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Introduction 
The so-called c r i t i c a l s ta te i s observed for many substan-

ces . I f , for example, ether i s conducted to the point with 
the temperature 467 K, the preassure 35,5 atm. and the densi-
ty 0.26 g/cm-̂  then i t exhibits unusual properties , which do 
not appear for other values of thermodynamical parameters. 
In this s ta te appears the phenomenon of c r i t i c a l opalescence. 
The response functions, e . g . spec i f i c heats , isotermal com-
p r e s s i b i l i t y , take great values . A neighbourhood of this point 
where such phenomena occurs i s called a c r i t i c a l region (for 
the def ini t ions see [ 8 ] ) . 

On the bas is of ideas proposed in [ 4 ] or [10] we try to 
adopt the geometric formulation of phenomenological thermody-
namics (o f . [7]) to description of o r i t i o a l phenomena. In our 
approach the c r i t i c a l region i s described by the stable singu-
l a r i t i e s . of lagrangian eubmanifolds (o f . [ 1 ] ) . 

The main points of our approach are as fol lows: 
1° . The principal objects are defined: the ph»se as a sym-

plectic manifold with loca l ohart (extensive and intensive 
parameters) in the neighbourhood of c r i t i c a l point, the space 
of equilibrium s t a t e s of the concrete system as a lagrangian 
submanifold of phase spaoe (Hypothesis I ) . 

2 ° . The notion of s t a b i l i t y of lagrangian submanifold i s 
introduced and s t a b i l i t y of space of equilibrium s t a te s i s 
demanded (Hypothesis I I ) . The s t a b i l i t y property allows us to 
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restrict arbitrariness in the choice of a realistic model of 
critical phenomena. 

3°. As a consequences of the hypotheses we obtain a local 
properties of the phase diagram (after a suitable modifica-
tion e.g. Maxwell construction). Using the Legendre transfor-
mation and applying the classification theorem classifying 
the stable spaces of states (Theorem 4.3) we obtain, for a 
simple system, the critical exponents -y', jl, 8 (Theorem 5.1). 
The identical exponents were derived in the classical theories 
(Van der Waals theoiiy, Land!«ul»e theory [8]). One of the con-
sequences of our model is, obtained explicitely in the gene-
ric case, the low of "reotlinear diameter" (Corollary 5.2, on 
experimental verification of this law see [8]). The universa-
lity of critical exponents is a simple consequence of the 
applied methods, specially the stability notion. 

2. Thermodynamic space 
Let X.j,.. • (Z^^ (X., > 0 for i = 1*2,...,n+1) denote 

the set of extensive thermodynamic parameters (cf. [2]). 
U is the internal energy of the system. B - a function: 
E: ]Rn+1 —^ H . The function E provides the so-called fun-
damental equation: U = E(X.j,... ,Xn+1). The first-order ho-
mogeneouity of the function E allows us to write this equa-
tion in the form u := U/Xn+1 = e(x^,...,xn) := E(x^,...,xfl,1), 
where x^ := (thermodynamic densities). The first 
law of thermodynamics (infinitesimally) has the form du = 

n 
= > ! p^dx^, where p^ are the thermodynamic forces, which 
for a equilibrium state of the system are given by the follow-
ing equations: p.̂  := 9e/3xi, i = 1,2,...,n, the so-called 
equations of state. 

Let ( p®,... ,p°,x!j,... ) be coordinates of critical 
point (e.g. p . T„, v„, S„ for a simple system). We use C G C C 
the local coordinates { p̂  ,..., p^.x^ ,... } = •[ p1 -p°,... Pn-f^» 
x 1 . . . ,xn-x° j. and functions: u' = e'(x!j,.. .'»x̂ ) := 

:= e(x^+x5,...,x^+x°) p*x£f du' p ^ . 
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Our considera t ions are r a t h e r l o c a l in a small neighbour-
hood of the c r i t i o a l point . Then throughout t h i s paper we are 
confined t o the'germs at c r i t i c a l point of smooth objec ts i . e . 
germs of manifolds, func t ions , forms e t c . To avoid unessential 
formal complications we use functions r a t h e r then germs ( c f . 
C 1 2 ] } . This l o c a l approach lead to the ¡following 

