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In t roduct ion 
The great part of geometrical s t r u c t u r e s on d i f f e r e n t i a t e 

manifolds i s given with the aid of a non-degenerate tensor 
f i e l d of type (0,2) or (2,0) or ( 1 , 1 ) . For ins t ance , the 
Riemannian, pseudo-Riemannian, almost Hamiltonian, almost 
complex, conformal s t r u c t u r e s are of such types . The values 
of such tensor f i e l d on a l i n e a r frame determine a mapping of 
the bundle of l i n e a r frames in to l i n e a r group Gl(n) . For i n -
s tance , i f u = ( x , u ^ , . . * , u Q ) , xeM, u ^ T^M, i s a frame (u^ -
vec tors tangent to an n-dimensional manifold M at x eM), 
6 = ( i . e 1 , . . . , ^ ) , 6 ieT^M, © i(Uj) = frj, ©- dual frame of u 
and f i s non-degenerate tensor f i e l d of type (1,1) on U then 
the matrix ( f f u ^ . e ' h ) , i , j = 1 , , . . , n , i s an element of Gl(n) . 
Thus we got a mapping of the p r inc ipa l bundle !y(M,Gl(n),p) 
of l i n e a r frames in to Gl(n) . 

From h i s t o r i c a l point of view, such s t r u c t u r e s were i n -
ves t igated sepa ra t e ly . Treat ing such s t r u c t u r e s as given by 
a mapping n : i —Gl(n) we can present a theory which contains 
t h e i r common proper t ies and allows us to consider these s t r u c -
tu re s from more general point of view. Obviously, such mappings 
must s a t i s f ^ some condi t ions . 

In t h i s paper we sha l l genera l ize t h i s theory by in t roduc-
ing some mappings of a pr inc ipa l f i b e r bundle E(M,G,p) in to 
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2 K.Radzlszewski 

Its structural Lis group G. This makes possible to investigate 
analogous structures on general principal fiber bundles. 

As the main tool of investigations we use the notion of 
covariant derivation, i.e. we assume that a connection on a 
considered principal fiber bundle is given. 

All the considered here functions are assumed to be of 
(oo) 

class Cy . Connections and connection forms on E will be 
denoted by the same symbol co. 

The tangent vector space to a manifold M at xeM will be 
denoted by TJJ, Î J T M = TM. A manifold is considered as 

* xeM x 
Hausdorff with countable basis. 

If f:M -* G is a mapping of M into a group G then the 
mapping x — w h e r e (f(x))~^ ia converse to f(x) 
in G, will be denoted by f~1, i.e. f~1(x) = (f(x))"1. The 
identity mapping will be denoted by I, I(x) = x. 

1. fl -mapping and v-forms 
Let E(M,G,p) be a principal fiber bundle where M is an 

n-dimensional manifold, G is an r-dimensional Lie group and 
p:E — M is the projection mapping. 

D e f i n i t i o n 1. A mapping tt:E —*• G is called 
n -mapping of type if 

(1) or(zg) = q(g)ir(z)t(g) for all z e E, eeG, 

wher^ q:G —•> G and tr:G —* G are respectively right and left 
homomorphisms, i.e. 

i>(ab) = q(b)^(a) right homomorphism 
t(ab) = t(a)t(b) left homomorphism 

for all a,b € G. 
R e m a r k . This mapping was introduced and called 

principal object by J.Ganoarzewicz in [l]. 
Now, if U cm is a coordinate neighborhood and ZyfU —• E 

a cross section over U then for each z = ẑ j(x)g we have 

(2) = ̂ {gJiTufxjTtg), JTu'TTiZy). 
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On some mappings 3 

Let us consider the diffeomorphism 4>^:U*G—• p"^(U)cE 
given by the formula 

This allows us to introduce a coordinate system in a rjeigh-
borhood of ZyiU) eg , Hacmly, i f x3" are coordinates of x e u 
and g01 of g e l c(j in a coordinate neighborhood Wa containing 0 0 
the unity e of G theiv we assign to the point z = Zy(x)g = 
= ^yixjg ) the coordinates ( x 1 . . , x n » g 1 , g r ) . 

Suppose to is a connection form given on E. Using 4>u we 
want to give a formula for co by means of the local connec-
tions form £i)y su fdZy ) . Bach vector Xz, z = Zy(x)g, tangent 
to E at z, may be written in the form Xz = dZy(v)g + 
+ Zy(x)dg(w), veTxM, w e TgG. Thus,o>(Xz) = g^WyivJg + 

+ g"1dg(w) for Xz = d ^ ^ w ) . We identify a neighborhood 

of ZydJ), VlZyiU)), with (V(zy(U)) and a> with co ( d ^ ) there. 
Thus we can write 

(3) <0 = g^ idg + UJyg) 

in 4>u1(V(Zu(U)), 

Now, we shall define a linear form F:TE —»• TQG which is 
the main notion in this paper. 

