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REMARKS ON CONVERGENCE OF SEQUENCES
' OF POINT-TO-SET MAPS

1. In this paper two definitions about convergence of
sequ;nces of point-to-set maps introduced in [2] are confront-
ed with well known definitions of convergence for sequences
of point~-to~point maps.

In [2] we considered sequences of maps which assigned
to each point from topological space X exactly one subset
of topological space Y and the maps were treated as point-
~to-set maps. The same maps in this paper are regarded as
point-to-point maps, introducing the Vietoris topology or
the Hausdorff metric in the family of subsets of space Y,

The results of the paper refer to connections betwaen
these two approaches to the idea of convergence of maps,

We shall make use of definitions, notions and some of
the theorems included in [2].

2. We shall assume that both X and Y are topological
spaces fulfilling the first axiom of countability. We shall
denote . by 2% the family of all non~empty and closed subsets
of the space ZX. We shall use the Vietoris topology in those
sets, Introducing the Vietoris topology in 2x we take as its
subbase the following families. of sets: 20 and 2X \2X'8,
where G 1is an open subset of X. We introduce the Vietoris
.topologj in 2¥ in the same ﬁay. In that manner, we can consi-
der each map F:X-—---2Y as a point-to~-point ﬁap.
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Lemmas 1 and 2 will play an important role in further
considerations. ‘hey are counterparts of analogical theorems
given in [3] for the case of metric spaces, for topological
8paces.

Lemma 1. Let Z Dbe a regular topological space
and let 4,4 € 2%, If the sequence of sets {An}» is con-
vergent to the set A4 in the space 22, then Lt An =

Lemma 2, Let Z be a compact topological space
and let Aj,A € 2%, If Lt A = A, ‘then the sequence {4}
is convergent to A in the space 22.

Corollary 1. Let Y be a regular space. If
for each x € X a sequence of sets {F (x)} is convergent
to a set PF(x) in the space 2°, then F,—F.

Corollary 26 et Y be a compact space, If
F —=F, then for arbitrary x € X the sequence {F (x)}
1s convergent to F(x) in the space oF,

These corollaries are the direct results of Lemmas 1 and 2.

From Corollaries 1 and 2 there follows

Theorem 1. Let Y be a Hausdorff space. Then
Fn———-F if and only if for each x € X the sequence -{Fn(x)}
is convergent to the set F(x) in the space 2Y. oo

Lemmas 1 and 2 and Corollary 2 from [2] give the following
two corollaries.

Corollary 3. Let Y be a regular space., If
a sequence of'maps {Fn}’ Fn:x-—*-zx treated as point-to-
point maps is continuously convergent to a map F, then F =¥

Corollary 4. Let Y be a compact space. If
Fn T F, then the sequence of maps {Fn} treated as point-
~to~-point maps is continuously convergent to the map F.

From Corollaries 3 and 4 we obtain

T heorem 2, Let Y be a compact Hausdorff space.
Then F, —=F if and only if the sequence of maps {Fn} '
treated as point-to-point maps is continuously convergent
to the map F.

Now, let F '2x-—'-2Y. If X is a T1 space, then we can
treat the maps Fn as point-to-point maps from 2X to 2Y nd
as noint-to-set maps from X to 2Y. :
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The following corollary is the result of Corollary 3.
Corellary 5e Let X be a T1 space and Y -
a regular space. If a sequence of maps {Fn} treated as poini~
~to=~point maps from Zk to éY is continuously convergent fto
a map F, then Fn = F.
The following lemma quoted from [ 1] is necessary in order,
to formulate Theorem 3. ,
Lemna 3. If a point-to-set map F from X fto ot

is upper semicompaxt (u.s.c), then the image F(K) = (U PF(x)
' x€eK

of a compact set KcCX is a compact set.

Now, let both X and Y be compact Hausdorff spaces and
let {Fn} be a sequence of point~to-set maps, which are u.s.c.
Due to Lemma 3 we can then consider point-to-point maps

A

Fn:2x—--’-2Y given by the formula

F (&) = [~J P (x) for 4 e2X and n=1,2,...
xed

From Corollary 3 in [2] it follows that if F —=F, .
then P 18 u.s.¢. OSo we can consider a point-to-point map F
defined by F. -

PTheoren 3. Let us assume that both X and Y
are compact Hausdorff spaces. Moreover, each map of the se~
quence {Fn} is e SeCo Then F,—£ ¥ 1is and only if the
sequence of maps {Fn} treated as Eoint-to-point maps is
continuously convergent to the map F,

Proof. Sufficiency follows directly from Corolla-
ry 5. Necessity. Suppose that Fn:::F5 but the seguence
{ﬁn}’ ﬁn:2x——a-2Y is not continuously convergent to F. 1t
means that there exists a sequence of sets {An} and a set A
such that An’ 4 € 2X, {An}» is convergent to 4 in the spa-
ce 2% and {ﬁn(An)} is not convergent to ﬁ(A) in the spa-
ce 2Y, By definition of topology in 2 it follows that there
exist open sets U1,U2,...,Um, U; €Y i=1,2,e00,m such
that
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m
A A
F(A)n Uy #9# and Fa)C | ) Uy
i=1
and for an inirinite number of n