H y p o t h e s i s I . A. The thermodynamic phase spa-
ce of the system in the c r i t i c a l s t a t e i s (isomorphic to ) 

2n R endowed with the canonical symplectic s t r u c t u r e defined 
by 2-form cj = di?-, where l a a 1-form of i n t e r n a l energy, 

n 
In our case !)• = P^dx^t where , . . . , . . . J are 

coordinates on R 2 n , as before . 
B. The set of equilibrium s t a t e s of concrete system i s O M 

represented in (R , tH by the lagrangian submanifold L 
( d e f i n i t i o n s see [ 1 0 J ) t f o r which there e x i s t s a generating 
funct ion e' , ca l led the i n t e r n a l energy, such that L = 
= graph de' . 

Fur ther on we w i l l wri te x i , p i , e , u instead of x £ , p ^ , e ' t u ' , 

and R2*1 = R n x R n = P x x , where P M ]Rn w i t h the l o c a l c o -

ordinates X = R11 with the l o c a l coordinates 

x ^ , . . . , x n | . We have the canonical f ibre s t r u c t u r e s 
7T.j: R 2 n — P , J T 2 : R 2 n — X. 

R e m a r k 2 . 1 . Consider the simple system. According 
to Hypothesis I , ( x ^ . x g ) —»•efjc.jjXg) i s the fundamental 
equation, x^ - entropy (of on« mole), x 2 - volume. Prom the 
experimental data ( c f . [ 8 ] ) i t follows that the function e 
has a degenerated c r i t i c a l point at zero , i t i s observed 
that the s p e c i f i c heats Cy and isothermal c o m p r e s s i b i l i -
ty K,, ( the response funct ions) tends to i n f i n i t y i f the 
s t a t e of system i s nearer and nearer to the c r i t i c a l point 
i . e . CpiCy»1^ ~ ^ 0 0 T i l i s divergence i s connect -
ed with the degree of degeneracy of s i n g u l a r i t y of function e* 
An example of the simple system where the phase t r a n s i t i o n s 
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not appear i s a i d e a l ga s . I n t h i s case e and g are the 
r e g u l a r f u n c t i o n s . 

3. S t a b i l i t y of the space of e q u i l i b r i u m s t a t e s 
Let (M,P,jt) be a d i f f e r e n t i a l f i b r a t i o n and •»• a 1 - form 

on the manifold M. The quadruple (M,?,^,-^) i s c a l l e d a s p e -
ciafL symplect ic s t r u c t u r e on M i f t he r e i s a d i f feomorphism 
01: M — T * P such t h a t 7T=iTpOoi, 0- = « * ^ , where i rp :T*P-»P 
and "fl-p i s the canonica l symplect ic 1- form on T*P (see ["10]). 

On the phase space we have two s p e c i a l symplec t ic s t r u c -

t u r e s (R2n,P,ir.| = - ' 2 1 ] x^dp^) and ( R 2 n , = 

x=1 
p ^ x ^ ) . (The two s o - c a l l e d c o n t r o l modes, see [ 4 ] ) . Let 

(L^ ,0 ) , (L 2 , 0 ) be the two germs a t zero of the l a g r a n g i a n 

submanifolds i n (R2n,P,3r.j ) . We say t h a t (L^O) and (L 2 , 0 ) 
are equ iva len t i f and only i f t h e r e - e x i s t s a symplectomorphism 
(germ) $ of the f i b r e space ( R 2 n , P . i r , ) , $ : ( R 2 n , 0 ) — " - ( R 2 n , 0 ) 
and diffeomorphism ip : (P ,0) — ( P , 0 ) such t h a t ir1 ° $ = 
= V « JTj, $ (L1) = L 2 . Let (L. j ,0) , (L 2 ,0 ) are g iven by the 

embeddings i . p i ^ f R ^ O ) — » - ( R 2 n , 0 ) , so we have the two map-
pings , the s o - c a l l e d l ag rang i an mappings: jr^ ° i ^ , ir2 » i 2 

—»-P. 
K e m a r k 3 . 1 . I f L^, L2 are e q u i v a l e n t then the 

r e s p e c t i v e l ag rang i an mappings are e q u i v a l e n t i n the sense 
of the theory of s t a b l e smooth mappings ( c f . C3]) . 