D e f i n i t i o n 2. I f E(M,G,p) is a principal 
f iber bundle with a given connection a) and a n-mapping of 
type ^en 

F:T1S — T - G e 

defined by the formula 

(4) F(X) = jr_1dir(HX), 

where HX is the horizontal part of X, ie called or-form (or 
tensorial 1-form of type (jr,o))). 
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4 K. Radziszewski 

For us i t i s more convenient to present P in terms of it 
and u , 

Ftom (3) "the hor izon ta l vec to r s s a t i s f y 

dg = -wug. 

Thus we sha l l obtain from (2) and (4) 

dJr(dz) = d^tdgj^-yf + qdiTyf + ^ ^ d ^ d g ) 

P « t"1ff~1 ' t"1(dg(-a>ug)iruT+ ^diTyT + $ir0dT(-a^g) a t a » Zytxjg. 

Sinoe d^(-Wyg) = -^(gidqtcouJ, d-trj-uyg) = -d t icoyMg) we get 

f i n a l l y in <t>"1 (VU^U) ) 

(5) p « ir"1(7Ty1dTTu - •iry1d?(cou)Trz - drfc^) 

I t i s easy to v e r i f y by s u b s t i t u t i n g 

z • z\j&*
 d z * + < ' ir = d? i ru' t ' + 

-1(g), 

d t (g- 1 dg) = t" 1{g)dT(dg} 

in to the formula 

ar"1dir - 7T - dt(o)) 

t ha t we sha l l obtain the formula (5 ) , ( a f t e r long c a l c u l a t i o n s ) . 
In v i r t ue of (5) and t h i s remark we are in a pos i t ion to f o r -
mulate 

T h e o r e m 1. I f the n-mapping i s of type (e,*) 
then ir-form P i s t e n s o r i a l 1-form of type adt and i s given 
by the formula 

(6) P = ir"1dir - ir"1d§(w)3T - du(co). 
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Thus we have F(Xg) = t" 1(g)P(lK(g) , (or F(Xg) = 
= )Pixjiifs)). If • I i s the identity automorphism 
then 

(7) 00̂ = ir~1dir - 7T~1d̂ (w)3r 

i s a connection form called IT-conjugate with co. 
P r o p o s i t i o n 2. If n-mapping is of type 

(^,1) then TT-form F can be written as 

(6.,) F = ay- co 

where cô  is ^-conjugate with the connection forma). 
The Jr-form exists i f and only i f the n-mapping exists, 

the next theorem clears up some aspects of this problem. 
T h e o r e m 3. Let E(M,G,p) be a principal fiber 

bundle, 3 and x respectively right and l e f t homomorphisms 
of G,rig ={ g»^(g)g0t(g) = g0 and gEG} the isotropy subgroup 

of G at gQ6 G with respect to the transformations — 
—»-$(a)g'tf{a) and 0 ={g{ 3a e G, g = ^a)g t(a)} the orbit 

® 0 
of gQ with respeot to 

A n-mapping of type taking i t s values in 0 , 
8o 

Tr(B)cOg , exists i f and only i f K is reduoible to the bundle 

S0(M,H ,p). 
»0 

P r o o f . Suppose that JT:E —•• G exists and 7r(E) co . 
so 

If zQ i s suoh that IT(Z0) = G Q then for aeHg we have 

7r(z0a) = ^(a)Tr(z0)t(a) • g.(a)g0*(a) - gQ. 

Thus EQ ={®0*t(20) • g 0 } i s reduoed subbundle of E. 
Conversely, i f E (M,H ,p) i s reduoed bundle of E then 

®o 
putting 7r(z0) - gQ for a l l zQ e SQ we get the mapping 3r(z0g) • 
» $(g)g0t(g) with values in 0 • 
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6 K. Radziszewskl 

R e m a r k . In the case gQ = e , =•[ g|g~^(g)= g } } 
t = I . J .Ganoarzewicz proved a one-to-one correspondence 
between the s e t of E0(M,H^,p) and such n-mappings (see [ l ] ) . 

E x a m p l e 1 . Let E(M,G,p) be a p r i n c i p a l f i b e r 
bundle r e d u c i b l e t o E (M,H , p ) where H = { g } g " 1 g Q g = g . and 

g e G a n d g„gn = c , c i e , cc = e , eg = gc f o r a l l g 6 G. J o o «• 
Put t ing ? t (z 0 ) = g Q , * ( z o g ) = g " gQg f o r a l l zQ e E 0 and g « G 
we obtain a (1-mapping. This mapping has the following pro-
p e r t i e s 

3t(z)-jt(z) = c , $ { g ) = g " 1 , * ( g ) = g . 

