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INCOMPRESSIBILITY OF SURFACES 
WITH FOUR BOUNDARY COMPONENTS AFTER DEHN SURGERY 

Let F be an unknotted surface with four boundary compo-
nents embedded in a surface-bundle over S 1 . Let each compo-
nent of 8F cut eaoh f iber exactly once. Ve stud; whether 
incompressibilité of P i s preserved a f t e r Dehn surgery. 

In t h i s paper we generalize Theorem 1 ,4 of [p] to surfaces 
with four boundary components. Because of Example 1.15b) of 
[p] we use some additional assumptions. Namely we prove the 
following» 

T h e o r e m 1« Let M be a bundle over S1 '.vith a com-
2 

pact surface as a f iber and 3M = T . Let P be a properly 
embedded, 2-sided surface in M. Suppose that the following 
three conditions are sa t i s f ied : 

1. P has four boundary components and each of them cuts 
each f iber exactly once. 

2 . P disconnects M into two handlebodies Hfl and H^ ( n £ 2 ) . 
3 . Denote by A1 and Â  (resp. Â  and A )̂ two annuli of 

Hnn 3M (resp. H^n3M), We assume that P oan be isotoped 
mod 3P in such a way that the natural projection psM — S 1 

r e s t r i c t e d to P i s a Morse function and there e x i s t s points 
t ^ , , t g eS^ such that some component K^ (resp. K )̂ of 
p ' ^ t ^ n H j j (resp. p" 1 ( t ' )nH^) i s a disk and K± n Ai 4 0 
(resp. K^n 4 i = 1 or 2 . 

Then P i s incompressible in M i f f PA i s incompressible 
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2 J .H. iTzytyckl 

1. Bre l imlaar iee 
We work i n PL-oategory. We fol low the terminology of [H] T 

[p] and [ I ] . 
D e f i n i t i o n 1 .1 . a) Let M be a 3-aianifold and 

F a surface which i a e i t h e r properly embedded in IS or con ta in -
ed i n 3M. We say tha t F i s compressible in M i f one of the 
fol lowing condi t ions i s s a t i s f i e d : 
( i ) F i s a 2-sphere which bounds a 3 - o a l l i n Mj 
( i i ) F i s a 2 - c e l l and e i t h e r Fc8M or there i s a 3 - c e l l 

X cM with 3X c F u 8M; 
( i i i ) there i s a 2 - o e l l DcM with DnF = 3D and with 8D not 

c o n t r a c t i b l e in F. 
We say tha t F i s incompressible i f i t i s not compressible, 
b) Let F be a submanifold of a manifold M. We say tha t F 

i s j r^ - in jec t ive in M i f the inclusion-induced homomorphiso 
from jrjfFJ to JT f̂M) i s an i n j e c t i o n . 

o) Let F be a sur face properly embedded in a compact 
3-manifold Iff. We say tha t F i s 3-incompressible i n M i f there 
i s no a 2-d isk DcM such tha t D nF = a i s an arc i n 8D, 
En 8M = p i s an arc i n 8Df with an|3= 8 a * 9|3 and ocu(i = 9D, 
and a i s not p a r a l l e l to 3F i n F. 

D e f i n i t i o n 1 .2 . Let M be a 3-manifold and X 
a simple c losed , 2-sided curve on 6M. We def ina a now 3-ma-
n i fo ld M- to be M with a 2-handle glued along A. That i a : 

A -J 
l o t Â  be a r egu la r neighbourhood of % in 9M. Lot (D ,A) be 
a 3-d isk with an annulus on the boundary and <t> a homeo-
morphism A^—•» A, then M^ = (M,A^) u ^ (D^, A}. If i s 

a f i n i t e c o l l e c t i o n of d i s j o i n t , 2 -s ided , simple, closed 
def 

curves on 3M then Mr. i ="' ( . . - . ((M. ). ) . . . . ) „ . The d e f i -
[AiJ A1 a 2 An ? 

n i t i o n does not depend on the ordering of the I f = T 
i s a boundary component of M, and % i s a n o n t r i v i a l , simple, 
closed curve on then by the Dehn surgery on M along A , 
we mean the manifold, obtained from by capping off 
the new boundary component of M^, which equals If 
i s a f i n i t e c o l l e c t i o n of n o n t r i v i a l , d i s j o i n t , p a r a l l e l , 

2 M h aifflplo, closed curves on = T , then by K L J we mean M . 
- 120 -



Incompressibllity of surfaces 3 
X 

R e m a r k 1.3« The manifold M is obtained from M 
by operation which, is in fact only the second part of the 
original Dehn surgery (which consists of drilling and filling) 
and, perhaps, should be called Dehn filling. 

D e f i n i t i o n 1.4. Let (F,9F) — ( M , 9 M ) be a 
surface properly embedded in a 3-manifold M. We say that F 
is unknotted in M iff M-int V p is a collection of handle-
bodios, where V p is a regular neighborhood of 7 in M. 