Let us cons ide r the space of embeddings of l a g r a n g i a n sub-
manifolds endowed wi th the Whitney C°°- topology ( c f . ["11])« 
We s t a t e t h a t the two l a g r a n g i a n submanifolds are ne ighbour ing 
i f the r e s p e c t i v e embeddings are ne ighbour ing . 

D e f i n i t i o n 3 . 2 . The l a g r a n g i a n submanifold 
0 n L1 c R^ i e ca l l ed s t a b l e i f t h e r e e x i s t s an open ne ighbour -»1 On 

hood of the embedding i ^ : R — R , of t h i s aubmanifold , 
j u t h t ha t every submanifold from t h i s neighbourhood i s e q u i -
va len t t o L^. 
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Loca l ly : We say that the germ ( L 1 f 0 ) i s s table i f f o r every 
2n 

open neighbourhood U of the or ig in in JR there e x i s t an 
open neighbourhood of the submanifold L^ such that f o r every 
point L of t h i s neighbourhood there e x i s t s peU that 
(L^,0) and (L,p) are equivalent (see L111). 

The'next step of our construction i s the following 
H y p o t h e s i s I I . The space of equilibrium s t a -

t e s of the thermodynamical system i s a s table lagrangian sub-
manifold in the phase space with the spec ia l symplectic s t r u c -
ture (n? n ,p , 

Now the problem of l o c a l structure of the phase diagram 
in the c r i t i c a l region can be taken up ( c f . [ 2 ] ) . Let L 
be the space of s t a t e s of the system and i the embedding of 
t h i s space into the phase space. We denote t := ^ » i and 
CL :«= {xe iR n : dim Ker r * ( x ) 4 0 } . The se t s I : = * ( C L ) c p 
and i(CL) , are cal led the l imit ing phase diagram (appear 
contour) and respect ively the l imit ing set of metastable s t a -
t e s (spinodal curve). The set I provides us the phase d ia -
gram (as in thermodynamics) a f t e r some convencional modifi-
ca t ions . 

4. Local properties of the stable phase diagrams 
On the basis of Hypothesis I the space of s t a t e s L i s ge-

nerated by the in ternal energy e (with "respect to the s t r u c -
ture ( v £ n , X f i r 2 , * 2 ) ) . 

R e m a r k 4 . 1 . An assumption of the Hypothesis i . B . 
i s a generic property, i . e . tne case o± lagrangian submani-
fold for which there ex i s t a generating function e i s t y -
pica l as in the. following proposition. 

P r o p o s i t i o n 4 . 2 . The subset in the space of 
germs of lagrangian submanifolds such that for every subma-
nifold ( L , 0 ) , from t h i s subset , there e x i s t s a germ of smooth 
function e : ( X , 0 ) — R generating the submanifold (L,0) i s 
open and dense. An every submanifold (T.,0) i s equivalent to 
such which in the specia l s tructure 0R?n,X,ir2,iJ-2) t has a ge-
nerating funct ion. 
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P r o o t , See for example [l]. 
Let us denote KL :={x€X: det (328/3x. J (x) = o} and 

* 2 n 
de : X — T X = R , It is easy to verify that for the spino-
dal curve we have i(CL) = de(KLi). 

Let g be a generating function (Gibbs energy) of L in 
the special structure (^^"»P,^ J• The transition from 
the representation of lagrangian submanifold L by generat-
ing function with respect to (IR , P ^ ,i?̂  ), to the repre-
sentation by generating function with respect to (ff n̂,X,<jr2»^2^ 
is called the Legendre transformation (cf. [10]). 

