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ON GENERALIZED RANDOM DIFFERENTIAL EQUATIONS 

1 . I n t r o d u c t i o n 
The study of random e q u a t i o n s was i n i t i a t e d by the Prague 

s c h o o l of p r o b a b i l i s t s i n the F i f t i e s . An account of r e s u l t s 
on t h i s t o p i c can be found i n the books by 3harucha~Reid [ 1 ] » 
Soong [ 1 5 ] , Tsokos and Padget t [ 1 6 ] . I n t h i s paper we i n v e -
s t i g a t e the g e n e r a l i z e d d i f f e r e n t i a l e q u a t i o n x e < f ( u , t , x ) , 
where u i s a random parameter and </> i s a g iven s e t - v a l u e d 
mapping. D e t e r m i n i s t i c e q u a t i o n s of t h i s type were s tudied 
e . g . by F i l i p p o v [ 8 ] and Hermes [^9]. F i r s t r e s u l t s on random 
d i f f e r e n t i a l e q u a t i o n s with the mult ivalued r i g h t - h a n d s i d e 
were obta ined by Cas ta ing [^3]» [4^] ( see a l s o [ 5 ] ) . Phan Van 
Chuong ["13] s tudied g e n e r a l i z e d random i n t e g r a l e q u a t i o n s . 

I n t h i s paper we propose an approach to g e n e r a l i z e d r a n -
dom e q u a t i o n s which i s based on the measurable s e l e c t i o n t h e o -
rem. '.Ve assume t h a t f o r each value of a random parameter the 
e q u a t i o n has a s o l u t i o n and prove the e x i s t e n c e of a random 
s o l u t i o n . S i m i l a r approach was a l re a d y used to v a r i o u s problems 
i n s t o c h a s t i c a n a l y s i s ( see e . g . Bocsan [ 2 ] , lingl [ 6 ] , [ 7 ] » 
Nov/ak [ 1 1 ] , [ 1 2 ] ) . 

2 . N o t a t i o n and d e f i n i t i o n s 
Throughout the paper ( a , u , P) i s a complete probabi l i ty -

s p a c e , and T a c l o s e d bounded i n t e r v a l wi th the beginning 
at the point 0 . For a met r i c space X , d e n o t e s the 3 o r e l 
tf-field on X, end 7 ( X ) the f a m i l y of a l l c l o s e d and non-
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2 A.Hov/ak 

-empty subsets of X. By U *J9X we mean the product ff-field 
on Q. * X. 

7/e shall consider the generalized random differential equa-
tion 

(1) x( t) e cp (a, t ,x( t)), t e T 

with ini'tial condition 

(2) x(0)€1||(w), 

where <p : ffl * T * R n — - J (Rn) and J(Rn) are given 
eet-valued mappings. 

ii function — R n is called a random solution 
of (1)-(2) if it in measurable in w, continuously differen-
tiate in t, and for all w e & , 

(3) e y(co,t,^(u,t)), teT 

(4) ^ («,0) e i|i(u>). 

Let $ : be a set-valued map. By the graph of $ 

\?e me an 

gr $ = { (u,x) e ii x x : x€ $(«)}• . 

!7e call $ measurable if for all open -Gcx, 

{to € si : $ (u>) G 4 0} e U . 

A function 17 : & -—X is a measurable selection of $ if it 
is measurable and for all yitj) e $ (to). 

Denote by C(T|) the space of all continuous functions 
x:T —»-Rn endowed with the norm 

||x|| = sup |x(t)| , 
t€T 

where | •| is a norm in Rn. By C1(T) we mean the family 
of all continuously differentiable functions x:T R n with 
the norm 
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Random d i f f e r e n t i a l equations 3 

C(T) and C1{T) are separable Banach spaces . 
The generalized Hausdorff metric D on y ( R n ) i s defined 

D(AfB) = max { s u p d(u ,B) , sup d (a ,A) } , 
1 u€A aeB J 

where A,B e 7 ( R n ) , and 

d(u,A) = inf Iu-v | . 
veA 

Te sha l l nee the following inequal i ty 

(5) |d(u,A J - d(v,B)| < |u-v| + D(A,B), u,v e R n , A,B e 7 (R n ) . 

3. lixistence of random solut ions 
We assume that for each u € & the problem ( l ) - ( 2 ) has 

a so lut ion and we give s u f f i c i e n t conditions for the existence 
of a so lut ion depending measurably on u . The following lemma 
wi l l be u se fu l : 

L e m m a (C12J, Lemma 3) . Let (X, l l ' l l j ) be a normed 
l inear space in C(T) which i s stronger than C(T), i . e . 
there i s a constant K > 0 such that || x|| < K||x||x for a l l 
x eX. I f 17 : £ i s measurable, then the function 

—- Rn defined as £(co,t) = y(o j ) ( t ) i s measurable« 
in co . 

Now we can s t a te our main r e s u l t . 
T h e o r e m , Let cp : ffl*T * Rn — y(R n ) and Vj): 

a—^?"(Rn) s a t i s f y the following condit ions: 
( i ) for each u> e ft , tp(ur') i s continuous in the generalized 

Hausd or f f me t r i e , 
( i i ) for each ( l , u ) £ l « E n , <p(»,t ,u) i s measurable, 
( i i i ) If i s measurable. 

I f for fchoii a e f i , the problem (1)- (2) hgs a continuously 
d i f f e r e n t i a t e cclut ion, then i t has a random so lut ion . 
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4 A.Bowak 

F r o o f . Define a new ¡sat-valued mapping $ on A by 

$(u)={x e C1 (T) :x( t ) e cp(u>,t,x(t)) for a l l t € T , ana x(O) e ipfco)} . 

