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Wiestawa Chromik

THE SUM OF A DOUBLE SYSTEM OF GRAPHS

By a graph we shall mean a symmetrical graph i.,e. G =
= (V,R), where V is a non-empty finite set and R is
a binary relation on V satisfying the following condition

\V/ [u Rv=v R u].
u,veV
Ve admit loops in G. Let G, = (Vq,R8q) and u, = (V2,R2)
be graphs.
Definition, 4 mapping (¢ of the graph G1
into the graph G2 is said to be a homomorphism if

aY;v1 [aR1b => ¢(a) chp(b)] .

The mapping ¢ will be called a strong homomorphism if

ajzlﬂ [akybe=>0(a) nyp(b)].

A quadruple A = (G1,G2,¢,tp) will be called a double sy=-
stem of graphs G1 = (V1,R1) and G2 = (V2,R2) if ¢ is
a strong homomorphism of G1 into G2, Y is a strong homo-
morphism of G2 into G.] and V1nV2 = P v

For universal algebras similar systems were introduced
by £.Graczynska in [1] o Some general constructions of this
kind for relational systems ‘were introduced by J.¥ionka in [3].
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2 W.Chromik

ho0flinski in [2] considered also 2~-component systems of .
graphs, however, he used not strong but simple homomorphisms,
We ccnstruct a family of graphs in the folluwing way. We de~
fine a mapping h: V,uV,—=V, putting h(v) = ¢(v) for
vev, and hiv) =v if v €V,. Further we define a mapping
g: V,UV,—=V,, putting g(u) = w(u) for ue€v, and
g(u) = u if uev,.

Let f(x1,x2) be a boolean formula constructed from the
variables X, and X, by means of logical functors A, v, ~.
For any such formula f we can construct a graph Gf putting
Gf(ﬂ:) = (V1UV2, Rf), whers

YV [ <> sln(aig(n) alalRya(n)]].

a,bEV1UV2

The graph Gf(ﬂ) is said to be the sum of a double system of
the graphs (3:1 and G2 according to the formula f. We say
thai a graph G = (V R) 1is the sum of a double system of
graphs G, = (V and G2 = (V2,R2) according to the
formula f il V UV‘_ =V, V.‘(\V2 = ¢§ and if there exisis
a strong homomorphism of G1 into G2 and a strong homo-
morphism of G, into G, such that G = Gf(ﬁ), where
= (G yh,8).

For example, the graph G in the figure 1 is the sum of
a double system of graphs G = (V1 ,R ) and G = (Vz,R )
according to the formula f (x +X,) = X, V¥x,, where V,6 =
= {a,b}, v, —{c,d}, R, = {(a,b),(b,a)}, R, -{(c,d),d,c)}

h{a) = ¢, h(b) = d, glc) = b, g(d) = a.  Observe that if £,

o]
Q,

Figa1
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Double system of graphs 3

is equivalent to f2, then Gp = Gp (the sets of vertices
' 1

2
of Gf1 and Gf2 1 = Rf2). Let [f(x1,,x2)]
be the class of formulas esquivalsnt to f(x1,x2). rut
x([£1) = Geo It follows from the last observation that ¥

is well defined. Denote

are equal and Rf

=G

ey = C¢

hence

% ([£1) = G e

Let &(x1,x2) = (F,A,v ,~) be a free Boolean algebra
on generators x, and X, {see [4]).

So F consists of 16 classes of equivalent formulas, na-
me ly

[(x1Ax] [xq A~E]s [¥xA ], [~xy A VX,
[x1 Ax,V X, A~xs], [X A,V ~xy A x2],

[x1 AXoV ~Xy A ~X5], [X) Avxy v ~vE A x5]»
[x1 A ~x,v o ~xg A ~x2], [(~x4A X,V ~xq A ~x2],
[x1A X5V Xq A ~Xy v vEg A XS],

[x1 AX,V X A ~X, V ~vXg A ~x,],

[x."/\xz.v ~VX3AXy v VX, A~x2],

[_'x1 A VX V ~VEGAXGV ~Xg A ~x2],

[x.l AXoV Iy A XV ~X AX, VMR A ~X,5]s
[xqA ~i1 vz, A~vx,].

lioreover, for any [f1], [f,]€F we have

(210 (2.] = (840 2,0 [£4]v [£2] = [£4v £5], ~[£4] = [~1,].
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4 W,Chromik

Lot §={ G4y ¢ [t] e¥}.

Ve form an algebra &= (§,n,uv, /), where if Gy= (Vo,Ry),
G2 = (v1,h:2) are graphs, then
Ir\ktz) G,V G, (1,Ruﬂ),G -(1,v1x\f1\R)
v'he orem, The mapping X is a homomorphism of the

algebra ® onto the algebra 2.
Proof, Obviously x is a function onto., We show

that X is a homomorphism. Let [f,] and [f,] € F, we have

GO Gy = (VR

1

2([f1v [£,]) = x([£fyv £,]) = Grf.|vf.’2 T G[f1vf2]=

=% ([f1])UX([f2]) ‘= G[fj]u G[fz ] = (V,J:{f‘]) (% (V’Rf2)

= (V,R, UR, ) = (V,R } = Go . = G
e St 2 e AV £V E, ET%

Similarly

x([£4] Al£5]) =x([f1’\fé])

G = G =
TAf, T T[EAER ]

=x (£, D) nx([£,]) = G[f1]n§[f2] = (V,Rf1)n(V,Rf2)

=G
/\f2 [f1Af2J

= (V,R, AR, ) = (V,R ) = G
’f1 f2 ’f1l\f2 f,]

and
x("'[f]) =x(["“fj) = G~f = G[,,,f]!
[2([£1)]" = (Gp)” = (V,Re)” = (V,UxV\Rp) = (V,Rp) = G p=Grppe

So
X ([2,1vI2,D) =x([2, 1 ox([£,]),
%([£IALE]) =x([£,D)Ag([£,])  and
x(~[£]) = [%([£D] , concluding the pro0fs
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Double system of graphs 5

Corolllary 1.  The algebra I = (§,n,uv, ")

is a Boolean algebra.

O[xAx,V ~x A%, ]

(1]

(2]

(3]

(4]

Corollary 2. The graphs G[x1,\x2vx1/\~x2]'

are generators of the algebra J .,
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