For further considerations we assume that 0 €KL is a de-
generated and isolated critical point of function e, besides 
we assume that e has 3 finitely determined singularity. This 
means that the ideal, ...n the ring of germs at zero of smooth 
functions, generated by de/dx^,...,de/dxn includes a power 
of the maximal ideal. Because e is a finitely determined 
germ, KL is an algebraic set (cf. [3]). In the same way the 
set I is also algebraic (locally), so there exists a finite 

1 1 2 2 stratification of I, namely I .= w .., u ol.)u...oljc n i 1 ^ u ...ul, , where I. is a stratum of codimension i. 
Kn Ki 

Let 0 be a small open neighbourhood of zero in P. The 
m 

set 0 -I = > ! 0. decomposes into open connected parts. The " 1 

piece of lagrangian submanifold L ^ over 0^ has a generat-
ing function g,.. The transition by the Legendre transfor-* « On 
mation to the structure (R »XjiTg»^)» transforms the func-
tions g ^ onto ® |jt2{L.±)» 3 0 t h a t gij(p1 »Pn^ = 

n 
= e(x1,...,x ) - > .I p.Xj, where x depends on p as fol-

1 ?=1 
lows: p.̂  = Ze/Zx^x), i = 1,...,n, p'e J ^ 

T h e o r e m 4.3. For the stable space of equilibrium 
states L, dim L < 6, the Gibbs potential g ^ has ttye form 

e... = P.. o 8 + "Ur. 
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v ihere : 9 - d i f f e o i a o r p h i s m , e : { P , O j — f ? , 0 ) , Tp - smooth f u n c -
t i o n on P . F..J i a a L e g e n d r e t r a n s f o r m a t i o n o f t h e f u n c t i o n 
^ I * I v l> where the f u n c t i o n f g e n e r a t i n g l a g r a n g i a n s u b -

•,2a I ^ V 
m a n i f o l d K w i t h r e s p e c t t o t h e s t r u c t u r e ( R £ U t X t j r 2 , t 9 - 2 ) i s 
one f rom t h e f o l l o w i n g l i s t : 

? 1 dim L = 1 . A 1 : f = x ^ , A 2 s f = +x : j . 

dim L = 2 . A 1 : f = x 2 + x | , A 2 : f = +x:j®+x|, A ^ : f = + x i j + ( x 2 + x 2 ) 2 . 

2 2 2 3 2 2 4 - 2 dim L = 3 . = x^+xg+x^, A 2 : f = + x ^ + x 2 + x ^ , A ^ : f = 

+ ( x 2 + x 2 ) 2 , Â  if = +x^(x3+x^)2+(x2+x^)2, 

= +x 2 X 2 +X!|+(x^+X|) 2 . 

2 2 2 2 1 2 2 2 dim L = 4 . A 1 : f = x^+xg+x^+x^, A 2 : f = +x^+x 2 +x^+x^, 

A ^ : f = + x ^ + ( x 2 + x 2 ) 2 + x 2 + x 2 , A ^ : f = ) 2 + 

+ ( x 2 + x 2 ) 2 + x 2 , A^ : f = + x ^ + ( x 4 + x | ) 2 + ( x 3 + x ^ i 2 + ( x 2 + x 2 ) 2 , 

D^if = +x2x2+x2+(x^+x|)2+x^, = +x2x2+x2+ 

+(X4+x^)2+(X3+X|)2 . 

dim L = 5 . A ^ : f = x 2 +x|+x^+x^+x^, A 2 : f = + x ^ + x 2 + x 2 + x ^ + x ^ , 

A ^ : f = + x | + ( x 2 + x 2 ) 2 + x 2 + x ^ + x | , A ^ : f = ) 2 + 

+ ( x 2 + x 2 ) 2 + x 4 + x ^ , A 5 : f = + X Y + ( X 4 + x | ) 2 + ( X 2 + X 2 ) 2 + X ^ , 

Agsf = + x 2 x 2 + x 2 + ( x ^ + x | ) 2 + x | + x 2 , D ^ : f = + x 2 x 2 + x 2 + 

+ ( x 4 + x 2 ) 2 + ( x 2 + x 2 ) 2 + x ^ , D g : f = + x 2 x 2 + x 2 + ( x ^ + x 2 ) 2 + 

+ ( x ^ + x ^ ) 2 + ( x ^ + x 2 ) 2 , B 6 : f = + x ^ + x 2 + ( x ^ + x 1 x 2 ) 2 + 

9 9 9 
+ ( x 4 + x 1 x 2 ) + ( x ^ + x 2 ) • 
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P r o o f . Let (1,0) be a germ of lagrangian submani-
fc ld , L. CT*Rn and $ symplectomorphism of the f iber space 
T *R n = R 2 n , ( T ^ . O ) —- (!i'*lRnfO). We need the fol low-
ing lemma (see e.g. [11] ) . 

