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REMARKS ON CONVERGENCE OF SEQUENCES 
OF POINT-tO-SET MAPS 

1. In this paper two def init ions about convergence of 
sequences of point-to-set maps introduced in [ 2 ] are confront-
ed with wel l known def init ions of convergence fo r sequences 
of point-to-point maps. 

In £2] we considered sequences of maps which assigned 
to each point from topological space X exactly one subset 
of topological space Y and the maps were treated as point-
-to-set maps. The same maps in this paper are regarded as 
point-to-point maps, introducing the Viet oris topology or 
the Hausdorff metric in the family of subsets of space Y. 

The results of the paper r e f e r to connections between 
these two approaches to the idea of convergence of maps. 

We shall make use of de f in i t ions, notions and some' of 
the theorems included in [[2]. 

2, We shall assume that both X and Y are topological 
spaces f u l f i l l i n g the f i r s t axiom of countability. We shall 

Y 
denote.by 2 the family of a l l non-empty and closed subsets 
of the space X. We shall use the Vietoris topology in those 

y 
sets. Introducing the Vietor is topology in 2 we take as i t s 
subbaBe the following families, of setei 2® and 
where G i s an open subset of X. We introduce the Vietor is 

Y topology in 2 in the same way. In that manner, we can consi-
Y • der each map F :X—"2 as a point-to-point map. 
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2 P.Kowalskl, J.Pochciai 

Lemmas 1 and 2 will play an important role in further 
considerations, They are counterparts of analogical theorems 
given in [3] for the case of metric spaces, for topological 
spaces. 

L e m m a 1. Let Z be a regular topological space 
and let Afl,A e 2Z. If the sequence of sets {Afl} is con-
vergent to the set A in the space 2Z, then Lt Afl = A. 

L e m m a 2. Let Z be a compact topological space 
and let AQ,A € 2Z. If Lt = A, then the sequence { a q } 
is convergent to A in the space 2Z. 

C o r o l l a r y 1. Let Y be a regular space. If 
for each x e X a sequence of sets {^(x)} is convergent 
to a set P(x) in the space 2^, then F n — F , 

C o r o l l a r y 2. Let Y be a compact space. If 
P — » - F , then for arbitrary x € X the sequence { F

n( x)} 
is convergent to F(x) in the space 2^. 

These corollaries are the direct results of Lemmas 1 and 2. 
Prom Corollaries 1 and 2 there follows 
T h e o r e m 1. Let Y be a Hausdorff space. Then 

P — F if and only if for each x e X the sequence { p
n( x)} 

is convergent to the set F(x) in the space 2^. 
Lemmas 1 and 2 and Corollary 2 from [2] give the following 

two corollaries. 
C o r o l l a r y 3. Let Y be a regular space. If 

a sequence of maps {i^}, — t r e a t e d as point-to- • 
point maps is continuously convergent to a map F, then Pn—g-P. 

C o r o l l a r y 4. Let Y be a compact space. If 
Pfl z£F> then the sequence of maps {i^} treated as point-
-to-point maps is continuously convergent to the map P. 

Prom Corollaries 3 and 4 we obtain 
T h e o r e m 2. Let Y be a compact Hausdorff space. 

Then P n r ^ P if and only if the sequence of maps { P n } 
treated as point-to-point maps is continuously convergent 
to the map P. 

X Y Now, let P :2 — 2 . If X is a T1 space, then we can 
X Y treat the maps P as point-to-point maps from 2 to 2 and 

Y as point-to-set maps from X to 2 . 
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Remarks on convergence 3 

The following corollary i s the result of Corollary 3. 
C o r o l l a r y 5. Let X be a T1 space and Y 

a regular space. I f a sequence of maps { f } treated as point-r • y 
-to-point maps from 2 to 2 i s continuously convergent to 
a map F, then F 

The following lemma quoted from [ l ] i s necessary in order, 
to formulate Theorem 3. y L e m m a 3. If a point-to-set map P from X to 2 
i s upper semicompaxt ( u . s . c ) , then the image P(K) = l^J F(x) 

xeK 
of a compact set K c l i s a compact se t . 

