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A FIXED POINT THEOREM FOR METRIC SPACES 

1» In t roduc t ion 
Let (X,d) be a metric space and l e t f be a napping 

of X i n t o i t s e l f . For a bounded subset A of X we denote 
by o£(A] the measure of non-compactness of the se t A (see 
Kuratowskl [3 ] , p«318). The mapping f i s said to be con-
t r a c t i v e i f d ( f x , f y ) < d(x , y) f o r x + y . I f o f ( f [ A ] ) < 
<oC(A> f o r any bounded subset A of X suoh t ha t o£(A) > 0, 
then a continuous mapping f i s ca l led d e n s i f y i n g . 

In [ 2 ] Pur l and Vignoli prove a f ixed point theorem f o r 
con t rao t ive dens i fy ing mappings of a complete metric space 
i n t o i t s e l f . I t iB knovn t h a t a con t r ac t i ve mapping on a com-
p le te metric space need not have a f ixed po in t . However, Edel-
s t e i n [ l ] proves tha t i f f i s a con t rac t ive mapping and xQ 

i s a p o i n t . i n X such t ha t the sequenoe of i t e r a t e s ( f ° x ) 
contains a subsequence convergent to a point u, then u i s 
a f ixed point of f and i s unique. 

The aim of t h i s note i s to prove a theorem on f ixed points 
with two mappings. Using our theorem we give r e s u l t s of Sndel-
s t e i n and Puri and Vignoli type theorem. 

2. Main r e s u l t 
Throughout t h i s s e c t i o n , (X,d) denote a metric space, 

F and G two mappings of X i n t o i t s e l f such tha t 
d(Fx,'Gy) < d(x ,y i f o r a l l x , y in X with x ^ y , and 
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X 1 " P x 0 ' x 2 ~ G x T ' " ,x2n+1 = P x 2 n ' x 2n+2 = G x 2 n + 1 ' ' ' * 

Assume, moreover, that there e x i s t s an element x^ in X ' ' o 
such that the sequence (x f l) contains a subsequence conver-
gent to point u in X. 

Under these hypotheses we have the following theorem. 
T h e o r e m . Let ( x i ( n ) ) b® a subsequence of (x f l) 

with even (resp. odd) indices i (n) and l e t ( x i ( n ) ) con-
verge to a point u. Suppose that »Xli(n)+1 ^ a n d 

^ x i ( n ) + 2 ' x i ( n ) + 3 ^ a r e c ° n v e r S 0 O t sequences such that 

^ ^ ( n l ^ i i n l + l ' ^ 1 ^ d ( x i { n ) + 2 ' x i ( n ) + 3 ) - I f P i B 

continuous at u and at .G(Fu) and G i s continuous at Fu 
(resp. F i s continuous at Gu and G i s continuous at u 
and at F(Gu)), then either Fu = u or G(Fu) = Fu (resp. 
Gu = u or P(Gu) = Gu). 

P r o o f . Assume that the subsequence ( x i ( n ) ) con-
s i s t s of elements with even indioes. Since lim = u, 
so lim x i ( n ) + 1 = lim F x 1 ( q ) = Pu, lim x ^ ^ = l i * G x l ( n ) + 1 = 

= G(Pu) and lim = lim P x i ( n ) + 2 = F f G i F u ) ) . I t f o l -
lows that 

d(u,Fu) = lim d ( x i ( n ) , x l ( n ) + 1 ) « lim d ( x i ( n ) + 2 , x i ( n ) + 3 ) = 

= d(G(Fu), P(G(Pu))). 

Wow suppose that Pu ji u and G(Fu) V Pu* Then we have 

d ( u , F u ) < d(G(Fu), F(G(Fu))) < d(Fu,G(Fu)) < d(u,Fu). 

So we arrive at a contradiction. Therefore Fu = u or 
G(Fu) = Fu. We oan show in a s imilar way that f o r odd i n d i -
ces i ( n ) , Gu = u or F(Gu) = Gu. This completes the proof. 

As an immediate consequence of our theorem we have the 
following c o r o l l a r y . 
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C o r o l l a r y . Assume that the sequence 
i s a convergent sequence, F i s continuous at points u, Gu 
and G(Fu), and G i s continuous a t points u, Fu and F(Gu). 
Then u i s the unique common f i x e d point of P and G. 

Let us remark that i f x Q t x n + ^ f o r every n , then 
( d ( x n , x n + 1 ) ) i s a convergent sequence. Indeed, d(x 2 n _. j , x 2 f l ) = 
= d ( P x 2 n _ 2 , G x 2 n _ 1 ) < d ( x 2 n _ 2 , x 2 n _ 1 ) f o r n = 1 , 2 , . . . Thus 
we have a monotone sequence of pos i t ive r e a l numbers: 
d ( x Q , x 1 ) > d ( x 1 , X g ) > and we are dot» . 

Now, f o r example, we cons ider the s e t X = { 0 , 1 } with 
d i s c r e t e metric and mappings G, F defined on X as 0 ' — " 1 , 
1>—»-0 and x>—»-x, r e s p e c t i v e l y . Then G and P s a t i s f y 
assumptions of our theorem, but yet the condi t ion x n 4 x n + ^ 
(n = 0 , 1 , . . . ) i s not s a t i s f i e d . 

3 . Appl ica t ion 
I t i s obvious that from our Corol lary we obta in the f o l -

lowing r e s u l t o f E d e l s t e i n type theorem: Let P, G, ( x n ) and 
u be as i n S e c . 2 . Assume that F , G are continuous mappings 
and x f l ^ * n + i f o r every n . Then u i s the unique common 
f i x e d * p o i n t of P and G (See [ 4 ] ) . 

Now, l e t P and G be continuous mappings of a complete 
metric spaoe (X,d) i n t o i t s e l f s a t i s f y i n g the fol lowing con-
d i t i o n s : (1 J d(Fx,Gy) < d ( x , y ) f or x t -y and ( 2 ) c£ (GP[^A]) < AJ 
f o r a bounded subset A o f . X with oC(A) > 0 (note tha t f o r 
dens i fy ing mappings P and G on X, (2) i s t r i v i a l y s a -
t i s f i e d ) . Assume, moreover, tha t f o r some xQ i n X the s e -
quence ( x n ) defined as i n S e c . 2 i s bounded and c o n s i s t i n g 
of d i s t i n c t points x n . Modifying the proof of F u r i and Vig-
n o l i [2], one can prove that { x 2 i : i = 0 , 1 , . . . } i s a condi -
t i o n a l l y compact s e t . Consequently, by the c o r o l l a r y and r e -
mark given in Sec . 2 , we conclude that F and G have a 
unique common f ixed point . In p a r t i c u l a r , our r e s u l t genera-
l i z e s a theorem of Fur i and Vignol i f o r dens i fy ing mappings. 
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