L e m m a . Let $ be a lagrangian equivalence of T*Rn. 
Then 

a) $ is uniquely determined by a pair (0, V ) , where 6 -d i f -
feomorphism Qs ( R n , 0 ) — ( R ^ O ) , v-smooth function (up to 
additive constant) and 0 » x= sr o $ T*IRn—Rn-project ion). 

b) I f P^ is a generating function of (L,0) then the gene-
rating function of i I a s i i i e i"orm 

?$(L) = P L ° 9 " 1 

P r o o f . Using local coordinates we have, $ : (p ,q ) := 
:= (p1 pn, q 1 , . . . ,q n ) — • (P,e) = (p^p.q ) Pn(p,q), 

Q1(q) Qn(q)) and [ q \ q 3 ] = 0, [ q 1 , p. ] = 6 j , Pj] = 0, 
1 < i , j < n , where are the Lagrange bracets ( c f . £10]), 

[ u 1 , ^ ] := T J ~ l ^J l ^ ) ' H e n c e w e o b t a i n t w o con-

ditions 

n fp v n p k n p k 

2 apk 3Q cj -sri d k 3Q ^ 3rk 3QK 

lpT3TT = 0 i ' Z a 3 o r - Z 3 T T O " ' 
k=1 3 q k=1 q q k=1 q q 

in the matrix form 

( i ) (d p)(Dne)T = i , (DnP)(Dne)T = ((DnP)(d e )T )T , 

where V : = ( ) 1 « n' 

Integrating the f i r s t equation of ( i ) we obtain 

( i i ) P(Dq8)T = p + (J»(q ) , 

v/here (p:(lRnr0)—— Rn is a smooth mapping. 
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I<ov; we prove that a^/aq1 = d^/'dq^ namely: 
T Di f ferent iat ing of ( i i ) we get an equation, (DqP)(Dqe) + 

+ FD (D e ) 1 = Symmetricity of the f i r s t term of this fj Q <3 
equation i s obvious on the basis of ( i ) and the second term 

fl O If i -t 
is symmetric on the basis of equality. Pk 3 Q /3q 3qJ = 

= Fk a ^V^q^q 3 " . Hence there exist a function 

( R n f O ) — R such that <jp = This comple-

tes the proof of part a) of our Lemma, i . e . 

( l i i ) P = (p + D q i j i ) ( (D qe } T ) " 1 . 

Let ^ ( l ) b0 a generating function of $ ( L ) . x'hen 
( d q p $ ( L ) HQ) = P(Q), and by ( i i i ) we have 

( i v j (p + D q v ) ( ( D q e ) V 1 = ( V # ( L ) , o e ' 

but p = Dqi^« Substituting this into ( i v ) we get : 

V V ^ " D q ( P $ ( L ) ° e , # A t t h e e n d P$(L ) = ^ L 0 0 " 1 

where = ijj » which completes the proof of our Lemma. 
In the open neighbourhood of every point of a stable l a -

grangian submanifold L, dimL<6, we can take a symplecto-
morphism $= such that the generating function of sub-
manifold K := $ ( L ) , with respect to the structure (R2n ,X, 
^ » t i ^ ) * i s o n e • f r om ^ e a i 30Ve mentioned l i s t (see Theorem 11.3 
in [ 1 ] ) . I f we return to the special symplectic structure 

) , then by the Lagrange transformation we obtain 
the generating functions of the respective pieces of submani-
fold K. By the Lemma, which has been proved above, we have 
the generating function of the piece of what was 
required in the theais of Theorem 4.3. 

