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INCOMPRESSIBILITY OF SURFACES
WITH FOUR BOUNDARY COMPONENTS AFTER DEHN SURGERY

Let P be an unknotted surface with four boundary eompo-
nents embedded in a surface-bundle over 81. Let each compo=-
nent of 9F cut each fiber exactly once., We study whether
incompreésibility of P 1s preserved after Dehn surgery.

In this paper we generalize Theorem 1.4 of [F] to surfaces
with four boundary components, Because of Bxample 1.15b) of
[P] we use some additional assumptiona. Nemely we prove the
following:

Theorem 1, Let M be a bundle over s with a com-
pact surface as a fiber and M = '1‘2. Let P be a properly
embedded, 2-sided surface in M, Suppose that the following
three conditions are satisfied:

1, P has four boundary components and each of them cuts
each fiber exactly once,

2, F disconnects K into two handlebodies H, and Hy (n3>2).

3. Denote by A, and A, (resp. Ay and &) two annuli of
H, n oM {resp. H;(waM). We assume that F can be isotoped
mod 9F in such a way that the natural projsction p:N — 8!
restricted to F is a Morse function and there exists points
t1,t2,t;,té ¢ S' such that some component K, (resp. K/) of

p"(ti)nﬁn (resp. p'1(t') nH;l) is a disk and Kynay # ¢
(resp, Xinaj # ¢) i =1 or 2,
Then ¥ is incompressible in M iff F" is incompressihle

in ;‘CaF.
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2 J.HO Przytkai

1. Breliminaries

We work in PL-category. We follow the termirology of [H],
[P] and [L]o

Definition 1.1. a) Let M be a 3-manifold and
F a surface which is either properly embedded in M or contain-
ed in 3M, We say that F is ocompressible in M if one of the
followlng conditions is satisfled:

(1) F is a 2-sphere which bounds a 3-cell in M;

(i1) F is 8 2-cell and either F cIM or there is a 3-cell
XcMwith 3X cPFu 8N;

(ii1) thers is & 2-0ell Dc M with DnF = 3D and with 8D not
contractible in P,

We say that F is incompressible if it is not compressiblé.

b) Let F be a submanifold of a manifold M. We say that F
is gl-injective in M if the inclusion-induced homomorphism
from ﬂl(F) to ﬂl(M) is an injection.

o} Let P be a surface properly esmbedded in a compact
3-manifold M, We say that F is 9-incompressible in I if there
is no a 2-disk D cM such that DnF = o i3 an erc in 8D,

DadM =) is an arc in 8D, with onf =0 =93 and aup = 9D,
and « 1is not parallel to 9F in F.

Definition 1.2, Let M be & 3-manifold and 2
a simple closed, 2~-sided curve on 0M, We defins a new 3-ma-
nifold M, %o be M with a 2-handle glued along A, That is:
lot Ay be a regular neighbourhood of A in oM. Lot (D7,4) be
a 3=-disk with an annulus on the boundary and ¢ a homeo~
morphism A, — A, then M, = (I,4,)u,(D%,a}. If {a5}5., 18
a finite collection of disjoint, 2-sided, simple, closed

def
curves on 94 then M = (eoe{(M, )
Ay Aq

2‘2)3110)2‘,&. The defi-

nition does not depend on the ordering of the 1. If 61M = 12
is a boundary component of M, and A 1s a nontrivial, simplse,
closed curve on 81M, then by the Dehn surgery on M along A,

we mearn the manifold, Ma, obtained from M/1 by capping off
the new boundary component of Mz, which equals 32. If {ai}2=l
is a finite collection of nontrivial, disjoint, parallel,

sienle, closed cucves on 8,% = T2, then by U 1 we mean ¥ 1.
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Incompressibility of surfaces 3

Remark 1.3, The manifold Ma is obtained from M
by operation which ie in fact only the second part of the
original Dehn surgery (which consists of drilling and f£illing)
and, perhapa, should be called Dehn f£illing,

Definition 1,4, Let (F,0F) — (M,0M) be a
surface properly embedded in a 3-manifold M. We say that F
is unknotted in M iff M-int Vg is a collection of handle-
bodies, where VF 18 a regular neighborhood of F in M.