D e f i n i t i o n 1.5. 3-inanifolds M1 and M2 are 
congruent iff there exist homotopy spheres y and 
that M1 # = M2 * 

D e f i n i t i o n 1.6. Let W c F be a set of words 
(or cyclic words) in the basis X of a free group F. The in-
cidence graph J(W) is the graph whose vertices are in 1-1 
correspondence with the non-trivial words in W with an edge 
joining vertices w., and w« if there exists xe X such that 

-1 —1 
x or x lies in w^ and x or x lies in Wg. W is connect-
ed with respect to the basis X if J(W) is conneoted, and is 
connected if it is oonnected with respect to each basis of F. 
If the set W of elements (or cyclic elements) is not contain-
ed in any proper free factor of F and if W is connected we 
say W binds F. 

2. P r o o f of Theorem 1. Cut open M along F to 
obtain H n and H^. 8MnHfl consists of two annuli A., and A , 
which classes in Jr., (Hn), for an appropriate basis of ^(H^), 
are either 
(i) [Xjj « x1, |X>] = Xg in which case neither sid9 of the 

conclusion of Theorem 1 is satisfied, or 
(ii) [A 

l] "" *1» [A2] = x1 w' w h e r e w' i B bitten using letters 
different than x.,. 

To see this, consider a system of n properly embedded in H Q 
2-disks which cut H Q into a 3-cell. We have uniquely associat-
ed with such a system the basis of ^(Hn). If we can assume 
that t^ = tg and ^ » Kg in the assumption 3 of Theorem 1 then 
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4 H.J. Przytycki 

we choose the basis which 13 associated with a system of 
disks which contains K1 = Kg. Than we deal with the case (iij. 
If the previous situation cannot be achieved then K^ 4 Kg 
and K„ U K„ does not disconnect H„. Then we choose the basia 1 2 n 
which is associated with a system of disks which contains K^ 
and K^. We deal with the case (i). We get the conditions 
analogous to (ij and (iij for H^ and aMnH^ = A^ u Ag. TO 
conclude Theorem 1 it suffices to prove the following propo-
sition (compare [Hj Chapter 6])s 

P r o p o s i t i o n 2.1. Consider a handlebody H n 
(n>2) with a family {jTjJiai of disjoint, 2-sided, simple 
closed curves in H„. Assume that for some basis x4l...tx_ n 1 * * n 
of F n = ir1(Hn) we have 

61 9 
W E xi* [r2] • *2""'[ars-i] = xs-r [rB] = x i 1 — x

b ! T 1 w ' 

whore W c P n _ 8 + 1 = { x B , * 8 + 1 . x j . 
Then 

s 
- I J rA is incompressible iff 3(H„) , , _ is incom-

n 1=1 1 n {rji.! pressible. 
P r o o f . We have the following equivalences: 

s 
H n - fl^ incompressible iff ( [l] J see Lemma 2.2 below) 

[<Ti] »•••»[fl'e] b i n d p
n iB9e Lemma 2.3 bolow) 

w' binds Fk_e+1 and w' * xa iff ([Sh]} 
G - {^jr-s+l!W'} c a n n o* decomposed into a nontrivial free 
product and G / 2,1 iff [H; Chapter 7] 
3(H_) _ is incompressible and (H ) , _ is oongruent 

r n W L 1 
\ 0 an irreducible manifold or is --qual to a lens space with 
!vao iff (se8 Lemma 2.4 below) 3(H„) , , _ is incompresgib-

D W L 1 
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Tauaapressibillty of surfaces 5 

I e a m a 2.2 [L]. T,et c 3Hn be a collection 
of pnlrwisa disjoint, 2-sided, simple closed curves. Then 
8Hn - {ri}?=1 1 3 incompressible iff {[a*±]}I-I b i n d F

n = 
= and no Ti is contractible in 3Hn. 

L«m;aa 2.2 is proved in [l] for an orientable handle body 
but th: proof can be extended to a nonorientable handlebody 
as well (using the fact that each automorphism of a free 
group JT^HJJ) can be got from a homeomorphism of HQJ. 