5» Generic critical ¿xponents for the simple system 
Let us denote by t T - T, P = P - Pc the intensive 

parameters, where T , p are thu coordinates of critical C C 
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point, T and p the temperature and the preassure. Let 
(s,tf) be an extensive variables at a neighbourhood of (sc»vc), 
where v = + v„ is the volume of one mole of the system, G 
s - entropy, (s„,v„) - coordinates of a critical point (cf. c c 
[8]), g:(t,p) — g ( t , p ) - Gibbs potential. The second deriva-
tives of g, at the critical region, provides us an important 
information about the thermodynamical properties of the system. 
An exponents in the infinitesimal power-laws of divergences of 
these derivatives are called the critical exponents. 

Let us take a real isothermal process conducted under tem-
perature t. We denote by vQ(t), vL(t) the molar volumes of 
gas and liquid phases, respectively, at the limiting points 
of the set of coexistance phases (as in Figure below) 

How we can introduce the respective critical exponents 
(cf. [8]): 

ft 1 <VG " v L H t ) ~ (t,f5' * >0* 

?'« Kr| vL ( t ) ~ ( t r T ' ' t > 0 ' 

Km - isothermal compressibility, K^ := - ¡ 1 " 
f 3p 

0 : p M ~ (sgn 15-) | * | , t « 0. 
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In the case of our simple system dim L = 2. According to 
iTheorem 4 . 3 as s tab le there can appear the following l a -
grangian submanifolds: A.J,A2,Ay Henoe we can say that in the 
neighbourhood of a f ixed equilibrium s t a t e , the space of s t a -
t e s has one of the mentioned above s i n g u l a r i t i e s . The more de-
t a i l e d treatment i s as fo l lows. 

A.j) In the neighbourhood of such point the space L has 
a "good" pro jec t ion both on X and P. The Gibbs potent ia l g 
i s a regular funct ion, thus such point i s not i d e n t i f i e d with 
the c r i t i c a l point , and i s cal led a regular point of L. 

Ap) Such s t a t e s corresponds to a t o t a l l y unstable s t a t e s 
(thermodynamic s t a b i l i t y £ 2 ] ) , in the neighbourhood of which 
there are the regular metastable s t a t e s . 

Aj) In the s table case such points appears as 'an i so la ted 
points adhering to the set of codimension one of A2 -points 
and to the set of codimension zero |of Â  - p o i n t s . The 
A^ - points we ident i fy with the c r i t i c a l points of matter. 

Let P * X, with the coordinates { t , p , S j j » } , be a phase 
[space of the system. By G we denote jt.he group of preserving zero 
sympleotomorphisms of the spec ia l s tructure (P* X,P,3T.,, ft,). 

4 
Let L c p « 1 = be a space of equilibrium s t a t e s possessing 
at zero the singular point of type A^. As a conclusion of t h i s 
assumption we obtains the following 

T h e o r e m 5 . 1 . There e x i s t s an open and dense sub-
set of the space of germs of lagrangian submanifolds of type 
A^ such that for every element of t h i s set we have the fol low-
ing values of c r i t i c a l exponents 

fS = 1 / 2 , f = 1, 5 = 3 . 

(the c r i t i c a l exponents are the invariants of act ion of defor -
mation group G in t h i s s u b s e t ) . 

P r o o«f . By Theorem 4 . 3 we take the function f ( x . , , x 0 ) = 
A 9 O ' 

= +x^+(x 2+x^) . The Legendre transformation of a piece K ^ 
of lagrangian submanifold K has a form: 
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A o o 
( i ) ^ i j ^ l » ^ = + ) 

( i i ) y = +4x^+4x 1 ( x 2 +x^ ) , y 2 = 2 ( x 2 + x 2 ) . 