Definition 1.5, 3-manifolds M, and X, sre

1
congruent iff there exist homotopy spheres Z:% and 2:% such
that M, #5°2 = M, # 303,

Definition 1,6 Let WcF be a set of words
(or cyclic words) in the basis X of a free group F, The in-
cidence graph J(W) is the graph whose vertices are in 1-1
correspondence with the non-trivial words .n W with an edge
joining vertices w, and LY if there exists x ¢ X such that
x or x~) lies in w, and x or x~1 1ies in Wye W is connect-
ed with respact to the basis X if J(W) is connected, and is
connected if it is conneoted with respsct to ench basis of F.
If the set W of elements (or cyclic elements) is not contain-
ed in any proper free factor of F and 1f W is connected we
say W binds F.

2 Proof of Theorem 1. Cut open M along ¥ to
obtain H and Hy, 8MnH_ consists of two annuli Ay and 4,
which classes in my(H ), for an appropriate basis of 7 (H,),
are either
(1) [A1] = Xq, [Az] = X, in which case neither side of the

conclusion of Thaorem 1 is satisfied, or
(11} [A1] = Xq» [Az] = xqw’ where w’ is written using letters
different than X4
To see this, consider a system of n properly embedded in Hn
2-disks which cut H, into a 3-cell. We have uniquely associat-
ed with such a system the basis of ﬂH(Hn)' If we can assume
that t1 = t2 and K1 = K2 in the assumption 3 of Theorem 1 then
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4 HoJ. Praytycki

ws choose the basis which 13 associated with a system of
disks which contains K1 = K2. Then we deal with the case (ii},
If the previous situation cannot be achieved then K1 # K,

and K1u K2 does not disconnect Hn. Then we choose the basis
which i3 assoclated witin & system of disks which contains K,
and K,. We deal with the case (1), We get the conditions
analogous to (1) and (1i) for H/ and aeru; = A%&JAE. To
conclude Theorem 1 it suffices to prove the following propo=-
sition (compare [H; Chapter €]):

Propositilon 2.1, Consider a handlsbody H,
(n>2) with & family {3-1}§=1 of disjoint, 2-sided, simple
closed curves in Hn. Assume that for some basig XqseeesXy
of F, = w1(Hn) wa have

a 851

[ry] = x4 [r2] = Xpreses [Fgaq] = Xgerr [Ts] = x11...xs_1 w

1

! -
where W' c Fn_8+1 = {xs,x8+1,...,xn}.

Then
Li) is i ible iff a(H ) is 1
édH, = 8 incompress e (", 8 incom~
R T a {@1}i=1 pressible,

Proof. We have the following eguivalences:

8
H, - &:% 7; 1s incompressible iff ([L]; see Lemma 2.2 below)

[#4] s+ [Fs] Pind F, iff (see Lemma 2.3 bolow)

w' binde Py _ .4 and w' ¢ x, 4ff ([Sh])

g - {Fk-s+1:w,} cannot be decomposed into a nontrivial free
product and G # 4,1 iff [H; Chapter 7]

ald ) g 1s incompressible and (H )

n 8
{75'.{} 1=1 {3'1} 1=1
‘o an irroedacible manifold or is squal to 8 lens space with

hole i7f (see leomma 2.4 below; d(H ) . is incompressib-
{r3}51

is corgruent



Tagompressibility of surfaces 5

Lenma 2.2 [U). "et {g3}§_4c9H; be a collectlon
of pairwisa disjoint, 2-sided, simple closed curves, Then
. 8 . s -
8H - {Ti}i=1 is incompressible iff {[71]}1=1 bind F =

= 1(Hn) and no 7y is contractible 1n 9H .

Lemina 2,2 is proved in [L] for an orientable handlebody
tut thc proof can be extended to a nonorientable handlebody
a8 well (using the fact that each automorphism of a free
groaup sr1(Hn) can be got from a homeomorphism of H ),