Under our assumptions $ has non-empty values. I f 17: A —— C (T) 
is a measurable selection of then £(cj ,t ) = 17(a)) ( t ) is 
a random solution. Indeed, ^ is measurable in CJ (by Lemma), 
continuously dif ferentiable in t , and sat is f ies (3 ) - (4 ) . 

We shall prove that the graph of $ is 11*3 1 -measu-
1 C1(S) 

rable. Let the function g : * C 1 (T)—•»• R be defined by 

g(cj ,t ,x) = d (x ( t ) , ip(w,t ,x(t ) ) ) + d(x(0) ,v(a))). 

Since the set-valued t appings and are measurable in W, 
for each ( t , x ) e T * C ! ( T ) , g ( * , t , x ) is measurable (see e.g. 
[103, Theorem 3.3). By the inequality (5 ) , 

| g(u>,t,x) - g(u,s,y)| ^ 

<|x ( t ) - y ( s )| + D( (p (o , t fx( t ) ) , <p((J,s,y(s))) + |x(0)-y(0)| 

for. a l l w e £ , s,lj e T and x , yeC 1 ( T ) . I t implies the con-
tinuity of g(<•>,>).. Being measurable in w and continuous 
in ( t , x ) , g is jointly measurable. 

•1 
Define the function ht .&*C (T) — R as 

h(co,x) = sup g(Q,t,x). 
teT-

We have 

gr i = *C1(T):h(co,x) = o } . 

Let E be a dense countable subset of T. Since g is conti-
nuous in t , 

h(u,x) = sup g ( « , t , x ) . 
upi 
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Thus h i s measurable and, consequen t ly , g r $ e U*JB ^ . 
0 (_) 

Hence, $ 3d a i t s a i tes3urable s e l e c t i o n (see £14] , The ore r. 3 ) . 
This completes the p roo f . 

H e m a r k e t 1. ?o r the p r o b a b i l i t y space (.ft, U , i ) 
which i s not n e c e s s a r i l y comple te , we gen ob ta in a s l i g h t mo-
d i f i c a t i o n of our Theorem wi th a random s o l u t i o n £ s a t i s f y -
ing almost s u r e l y the c o n d i t i o n s ( 3 ) - ( 4 ) . The proof f o l l o w s 
i n the same way as the prev ious one, bat i n s t e a d of Theorem 3 
we apply Coro l l a ry 1 from ["M] , and ob ta in a s e l e c t o r £ of 
$ which i s measurable wi th r e s p e c t to the comple t ion Up of 
the tf-field V . There e x i s t s a f u n c t i o n ^ C ^ T ) measu-
r a b l e wi th r e s p e c t to 1i ana such t h a t 17(01) = ^ (co) a . s . 
I t i s obvious t h a t £(co , t ) = ^ ( u ) ( t ) i s the des i r ed s o l u t i o n . 
I n t h i s case i t s u f f i c e s i f a l l assumptions on the problem 
( 1 ) - ( 2 ) are s a t i s f i e d a . s . 

2. Theorem ho lds i f we r e p l a c e the c losed bounded i n t e r -
v a l T by the h a l f - l i n e [ O , 0 0 ) . I n t h i s case we c o n s i d e r 
C[0,°"») and C^fO,«*») wi th the topology induced by the f a -
mily of semi-norms 

p (x) = sup | x ( t ) | , x e c f p , ® ® ) , n = 1 , 2 , . . . 
n 0<t<n 

and 

q n ( x ) = p n (x) + p n ( x ) , i £ C 1 [ 0 , o o ) , n = 1 , 2 , . . . , 

r e s p e c t i v e l y . I t i s known t h a t these are s epa rab l e Frechet 
s p a c e s . The same proof h o l d s . 

As an example we apply our theorem t o the fo l l owing g e -
n e r a l i z e d random e q u a t i o n : 

(6 ) x ( t ) e <f>(to,x{%)), t e l , 

(7) x(O) = f ( io ) , 

where <p : Q x Rn —» !f(Rn) and f : & - » R n are g i v e n . 
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6 A.Nowak 

C o r o l l a r y . Suppose the problem ( 6 ) - ( 7 ) s a t i s -
f i e s the following condit ions: 
( i ) <? i s compact-valued; f o r each u e R n , cp(. ,u) i S measu-

r a b l e , f o r each w e £L , the set 

<p{u,Ra) = ( J <p(u>,u ) 
ueRn 

i s bounded, and there i s k(w) < <x> such that 

D(<p(oj,u), <p(u,v)) < k(co) | u~v| , u,v e Hn, 

( i i ) f i s measurable. 
Then the equation ( 6 ) - ( 7 ) has a random solut ion . 
P r o o f . By a r e s u l t of Hermes ( [ 9 ] , Theorem 1) , 

f o r each c j e û the problem ( 6 ) - ( 7 ) has a solut ion in C 1 (T ) . 
In order to complete the proof i t s u f f i c e s to apply Theorem. 

R e m a r k 3. Castaing [ 3 j , £4 ] (see also [ 5 ] ) studied 
generalized random d i f f e r e n t i a l equations of a spec ia l type. 
He proved the existence of a solution ^ which i s measurable 
in go, absolutely continuous in t , and P*A-almost every-
where s a t i s f i e s ( 3 ) . Here A i s the Lebesgue measure on T. 
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