)gr(a) and 0s ={ g; 1a€G, g = q(a)goq:(a)} the orbit
o

of 8, with respect to Yqe
A MN-mapping of type (¢,t) taking its values in 0

W(E)Cog , exists if and only if E is reducible to the bundle
)
EO(M’HSO'p)°
Proof. Suppose that w:E — G exists and =(E) CO8 .

o

If z, is such that 1r(z°) = g, then for acH_ 2 we have
o 8,

n(z58) = ¢lalw(z )v(a) = glalg,rla) = g,

Thus E, ={z°;w(zo) = go} is reduced subdundle of E,
Conversely, if l's'o(ll.lls »p) is reduced bundle of E then
)

putting w(zo) = g, for all 2z €E, we get the mapping ’n(zog) n

= g(g)gox(g) yith values in 050.
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Remark. Inthecase g =, n® ={ 3;9-1(g)= g};
= I, J.Gancarzewicz proved a one-to-one correspondence
between the set of Eo(m,He,p) and such [ -mappings (see [1]).

Example 1. Let B(M,G,p) be a prinecipal fiber
bundle reducible to B (M Hg »D) where H ={g;g'1g°g=go and
&

geG} and g g, = C, C #e8, cc =8, cg = gc for all ge G,
Putting 1r(z ) = -3 w(z g) g 1303 for all z ¢E, and g€ G
we obtain a ﬂ-mapping. This mapping has the followin.g pro=
perties
nlz)u(z) = ¢, elg) =g”1, wl(g) =

A principal fiber bundle E with given such [l-mapping mey be
called generalized almost complex bundle.

If 2y is a cross seotion over UCM then

-ty =1 -1
F = (wr'dm, + T W, =we.)g at 2 = 2,8
& Wy ¢y * Ty “o'u T~ %u u8s

and for zU(U) CEo

-1 ' o
Plazy) = g, 0yg, Wy )y = 8y wydgs

where (“’sr)U =“’w(dzu)'

2, Exterior and covariant differentials of m-form

In ;rder to caloulate the exterior derivative dF of
a m-form F we need to recall some notions and formulase,

Let ¢ and yw be 1-forms with valwnes in the Lie algebra
TeG of a Lie group G. By (_"p/\w] we denote the 2-forms given
by the formula

[onv]=¢nvP ey, €]
where € are basis vectors of TG, [£, ,€p] 1s the product

in Lie algebra T o0 [ /\IPP usual exterior product of 1-forms
o  and WP, o =¢Pey, w-wles, (see [4]).
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In these notations the equations of structure of the Lie
group G have the form (see [4])

46 = -t [6n8]

where © is the fundamental left{ invariant form of G, 8 =g'1dg.
The fundamental form © assigns to each §g€ T G the vector

g
g‘1ggeTeG and the form 7~ 'dr assigns to each & = dr(X,)

x(z)
the veotor (w(z))'1§ﬂ(z). Thus "6 = 7~ 'dw and
atx~lar) = - L [x"lawnalay] .

We shall recall one more formula. If t —g{t), g(0) = o,
is a curve in a Lie group G and X€T,G then (see [3])

$exe - -[45%. ]

Now, we shall calculate the exterioxr derivative of the
form F given by (6).

If £44e0048, 18 a base of T, G and z,€¢ E then in virtue
of (6)

F=xldnw - :rr'1:r(zo)1r'1(zo)dg(sd)ar(zo)vr'1(zo):nwd - d'r(ed)wf".

Using the formulas given above we shall calculate dF at
z_€¢BE,
o

aF = a(n"lax) + [x7Tax, 7 Nagle,, o] nw™ - ~Tag (e Imau™ - ar(e, )au®
or
dF = - %[ﬂ'1d:rA1r'1dn] + [n'1d1r/ur'1dg(u)n] -1r"1dq (dw)xr - dz{dw),

We substitute here w~ 'diw taken from (6) and dw = - %—[@ Aol+ 2,
where Q 18 curvature form of w,
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AP = = F[PAF] = [Fadv(w)] +L[n de(wlmanldg(w)n] +
+—%—7r'1dq([w/\w] )T - ﬂ'1dg(.§2.)ar - dr(R),.

But ¢:G — G given by ¢ = q"1 is left homomorphism and we
have d¢ = -d¢ at unity e € G. Therefore,

dg(lwaw]) = ~de(lwrw]l) = -[d¢(w)rde(w)] = -[-dg(w)r(-dg(w))] =
= -[de(w)rde(w)] .«

This implies the disappearance of two terms in above formula
and we can formulate

Theorem 4. If all-mapping is of type (¢,*) and
w is a connection form on E(M,G,p) then the exterior deriva-
tive dF of corresponding m-form F is expressed by the formula

(8) dF = -7~ 'dg(R) 7 - dv(Q) - [Fade(w)] - & [FaF].
The covariant derivative of F is given by the formula
(9} DF = dF + [ Fad<{w)].