Now, le t both X and Y be compact Hausdorff spaces and 
le t { F q } be a sequence of point-to.-set maps, which are u . s . c . 
Due to Lemma 3 we can then consider point-to-point maps 
P n $ 2 X — 2 Y given by the formula 

Pn(A) = [ J Fn(x) for A€2 X and n = 1 , 2 , . . . 
xeA 

From Corollary 3 in \ 2 ] i t follows that i f F —-g-F. n a 
then F i s u . s . c . So we can consider a point-to-point map F 
defined by F. 

T h e o r e m 3. Let us assume that both X and Y 
are compact Hausdorff spaces. Moreover, each map of the se-
quence {F„ r ia u . s . c . Then F F i s and only i f the 

{ a N n 
sequence of maps treated as point-to-point maps i s 
continuously convergent to the map F. 

P r o o f 4 Sufficiency follows directly from Corolla-
ry t>. Necessity. Suppose that F —»• F, but the sequence {A » A y Y A 

F n J , F n :2 —*-2 i s not continuously convergent to F. I t 
means that there ex i s t s a sequence of seta f A n } and a set A 
such that Afl, A € 2* , ^ A n } i s convergent to A in the spa-
ce and { F n ( A n ) } i s lot convergent to F(A) in the spa-

• Y Y ce 2 . By def init ion of topology in 2 i t follows that there exist open se t s U 1 ,U 2 , . . . ,U m , t^ c y, i = 1 , 2 , . . . , m such 
that 
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4 P.Kowalaki , J .Pochcia3: 

m 
F( A) U± 4 0 and P(A) C [ J t ^ 

i = 1 

and f o r an i n f i n i t e number of n 

S n ( V . ^ K < u i V • 

= | b € 2 Y s B n l ^ 4 0 f o r i = 1 , 2 , . . . , m and B C ( J U i | 

Thus, we obta in tha t 
( a ) tj 

ber of n 

i=1 

( a ) there i s an index i Q such tha t f o r an i n f i n i t e num-

o 

or 

(b) f o r an i n f i n i t e number of n 

m 

5 n (A n J i I J U±. 
i=1 

uhoosing appropr i a t e subsequences , i f needed, we can assume 
tha t ( a ) ho lds f o r a l l i n d i c e s n or tha t (b j ho lds f o r a l l 

A 

i n d i c e s n. In case ( a j , by i ' (A) c\ IL 4 0, i t f o l l o w s 
o 

tha t there i s a point xQ e A such tha t 

(1) r\ Ui 4 0. 
o 

ii'rom the f a c t tha t tne sequence { ^ n } convergent to A 
i n and from'jjemma 1 and D e f i n i t i o n 7 i n [ 2 ] i t follov/s 
tha t there s x i c t s a secuonce \ such tha t x„ e A and 1 n} n n 
V - \ r 

n 0 
3y ( a ) v;e have 

'.'?•) i , ' n ( x n ) ° U i = ^ 
0 
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Remarks on convergence 

Since Lt F n ( * n ) = p ( x 0 ) » i 1 ; fol lows from (1) that for n>N 
Fn (xn ) r> U.̂  ^ 0 which contradicts (2) and thus case (a) do 
not hold, s8 case (b) holds. Thus, there are sequences {x^J 
and { y n } such that 

m 
(3) xn 6 AN, y f l e P n ( X n ) and 7 n ^ ( J U±. 

i = 1 

By the compactness of the spaces X and Y i t fol lows that 
there ex i s t subsequences |xn } and | y n J, of the sequen-

( \ k k 
ces and { y n } r e spec t i ve l y , and points xQ € X and 
y 0 e y such that x n — a n d y — yQ . 

I X As the sequence A \ i s convergent to A ( in 2 ) , so i nk j 

by Lemtna 1 and Definit ion 6 in [ 2 ] i t fol lows that xQ e A. 
Moreover, by assumption, we have Lt F (xn ) = F(xQ) , hence 

k kA m 
y e F(x ) , which contradicts (3) because F(a) C M IL. o o ^ i 

'.therefore, ne i ther (a ) nor (b) holds and the proof i s 
concluded. 