Fn(An) ElK(U1,ooo,Um) =
m
i=1
“hus, we obtain that
{a) there is an index io such that for an infinite num-
ber of n
A
f'n(ﬂn) N Ul = ¢
)
or

(b) for an inrinite number of n

m
P £ Uy
i=1

tnoosing appropriate subsequences, if needed, we can assume
that (a) holds ior all indices n or that (b} holds for all
. A
indices - n. 1In case (a), by (4)n U; # ¢, it follows
o}

that there is a point x, € 4 such that

(1) i"(xof al Ul # ¢o
. to

r‘rom‘the fz¢t that the seyuence {An} is convergent to A
in 2" end rrom iémma 1 and veiinition Y in [2] it tollows
thet there sxicts a zeguence {xn} such that Xp € “’n and
S R

3y (&) we have

iy (xn) NU; = ¢

l.l
n
o}
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Since Lt F (xn) = F(xo), it follows from (1) that for n>N
F, (x ) Uy # ¥ which contradicts (2) end thus case (a) do
not hold, 88 case (b) holds., Thus, there are sequences {xn}
and {yn} such that

m
(3) X, €4, 7, € Fn(xn) and ¥, ¢ U U

i=1
By the compactness of the spaces X and Y it follows that
there exist subsequences {x } and {yn } of the sequen-

ces {x } and {y } respectively, and p01nts x, € X and
I, € Y such that xnk——>x0 and Ip, —= Ve
48 the segquence {An } is convergent to A (in 2X), so
k
by Lemma 1 and Definition 6 in [2] it follows that x, € A,
Moreover, by assumption, we have Lt F_ (x_) = F(x_ ), hence
n, oy 0

. a m
¥, € F(xo), which contradicts (3) because P(a) C 1k=J1 uy.

Therefore, neither (a) nor (b) holds and the proof is
concluded.

3. Now, let us assume that both X and Y are metric
spaces. We shall denote by @ a metric in the space Y,
Let B(Y) bve the family of all non-empty, closed and bounded
subsets of the space Y. We introduce in B (Y) the Hausdorff
metric dist letting dist(C,D) = max[sup d(y,D), sup d(z C)]

for C,De€®B(Y) where d(y,D) = inf g(y,z) (see [3], [41,

z€D
[51)y For each 4 CY and € > 0, we let S(4,t) =

={er: d{y,4) < E}. Let F,, F be point-to-set maps such
that ¥ ,F:X —B(Y) n=1,2,ees Since B(Y) is a metric
space, S0 we can consider Fn and F as point-to-point maps
from X to B(Y).

Lemma 4, If a sequence of maps {Fn}, F:X —=B(Y)
is uniformly convergent to a map F in the Hausdorff metric,
then the following properties take place:
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(i) for arbitrary € >0 there is an index N puch that for
n>N and x €X F (x) cS(F(x),¢)

(ii) for arbitrary € > 0 there is an index N such that for
n>N and x €X PF(x) C S(Fh(x),&)

(iii) Fn —= P,

Proof. Properties (1) and (ii) ere evident.,

To prove {iii) we shall show that F *(x) c P(x) c B, (x)
for sach x € X (see [2]). Let y €F *x). By the defini-
tion of F* it follows that there is a sequence {'yn}

In € Fy {x) such that for a certain subpeguaerce {'yn }of the

sequence {yn} we have ynk—>y. By assumption,
d(y,] ,F(x))—»o so d(y,F(x)) = 0. So, due to closity of

the set F(x), y € F(x). In order to show the second inclu~-
sion it is worth noticing that, by assumption, d(z,F (x))-—->0
for 2z € ¥(x), <Thus, there is a sequence {yn} In e Py (x)
fulfilling the condition Q(z,yn) < —-. From this it follows
that y, —z, so z € Fy(x), M_mrefore, F¥(x) € F(x) c B, (x)
and the proof is concluded.

From Theorems & and 9 in [2] and from Lemma 4 we directly
achieve the following corollariss

Corollary 6. If maps F, are lower semiconti-
nuous (les.c) and a sequence {Fn } is uniformly convergent
to a map F, then F is l.s.c.

Corollary T If ¥ 1is a compact space,
maps ¥, are u.s.c and the sequence {E}l} is uniformly con-
vergent to e map F, then ¥ is u.s.c.

Corollary 8. If Y is a compact space and
a sequence of continuous maps {Fn}is uniformly convergent
to & map F, then ¥ 1is a contlnadus map,

It is well known that if Y is a esmpact ametric space,
then the space 2Y with the Vietorls topology is compact and
its topology is equivalent with topology that is generated
ty the Hausdarff metric.Dus to well known theorem concerning the
continuous and the uniform convergence &nd cdue to Lheorem 3
and Corollery 3 in [2] we obtein
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Corollary 9. Let both X and Y be compact
metric spaces and let {F }»be a sequence of continuous maps.
Then F,—=F if and only if the sequence {Fn} is uniformly
convergent to F in the Hausdorff metric.
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