Lemma 23, Lot F, =<x1,.;.,xn>be a fres group

a
2 .
+f rank n> 2, sssume Wy = Xq', Wy = X4 w' and WasWareee W,

W e Py = {XppeesyXpDe Then cyclic words w,,ees,Wy bind By

iff cyclic words w’ Wasiee,Wy bind ¥ and w'# x, for s = 2,

n-1
Proof. == Tf ¢ rclic words w’.w3....,ws_ does not
bind F,_, thon there =xists an sutomorphiom ¢ of F _, such
ithat either cyclic words <p(w’),<p(w3),...,<p(ws) do not use all
i1etters (xg,...,xn) or the incidence graph of oyclic words
<p(w’).<p(w3),...,(p(ws) is not connected with respect to the

basis (x2....,xn). Let ¢(w’) = w?wéwo whers LA is oyclically
b
1

reduced word, then ¢(w2) = X4 w;1w’°w0 {(by $ we understand the
autumocphism of P, which is the unique :xtersion of p:Fp 1
—> F,_q &iven oy #(xy) = x,). I.a:: y be an automorphism of
F, defined as follows: 1p(x1) = w; x,w, and w(xi) = x; for
i>1. Then \p¢(w1) and w, are equal as cyclic words, yp(w,)

b 2

1

and x, W, are squal as cyclic words, and w(wi) = ¢(wi) for

i>2, Thus either the cyclic words ypp(w,),ees,pf(w ) do not
uge all letters Xq9Xp3seeyX, OT the incidence graph of cyclic
werds yglw,},eo.,pp(w,) 18 not connected with respect to
basis (x1,....xn); 80 w1...;.w8 do not bind F,. If 5 = 2 and
' = %, then cyclic wcrds 111
bind T,

&=V can assume that for some automorphisa ¢ of 1
cycite words (p(w')yp(ws),eee,p(ws)) have minimal length

and x, 1x2 obviously do not

1!
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6 HeJd. Przytycki

1w w_ where w is

under all automorphisms of F, .. ¢(w') = w 'w.w,

a8 oyolically reduced word, Let y be the automorphism of F
defined by w(x1) » w;1x1w° and w(xi) = q(xi) for 1> 1. Now
we apply Whitehead automorphisms of F, to show that oyclic
words (w(w1),....v(vs)) have minimal length under all auto=-
morphisms of F, ([L~-S])s Therefore, by [L], WyseesyWy bind Fp.

Lemma 2,4, Let y be a two-sided, simple closed
curve in 9H  which is not homotopically trivial in H . If
3(H,),. is incompressidble in (H,)_  then (H )  is congruent
to an irreducible manifold or is equal to L(p,q) #D°, p# 0,1
(L(p,q) denotes a lens space).

Proof. Ifn-=1then (Hy) is equal to L{p,q) #D°,
p#0 (orPAI 1f H 1s a solid Kl.ein bottle) so the
conclusion of Lemma 2, 4 is satisfied., Let n > 2. Assume that
(H ) is not congruent to an irreducible manifold. Because
no boundary component of (H ). is a 2=-sphere so the group
m (", ) ) = {F : gj} can be deoomposed into non-trivial free
product. Therefore g does not bind F,, so 3H - 7 is com-
pressible., Let Dg be a disk of compression of BHn-W. We have
three possibilities:

(1) 02 18 parallel to g in 9H,. This contradicts the
assumption that 7 is homotopically nontrivial in H .

(11) ang and 94, (AT is a regular neighborhood of gy in ann)
tound a pair of pants on 9H,. In this case, a disk D?
can be easlly find which is a compressing disk of %H ~yp
but which does not satisfy (1) and (ii).

(111) If D2 does not satisfy (1) and (i1), then D2 is a com-
pressing diek of 9(H ). in (H ) . This contradicts the
assumption that B(Hn) is incompreseible.

n

3¢ Flnal remarks

The following corollary is an important application of
Theoren 1,

Corollar;y 3.1, [c-J-R], [P]. Let M be a
punctured-torua bundle over S with hyperbolic mconodromy map.
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Incompressibility of surfaces 7

If F is an incompressible, d ~incompressible and ﬂ1-injective
surface in M, then P 18 incompressible, 51-1nject1ve in MaF.

Proof. PFhas 1,2 or 4 boundary componsnts [H-F],
If P has four boundary components then Corollary 3.1 follows
from Theorem 1 (by [H-F] F satisfies all assumptions of Theo-
rem 1), If P has one or two boundary components then we use
Theorem 1.4 [P] or reduce these cases to the case of four
boundary components (as in Corollary 2.2 [P]) and then use
Theorem 1.

Remark 3,2, Theorem 1 remains valid if we allow
8% to consist of two tori. Then we have to understand by u%
apnropriate Dehn surgsries along both boundary components of M.,

Conjecture 3e3. Theorem 1 remains valid
without assuming the condition 3.
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