Hence the Gibbs p o t e n t i a l g ^ t . p ) = ( F ^ ° 0 ) ( t , p ) + 

+ V ( t , p ) , ( t , p ) e O j , where 9 : ( t , p ) — - ( Y . , ( t , p ) , Y 2 ( t , p ) ) - d i f -

feomorphism 6 ( 0 ) = smooth f u n c t i o n . I n t h i s case f o r 

j = 1 we have i = 1 and f o r j = 2, i = 1 , 2 , 3 . For the p r e -

sent we omit the i n d i c e s i , j . The volume has the f o rm: 

i > ( t , p ) := ( 3 g / 3 p ) ( t , p ) and the se t CK i s g i v e n by the equa-

t i o n 

( i i i ) X „+ (1+3 )X 2 = 0. 

Taking x 2 f rom ( i i ) and s u b s t i t u t i n g i t t o ( i ) we o b t a i n s : 

g ( t , p ) = - | x ^ i t . p ) + \ x * Y 2 ( t , p ) - \ Y | ( t , p ) + y ( t , p ) , 

Y ^ ( t , p ) = +4x^+2x 1 Y 2 ( [ t , p ) , where x^ i s a parameter . 

I f ( t , p ) — ^ X ^ ( t , p ) i s a s o l u t i o n o f the e q u a t i o n 

( i v ) 0 = R ( « , . , X 1 ( ' , » ) ) , R ( t , p ,x . j ) = + 4 x | + 2 x 1 Y 2 ( t , p ) - Y 1 ( t , p ) , 

then i t i s easy t o see that 

, . ^Yh O 3Yp 1 3Yp 

Le t s — ( t ( s ) , p ( s ) ) be a smooth p a r a m e t r i z a t i o n o f 

the curve ( i i i ) such that 

S 3 

( v i ) Y.j ( t ( s ) , p( s ) ) +8s^ = 0 , Y 2 ( t ( s ) , p ( s ) ) +6s 2 = 0 . 

The sbove system s a t i s f i e s the assumptions of I m p l i c i t Func-
o 

t i o n Theorem. l e t Y^ ( t , p) = ct,jt + « 2 p (modTft ) , Y 2 ( t , p ) = 

= fyt + ( i2p UodTC 2 ) ( I g l i s 

a maximal i d e a l o f the r i n g of 

g e m s of smooth f u n c t i o n s ) . I t f o l l o w s f rom ( v i ) tha t t ( s ) = 

= + O(s^), p ( s ) = B + s 2 + 0 ( s 3 ) , where A+ = = +60^/(01^2 - ^1<k2 ) , B+ = +6ot1/(«1|i2 - F o l l o w i n g 
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the generic assumption otg ^ 0, 4 0 there exist the smooth 
__ p 

functions (p ,̂ <p2 such that t ( s ) = sgn(A+)cf^(s), p(s) = 

= sgn(B+)<p2(s) and (dc^/ds) (0) / 0 ^ (d<p2/ds) (0 ) . Hence 

the phase diagram has a general form: p = sgn(B+)</>2 <> • 

• (E(sgn(A+ ) t )1^2 ) , £=+1 , and also 

( v i i ) p ( t ) = (B+/A+)t + O e ( ( ( s gn (A + ) t ) 1 / 2 ) 3 ) , 

whSre 2+/A+ is a slope of coexistence curve (Clapeyron law). 
Substituting ( v i i ) to (v) we can define 

( v i i i j v £ ( t ) = vc + ( £/A/jAJ) ( tsgn(A ± ) ) 1 / 2 +0 £ ( ( ( tsgn(A + ) ) 1 / 2 ) 2 ) 

and v Q ( t ) := v + 1 ( t ) , v L ( t ) := v " 1 ( t ) . 
As a conclusion we obtain = 1/2. 
Differentiating ( i v ) and (v) with respect to p we get 

the function 

f i x ) 3X1 ^ X 9 'Y1 + 2 9X1 X X2 - ^ I 2 -

1 3Y2 1 v a2y2 . a2v 

Now we prove the following lemma. 
L e m m a » I f b smooth curve % :t—^Tr(t ) is such 

that * ( 0 ) = 0, and (dir/dt)(0) = B+/A+ th.en 

(x) Ov/3p) ( t , i r ( t ) ) ~ C j . 