A p r i n c i p a l f i b e r bundle E with given such [l-mapping may be 
c a l l e d general ized almost complex bundle* 

I f Zy i s a c r o s s s e o t i o n over UCM then 

F - g " 1 ( * u 1 * » r u + i r u l £ V r U " u u , e a t z = ZU8» 

and f o r z ^ ( U ) c bq 

p ( d Z u ) = g ; \ g 0 - « D , = 

where (w^ )y = cô  ( d z y ) . 

2 . E x t e r i o r and c o v a r i a n t d i f f e r e n t i a l s of ir-form 
In order t o c a l c u l a t e the e x t e r i o r d e r i v a t i v e dF of 

a x - f o r m F we need t o r e o a l l some notions and formulas . 
Let <p and be 1-forms with values in the Lie a lgebra 

T0G of a Lie group G. By [<pav] we denote the 2-forms given 
by the formula 

where e^ are b a s i s veotore of TeG, [e^ ,Cp] i s the product 

i n Lie a lgebra TflG, cp01 a ^ usual e x t e r i o r product of 1-forms 
tp* and ip^, (p = / e p , tl> = i / e , j , ( see [ 4 ] ) . 
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On some mappings 7 

In these notations the equations of structure of the Lie 
group G have the form (see [4]) 

d 0 = - j [ 0 A 9 ] 

where © is the fundamental left invariant form of G, 9 = g~1dg. 
The fundamental form 6 assigns to each « T G the 7ector 
g~1^geTeG 8X1(3 ti ie for® ^ djr assigns to each ~ 
the vector (ir(z) ) • Thus 7i*e = Jr"1d7r and 

d(3r"1dir) = - Y [ir"1d7rAir"1djr] . 

We shall recall one more formula. If t —^g(t), g(O) = e, 
is a curve in a Lie group G and XeT0G then (see [3]) 

Now, we shall calculate the exterior derivative of the 
form P given by (6). 

If is a base of T0G and zQ e E then in virtue 
of (6) 

F = - 7r"V{z0)7r"1(z0)d^(Eot)jr{z0)ar"1(z0)JTco°l - drie^cd*. 

Using the formulas given above we shall calculate dP at 
z o e B . 

dF = d(7r~1d7r) + [jr"1dirt3r~1d§(eot)jr]Aco01-jr̂ dqfe Ĵjrda)01-dffe Ĵdw01 

or 

dP = - -̂̂ ar~1dTrA3r"1dJrJ + £jT1dJrAjr1d$(cj)3rJ -ir"1d^(dcj)3r - dt(dw). 

We substitute here taken from (6) and dto = - [GJ , 
where £ is curvature form of to. 
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8 K, Radziszewski 

dF - --^-[PAP] - [FAdf (uj)3 + •^•[jt_1d^(to)3TAir1d9(oi)jr] + 

+ y ir"1d^([wAoJ )TT - it"1d^U)3T - d r U ) . 

But <p:G — G g i v e n by 9 = q""* i s l e f t homomorphism and we 
have d<p = -d^ a t un i ty e € G. T h e r e f o r e , 

d^([wAu]) = -d(p([o>AO] ) = -[dq>(to)Ad(p(w)] » -[-dq(co)A(-dq(co))] = 

= -[d^(co)AdQ(oj)] . 
1 

This i m p l i e s t he d i sappea rance of two te rms i n above fo rmula 
and we can f o r m u l a t e 

T h e o r e m 4 . I f a n-mapping i s of type ( 9 , * ) and 
co i s a connec t i on form on E(M,G,p) then the e x t e r i o r d e r i v a -
t i v e dP of co r r e spond ing jr-form P i s expressed by the formula 

(8) dP = -ir-^d^Cft) ir - d t ( f l ) - [PAd-tico)] - - J [PaP] , 

The c o v a r i a n t d e r i v a t i v e of P i s g iven by the fo rmula 

(9) DP = dP + [PAdt{cj)J . 

Now, l e t 7T be a mapping of type ( 3 , 1 ) . Then rc-conjugate con-
n e c t i o n form oj„. can be w r i t t e n as P+co and we have 

dcOjj.» dP + dw. 

S u b s t i t u t i n g he re P from (6^) and do) « - y [coAu] + a, we 
g e t 

P r o p o s i t i o n 5 . The s t r u c t u r e e q u a t i o n s of 
i r - c o n j u g a t e connec t i on form on E(M,G,p) has the form 

(10) d u i ^ - -1 [ to^A&v]-7 t~ 1 dqU) j r . 

