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Wiesiawa Chromik 

THE SUM OF A DOUBLE SYSTEM OF GRAPHS 

By a graph we shal l mean a symmetrical graph i . e . G = 
= (V fR), where V i s a non-empty f i n i t e set and R i s 
a binary re la t ion on V s a t i s f y i n g the following condition 

We admit loops in G. Let G1 = (V1,H1) and Gr, = (V2,R2) 
be graphs. 

D e f i n i t i o n . A mapping cp of the graph Ĝ  
into- the graph G? i s said to be a homomorphism i f 

i'he mapping cp wi l l be cal led a strong homomorphism i f 

A quadruple A = ( G w i l l be called a double sy-
stem of graphs Ĝ  = ( V ^ R ^ and G2 = (V2 ,R2i i f cp i s 
a strong homomorphism of Ĝ  into i^» p i s a strong homo-
morphism of (¡2 into G1 and V ^ V j = 0. 

For universal algebras s imilar systems were introduced 
by ri.Graczynska in [ l ] . Some general constructions of th i s 
kind for re l a t iona l systems'were introduced by J . t ionka i n [ 3 ] . 
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2 W.Chromik 

A.Kocliriski in £2] considered a lso 2-component systems of 
graphs, however, he used not s t rong but simple homomorphisms. 
We const ruct a family of graphs in the fo l lowing way. We de-
f i n e a mapping h : *"V2 Pu'fc',;:i-n6 ^(v) = 

v€V.j and h(v) = v i f v e V g . Fur ther we def ine a mapping 
g : V ^ V g — » V ^ put t ing g(u) = V(u) f o r u eV2 and 
g(u) = u i f u e v ^ 

Let f (x . j , x 2 ) be a boolean formula cons t ruc ted from the 
v a r i a b l e s x1 and x 2 by means of l o g i c a l f u n c t o r s A, 
For any such formula f we can cons t ruc t a graph G^ put t ing 

= ( V ^ V g , R f ) , where 

ihe graph i s said to be the sum of a double system of 
the graphs ti^ and G2 according to the formula f . We say 
tha t a graph G = (V,R) i s the sum of- a double system of 
graphs G1 = and Gg = (V2,R2) according to the 
formula f i f V ^ V j = V, V ^ V j = 0 and i f the re e x i s t s 
a s t rong homomorphism of Ĝ  i n to G2 and a s t rong homo-
morphism of G2 in to Ĝ  such tha t G = where 

(G^Gg.Jx.g). 
For example, the graph G in the f i g u r e 1 i s the sum of 

a double system of graphs Ĝ  = and G2 = (V2 ,R2) 
according to the formula f ^ x ^ x g j = v-*2» where V1 = 
= { a , b } , V2 = { c , d } , R1 = { ( a , b ) , ( b , a ) } , Rg = { ( c , d j , d , c ) } 
h(a) = c , h(b) = d, g ( c j = b, g(d) = a . Observe t h a t i f f 1 

c d 

a b 

Fig„1 
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Doable system of graphs 

i s equivalent to fot then G.» = (the se t s of vert ices 
^ I 1 I 2 

of Gf and Gf are equal and Hf = Hf ) . Let £f (x^XgO 

be the c l a s s of formulas equivalent to f ( x . j , x 2 ) . tut 
%(Cf]) = Gf I t follows from the l a s t observation that % 
i s well defined. Denote 

hence 

G [ f ] = Gf 

X(Cf]) = G [ f ] . 

Let JBix^Xg) = (P, A , v , ~ ) be a free Boolean algebra 
on generators x^ and x 2 (see C4]). 

So P consists of 16 c la s ses of equivalent formulas, na-
mely 

[x 

[x 

Cx 

o 

o 

Cx 

Cx 

C» 

o 

0 

A x 2 ] , [x1 A ~ x 2 ] , A x 2 ] , [ - x 1 A ~ x 2 ] , 

A X2 V X̂  A , A x 2 V ~X1 A x 2 ] , 

A X2 V •VX1 A » [ X 1 A ~ x 2 V ~X1 A X2l ' 

A ~ x 2 v ~x 1 A [~x . |Ax 2 v ~x 1 A ~ x 2 ] , 

A XgV A v A * 2 ] , 

AX2V A ~X2 V A ~ * 2 ] , 

AX2-V A * 2 v a ~ X 2 ] , 

À ~X2 V A x 2 V ~ A ~ x 2 ] , 

A T j V ^ A ~ Xg V ~x 1 Ax 2 V A /v3C2]* 

A « I , V Xg A ^Xg]. 

Moreover, for any f f ^ J , [ f 2 3 6 P w e J i a v e 

A P J = C f i A f 2 ] ' C f i J v [ f 2 ] = [ f , » i 2 ] , - C M - [ - * , ] . 
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4 W . C h r o m i k 

L e t S = : [ f j e l j . 
tfe f o r m a n a l g e b r a < 0 = ( £ , 0 , 0 , / )> w h e r e i f G^ = ( V ^ K ^ ) , 

& 2 = ( V ^ H ^ J a r e g r a p h s , t h e n 
0 1 O G 2 = l V 1 ' H 1 ° R 2 ) ' G 1 u G 2 = ( V ^ H ^ H g ) , G^ = ( V 1 , V 1 * V 1 \ R., ) . 

x - h e o r e m . T h e m a p p i n g % i a a h o m o m o r p h i s m o f t h e 
a l g e b r a ® o n t o t h e a l g e b r a 5 ) . 

P r o o f . O b v i o u s l y % i s a f u n c t i o n o n t o . We s h o w 
t h a t % i s a h o m o m o r p h i s m . L e t f ^ i J a n d f ^ ] e w e h a v e 

% ( V { l v l f 2 V - x C ^ v f g ] ) - o , i V f 2 = G r f l V f 2 ] = 

= - G c f 1 ] u G r ± 2 ] = ( v ' K f 1 , u ( v ' R f 2 ) = 

= V • t ^ v f / - G f l V f 2 - G [ f 1 v f 2 ] l ' 

S i m i l a r l y 

x t M - G f ^ A f 2 - V ^ a ] " 

= X ( [ f 1 J ) ^ X ( [ f 2 ] ) = G [ f l ] ° G [ f 2 ] = ( V ' R f 1 , n ( V ' R f 2 ) = 

= ( V . R ^ n R ^ ) = ( V . R f ^ f , , ) = G f i A f 2 = ^ A f g ] 

a n d 

» ( - c n ) - % ( r ~ f D ) = - G C ( V f ] , 

[ x i r f j ) ] ' 

So 

= ( G f ) ' = ( V , R f ) ' = ( V , V * V \ R f ) = ( V , R „ f ) = G ^ - G j 

x ( r f - | ] A [ f 2 ] ) = ^ ( [ f 1 ] ) n x ( C f 2 ] ) a n d 
* K f ] ) = [ x f C f ] ) ] 7 » c o n c l u d i n g t h e p r o o f . 
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Double system of graphs 5 

C o r o l l a r y 1. The algebra 3 = (S , o , u , / ) 
i s a Boolean algebra. 

C o r o l l a r y 2 . The graphs GfxyvxgVx, A ' 

^ A ^ V - x ^ ] S e n a t o r s of the algebra «3 . 
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