Now, let 7t be a mapping of type (g,I). Then m-conjugate con-
nection form w,; can be written as W, = P+ and we have

dco:n,= dF + dwe.

Substituting here F from (6,) and dw = -—;_,— [wAw] +9 we
get

Proposition 5, The structure equations of
w-conjugate connection form on E(M,G,p) has the form

(10) dw, = = -;- [y A @] -n"1dg(.9.)1r.

Thus the curvature form &, of w-conjugate connection is
given by the formula
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(11) R, = =1 ldgle)m,

where & is curvature form of w.
For the covariant derivative Dw of wy (with respect
t0 w) we get the formuls)

1 -1
(12) Dw, = = 3 [FAP] = n™ dg(Q)m,
Remark, The formula (9} was proved for general
tensorial 1-form of type AdG in [4].

3. Soms special [l=-mappings

The theory constructed here is analogous to that defined
on a manifold by means of the tensors of type (r,s8), r+8 = 2,
This analogy enables us to introduce some special types of
MN-mappings and special types of connections depending on a
given [l-mapping.

Definition 3. A f[l-mapping is called parallel
relatively to a conneoction w, in short w-parallel, if the
corresponding n~form F is equal to zero.

In virtue of (6) we get the following condition for a
w=-parallel [l-mapping

(13) =17 - =~ Vag(w)wr - dr(w) = o.

We consider a l-mapping taking its values in the orbit
0 ={g;g-q(a)g <(a), a€G, T(E)CO_ , and the reduced sub-
&, 0 €o
bundle li‘c’(hi,li8 »b) of a bundle E(M,G,p), where H.8 =

0 0o

={ 8iglale,v(a)=g,} and 7(z ) = g, for all 3, cE,. Lot
2310 — B be a oross section (local) in E_. Then myam(z])= &,
and (13) takes the form

a) doluyle, + gydtlwy) = 0, wy = w(dz)e

On the other hand, the Lis algebra m,ns of the group H,
0 0
is determined by the condition
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b) dq(dg)go-l-god'c(dg) =0, dg(X) =X for XeT,G
Thus a) means that w(xo) € 'l‘eHBO for all X, € TE .
Conversely, if w(xo) € TGHSO for X, ¢ TE, then a) is sa-

tisfied and F(dzj) = 0 for z3(U) CE,. But for zy = 208 We

have F(dzv) = F(dzag-'-zgdg) _=’t'1(g)1’(dzg)'¢(g) = 0, Thus we
proved
Theorem 6, If all-mapping takes its values in
the orbit 0, , x(B) <0, , X(E_ ) = g_, then it is w-parallel
8 8, ) )

if and only 4if w(xo) € Teﬂg for all X € TE, tangent to the
0
reduced bundle E (M,H, ,p) of principal fiber bundle B(M,G,p).
From (8) we get

(14) 11'1dq(.9.)'n' +dx(g) =0

for w=-parallel M-mappings. Thus for z ¢E_, x(z ) = g , we
gaet from b) and (14):
Theorem 7. If a[l-mapping is w=-parallsl and

takes its values in 0_ , w(B)coO_ , then
& &g

L(x ,Y )eTH for all X ,Y €T E, 2_€E
zo’ z, e g, zo' z, z, ’ o o?

where Eo ={z°;n(zo) = go}and £ is curvature form of w,.
This means, 2 takes its values in TeHg on the vectors

0
tangent to E at the points z of reduced bundle E ={z_;n(z_)=g}.

Example 2. In Example 1 the subgroup I-Ig con=
‘ o
sists of the elements g ¢ G which commute with g , 88, = 8,8.

7 is a w-parallel if and only if w(X)e TeHg for XeTE,,
o

E, ={zo;1r(zo)=g°} l.e. if w(X)g, = g w(X) for Xe TE , If z,
is a global cross section of E and W is defined by w(zM) =g
then this 7 is w-parallel with respect to the connection @

0
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The characteristic property of w-parallel [l-mappings is
such that their equations (13) along a curve L depend only
on the projection p{L) of L on M. An analogous case we obtain
if,a'w-form F takes its values in the central ideal of struc-
ture group G, Thus, if ny is a basis of the central ideal
qecZTeG of the Lie algebra TeG and xi are some 1-forms on M
then this [l-mapping is calledcu-(qe)parallel if PF(X) =
= xi(dp(x))ni. The principal fiber bundle with given such
MN-mapping may be considered as analogous to well known Weyl
space, Such [T-mappings will be not considered in this paper,
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