E r o o f . First of a l l we consider the equation 
d(t,n{t) = 0, H( t t j r ( t ) ,x 1 ) •= +x^4+2x1t(pi -ct^/o^) + 

P •> p + Dt^Uodwn cm*. 
The determinant of the Hessian matrix, 

s-t zero, of this function is -(p^ —ct.f£2/c<2)2 < 0 n 

basis of L'orse Leaaa stating ebout a normal forn of function 
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i n a ne ighbourhood of n o n d e g e n e r a t e d c r i t i c a l p o i n t wa g e t 
t h e two s o l u t i o n s of t h e e q u a t i o n ment ioned a b o v e , namely t h e 
c u r v e s : ^ : s — ( r ( s ) ,X1 ( x ) ) = ^ « ¿ / ( l i ^ - c c . , ^ ) ) s 2 + 0 ( s 3 ) , s ) 

and T 2 : s — ( t ( s ) ( s ) ) = ( s , (Do(2/2(|32«1 - / ^ a ^ s + 0 ( s 2 ) ) , 

where R(<e(s) , j r ( i r ( s ) ) ( s ) ) = 0 . 
The cu rve "J^ h a s no p h y s i c a l meaning ( l i k e t h e Van d e r 

Waals t h e o r y ) . Henoe a f t e r a s t u d y of dependence of ( i x ) on 
t h e cu rve we o b t a i n t h e t he s i s of our Lemma, i . e . -jf'= 1 . 

Le t us s e t i n ( i v ) and (v) t = 0 . Then by ( i v ) p * 

- ± Z J - i s a smooth f u n c t i o n , ip'(O) = 1 , so we 

t o (v ) we g e t v~v c - » ( ¿ a ^ M ) 1 ' ' ' 3 . p 1 ^ 3 , q . e . d . 
At once we have a l s o t h e f o l l o w i n g c o r o l l a r y . 
C o r o l l a r y 5 . 2 . (The law of " r e c t l i n e a r d i a m e -

t e r " [8 ] ) 

( v G + v L ) ( t i = 2 v c + C 1 t + 0 ( ( t 1 / 2 ) 3 ) , C1 i s a c o n s t a n t 

6. F i n a l r e m a r k s 
P h y s i c a l a t t a i n a b i l i t y of t h e above i n t r o d u c e d q u a n t i t i e s 

impose some r e s t r i c t i o n s on to t h e c o e f f i c i e n t s of i t s e x p a n -
s i o n s . The aim of our c o n s i d e r a t i o n s h a s been a d e r i v a t i o n of 
c r i t i c a l e x p o n e n t s , hence we omit t h e problem of above men-
t i o n e d p h y s i c a l q u a n t i t i e s . 

We have proposed t h e g e n e r a l f e a t u r e s of a p o s s i b l e 
approach t o c r i t i c a l phenomena. I n o r d e r t o c o n s i d e r t h e c o n -
c r e t e sys t ems t he approach must be e n r i c h e d , f o r example t h e 
symmetry p r o p e r t i e s of f e r r o m a g n e t ( e . g . u n i a x i a l f e r r o m a g -
n e t ) d e f i n e s some c o n s t r a i n t s on t h e p h y s i c a l l y a t t a i n a b l e 
s p a c e s of e q u i l i b r i u m s t a t e s ( c f . [ 6 ] ) . The c o n s e q u e n t d e -
s c r i p t i o n , by- t h e s i n g u l a r i t y t h e o r y methods , i n d i f f e r e n t 
c a s e s , l e a d s 'to t he d i f f e r e n t m a t h e m a t i c a l problems and p r o -
v i d e s and i n t e r e s t i n g p h y s i c a l c o n c l u s i o n s ( c f . [ 6 ] , [ 5 ] ) . 
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III more complicated oases Theorem 4.3 becomes insuff icient 
and i t is necessary to extend i t with respect to the dimen-
sion (as in [11]) and in the presence of constraints. 

The symplectic framework applied to the composite system 
(according to [ 2 ] ) , i . e . the system defined as a conjunction 
of disjoint subsystems, provides as a conclusion the Maxwell 
convention. In this way one can obtain the space of coexisten-

#) ce states as in the figure contained in the text . 
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