Thus the c u r v a t u r e form of j r - c o n j u g a t e c o n n e c t i o n i s 
g iven by t h e fo rmula 
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( 1 1 ) 1 

where & i s curvature form of co. 
For the covariant derivative Du^ of u)x (with respect 

to u) we get the formula) 

R e m a r k . The formula (9) was proved fo r general 
t ensor ia l 1-form of type AdG in [ 4 ] . 

3. Son» special fUmappings 
The theory constructed here i s analogous to that defined 

on a manifold by means of the tensors of type ( r , s ) , r+s = 2. 
This analogy enables us to introduce some speoial types of 
n-mappings and speoial types of connections depending on a 
given Fl-mapping. 

D e f i n i t i o n 3. A fl-mapping i s called para l le l 
r e l a t i ve ly to a connection u , in short co-parallel , i f the 
corresponding it -form ? i s equal to zero. 

In v i r tue of (6) we get the following condition f o r a 
co-parallel fl-mapping 

(1.3) Tt"1dir - - dx(w) = 0. 

Ve consider a fl-mapping taking i t s values in the orbit 
0 . * {g$g=<?(a)g0*(a), a e G , i t ( S ) c o , and the rednoed sub-

bundle B (U,H ,p) of a bundle B(M,G,p), where B = 
a { 6l^(g)80^(g)=g0} and ir(z0) = gQ f o r a l l zQe B0. l e t 
z£iU —» B0 be a oross seotion ( local) in BQ. Then JTg«ir(zg) = g 0 

and (13) takes the form 

On the other hand, the Lie algebra T_H_ of the group H 8 ®o 1 

i s determined by the oondition 

(12 ) Dww = - 4- [PAP] - ir~1d<3(.a)ir 

a) d ^ U ^ o + « o ^ ^ U 1 15 UU ™ ^(^z^ ) . 

- 267 -



10 K. Radziazewskl 

b) d^(dg)g0+g0dt(dg) = 0, dg(X) = X for X e T0G. 

Thus a) means that u(X0)e TeH for al l X0€TEq. o 
Conversely, i f u(X0) e TflH for XQ€ TB0 then a) is sa-

o 
tisfied and F(dz|j) = 0 for z|j(U)cE0. But for Zy = z^g we 
have PidZy) = P(dzjg+zjdg) = * "1 (g)F(dzJ)i:(g) » 0. Thus ve 
proved 

T h e o r e m 6. I f a n-mapping takes its values in 
the orbit 0 , ir(E) c o , 3t(E ) = g , then i t is to-parallel 
i f and only I f co(X0)e TeH for a l l XQ e TEQ tangent to the 

o 
reduced bundle E (M,H ,p) of principal fiber bundle E(M,G,p). 

®o 
From (8) we get 

(14) Ti"1dç(,û)3T + d-i(a) = 0 

f o r w-pa ra l l e l ri-mappings. Thus f o r z o e S Q , * ( z
0 ) - 60> w e 

get from b) and (14): 
T h e o r e m 7. I f a ll-mapping i s w - p a r a l l e l and 

takes i t s values in 0 , ir (E) c 0 , then 6o e o 

•Û(X„ ,Y„ ) e T H for al l X„ ,Y„ e T E, zn e E . z z e g. z * z z ' o o' o o Do o o o 

where Eo = {30;jt(z0) = 6 0 } a n d & i B curvature form of <o. 
This means, SL takes its values in T0Hg on the vectors 

tangent to B at the points zQ of reduced bundle E0={z0}ir(z0)=g0 

E x a m p l e 2. In Example 1 the subgroup H con-6 o 
sists of the elements g e G which commuté with gQ, ggQ = gQg. 
TT is a u-parallel i f and only i f w(X) e TflHg for XeTEQ, 
Bo ={zo î 1 r { zo , = 6o) i f "MSo = 6ou{X) f o r XeTEo» I f ZM 
is a global cross section of E and ir i3 defined by ir(zM) = gQ 
then this ir is w-parallel with respect to the connection a) 
given by co(dzM) = 0. 
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The c h a r a c t e r i s t i c property of u>-parallel n-mappings i s 
such tha t t h e i r equations (13) along a curve L depend only 
on the projec t ion p(L) of L on M. An analogous case we obtain 
i f , a Tr-form F takes i t s values in the cen t r a l idea l of s t r u c -
ture group G. Thus, i f n* i s a bas i s of the cen t r a l ideal 
q . c T_G of the Lie algebra T„G and % are some 1-forms on M 
then t h i s n-mapping i s ca l l edco- fq^ )pa ra l l e l i f F(X) = 

i 
= % (dp(X))n^. The pr inc ipa l f i b e r bundle with given such 
n-mapping may be considered as analogous to well known Weyl 
space. Such fl-mappings w i l l be not considered in t h i s paper, 
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