L e m m a 2.3. Let P Q = ,... ,xn)> be a free group 
®1 b2 

of rank n> 2. Assume w^ = x^ , Wg = x^ w' and ..,w0, 
W e = <x2,...,xn>. Then cyclic words »^.....Wg bind P n 

iff cyclic wordi w',wj,;..,wa bind and w'4 f o r 8 = 2. 
P r o o f . = > It c;;clic words w',w.j,... ,wg does not 

bind thou there axista an eutomorphiam <p of suoh 
Ihat either cyclic words <p(w' J ,<p(w^),... ,f(wg) do not use all 
letters (x2»...,xn) or tho incidence 6raph of oyclic words 
<p(w' J » » ( w ^ ) » < p ( w s ) is not connected with respect to tho 
basis (x2t>»«|Xn). Let <f>(w') - wg 1*Q W

0 where is cyclically 
1 

reduced word, then <p(w2) = X1 w o oWo ^ ^ w e un<i0r8'tan(3 ^ e 
automorphism of Ffl which is the unique jxtension of f>:Fn_.j ~~ 
— g i v e n py yix^ = x^). Let ^ be an automorphism of 
F n defined as follows: I|»(X̂ ) » wO 1*1 WO antJ ^ix^) = for 
i > 1 . Then >f<p(w^) and w 1 are equal as cyclic words, 

b1 

and x1'w^ are equal as cyclic words, and yyiw^J = y(w^) for 
i > 2 . Thus either the cyclic words ),... ,^(w s) do not 
uae nil letters x ^ » X g , . . . o r the incidence graph of cyclic 
wsrds tj»̂ (ŵ  •,... ,<pf(wsJ is not connected with respect to 
basis (x1 x )j so do not bind P„. If s = 2 and 

1 11 1 a, 8 b. n 

•• ' = then cyclic words x^ and x1 'x2 obviously do not bird F'„. 
can assume that for some automorphism <p of F n - 1 , 

T/ciic words (<p(w') ,<f>(wj) ,,..,<p(wg)) have minimal length 
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6 H.J, Przytycki 

under a l l aut omorphisms of <p(w') « W0^WQW
0 where w^ ia 

a cyc l ica l ly reduced word* Let h* be the automorphism of F 
defined by v i x ^ » wo x1wo a n d " f o r i > 1Iow 

we apply Whitehead automorphisms of to show that cycl ic 
words ( i f ( « ^ ) . • t<f(w

8)) have minimal length under a l l auto-
morphisms of Pn ([L~S]). Therefore, by [L], w 1 , . . . , w s bind ? n . 

L e m m a 2 .4 . Let y he a two-sided, simple closed 
curve in 9Hn which ia not homotopioally t r i v i a l i n HQ. I f 
3(H) i s inoompreseible in (Hr) then (H ) i s congruent ii r g xi y 
to an i r reducible manifold or i s equal to L(p,q) #D , p?i 0,1 
(L(p,q) denotes a lens space). 

P r o o f . I f n = 1 then (HnL i s equal to L(p,q) 
p / o (or P * I i f Hfl i s a sol id Klein bo t t l e ) so the 
conclusion of Lemma 2.4 i s s a t i s f i e d . Let n £ 2. Assume that 
(Hn)g. i s not congruent to an i r reducible manifold. Because 
no boundary component of (Hn)^ i s a 2-sphare so the group 
5r

1((Hn)?>) « jP f l : [jr]j can be decomposed into n o n - t r i v i a l f r ee 
product. Therefore jp does not bind FQ, so 3Hn~ f i s com-
press ib le . Let DQ be a disk of compression of 3Hn-5f. We have 
three p o s s i b i l i t i e s t 
( i ) 3Dg i s pa ra l l e l to fl- in 3HQ. This cont radic ts the 

assumption that g- i s homota^ically non t r iv ia l in Hn. 
( i i ) and (Ay i s a regular neighborhood of ^ in 3HQ) 

bound a pair of pants on 3Hn. In t h i s case, a disk D̂  
can be easily| f ind which i s a compressing disk of 3Hn-f 
but which does not s a t i s f y (1) and ( i i ) . 

( i i i ) If D̂  does not s a t i s f y ( i ) and ( i i ) , then D^ i s a com-
pressing disk of 3(Hn)y, in (Hfl)^. This cont radic ts the 
assumption tha t 3(HQ)^ i s incompressible. 

3. Final remarks 
The following corollary i s an important appl ica t ion of 

Theorem 1. 
- C o r o l l ' a r y 3.1. [C-J-R], [P]. Let M be a 

punctured-torus bundle over S*'* with hyperbolic monodromy map. 
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Incompressibility of surfaces 7 

If P is an incompressible, 3-incompressible and jr- -infective A AT? surface in M, then F is incompressible, jr^-injective in M . 
P r o o f . F has 1,2 or 4 boundary components [H-P]. 

If F has four boundary components then Corollary 3.1 follows 
from Theorem 1 (by [H-F] F satisfies all assumptions of Theo-
rem 1). If F has one or two boundary components then we use 
Theorem 1.4 [P] or reduoe these cases to the case of four 
boundary components (as in Corollary 2.2 [P] ) and then use 
Theorem 1. 

R e m a r k 3.2. Theorem 1 remains valid if we allow 
a i i to consist of two tori. Then we have to understand by M 
appropriate Dehn surgeries along both boundary components of II. 

C o n j e c t u r e 3.3. Theorem 1 remains valid 
without assuming the condition 3. 
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