3. Now, l e t us assume that both X and Y are metric 
spaoes. We sha l l denote by ^ a metric in the space Y. 
Let J3(Y) be the family of a l l non-empty, closed and bounded 
subsets of the space Y. We introduce in 3> (Y) the Hausdorff 
metric d i s t l e t t i n g dist(C,D) = maxfsup d(y,D), sup d(z,C)| 

LyeC zeD J 

for C,D€JB(Y) where d(y,D) = inf o (y , z ) (see [ 3 ] , [ 4 ] , 
zeD 

£5])» ?or each A c Y and £ > 0, we l e t S(A,£) = 
= | j e Y : d(y,A) < e} . Let Fn , j? be point- to-set maps such 
that i 'n , i<': X —*• J3 (Y) n = 1 , 2 , . . . Since JMY) i s a metric 
space, so we can consider F and F as point-to-point maps 
from X to JS(Y). 

L e m m a 4. If a sequence of maps {Fn}> —*"B(Y) 
i s uniformly convergent to a map P in the Hausdorff metric, 
then the following properties take place: 
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_6 P.Kowalski, J .Poohciai 

( i ) for arbitrary £ > 0 there i s an index N each that for 
n > if and x e X F f l(x) c S ( F ( x ) , £ ) 

( i i ) for arbi trary e > 0 there i s an index N such that for 
n > N and x € X F(x) C S ( F n ( x ) , t ) 

( i i i ) 
P r o o f . Propert ies ( i ) and ( i i ) are evident. 
To prove ( i i i ) we s h a l l show that F* (x) C F(x) c F^(x) 

for each x e X (see [ 2 ] ) . Let y € F * ( x ) . By the d e f i n i -
t ion of F * i t follows that there i s a sequence 
y n e F n (x ) such that f o r a c e r t a i n subsequence { y n of the 

sequence -fyn)- we have yn —»-y. By assumption, 
n j k 

, P ( x ) ) — » - 0 , so d(y ,F (x ) ) = 0 . So, due to c l o s i t y of 
k • 

the set F ( x ) , y e F ( x ) . In order to show the second i n c l u -
sion i t i s worth noticing t h a t , by assumption, d ( z , F n ( x ) ) — » - 0 
f o r z € F ( x ) . ihus, there i s a sequence { y n } > 7 n e 

f u l f i l l i n g the condition (J(z,yn) < -JJ- . From t h i s i t follows 
that y n - * - z » so z e F # ( x ) . Therefore, F*(x) c F(x) c F # (x ) 
end the proof i s concluded. 

From Theorems 8 and 9 in [ 2 ] and from Lemma 4 we d i r e c t l y 
achieve the following c o r o l l a r i e s 

C o r o l l a r y 6. I f maps I' are lower semiconti-
nuous ( l . s . c ) and a sequence } i s uniformly convergent 
to a map F, then F i s l . s . c . 

C o r o l l a r y 7. I f H i s a compact space, 
maps F are u. s . c and the sequenoe }• i s uniformly con-
vergent to a map F, then F i e u . s . c . 

C o r o l l a r y 8 . I f Y i s a compact space and 
a sequence of continuous m a p s ^ F ^ ^ i s uniformly convergent 
to a map F, then F i s a continuous map. 

I t i s well known that i f Y i s a compact metric space, 
Y 

then the space 2 with the Vletor is topology i s compact and 
i t s topology i s equivalent with topology that i s generated 
by the Hausdarff metric.Due to well known theorem concerning the 
continuous and the uniform convergence and cu6 to Theorem 3 
arid Corollary 3 in [ 2 ] we obtain 
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Remarks on convergence 7 

C o r o l l a r y 9« Let both X and Y be compact 
metric spaces and let {p^}^® a sequence of continuous maps. 
Then F — • F if and only if the sequenoe {f_} is uniformly n • ^ ^ n J 

convergent to F in the Hausdorff metric. 
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