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CHARACTERIZATION OF POLYNOMIALS 
IN ALGEBRAIC OPERATORS WITH CONSTANT COEFFICIENTS 

In t h i s paper a cha rac t e r i z a t i on of polynomials in a lge -
bra ic operators with constant c o e f f i c i e n t s i s g iven . We solve 
two types of operator equations which w i l l be ca l l ed l i n e a r 
a lgebraic equat ions , namely equations of the form 

P(X) = Y and P(A)X - XQ(B) = Y, 

where P ( t ) and Q(t) are polynomials; A and B are a lge -
braic elements. 

1_. Let X be an algebra (a l i n e a r r ing) with uni t I 
over the f i e l d of complex numbers. Let A be an algebraio 
element i n X with the c h a r a c t e r i s t i c polynomial 

n -9 
(1.1) PA ( t ) - |~| ( t - t j ) ' t ± i ty i i i, 

3=1 
+ -?2

 + • • • + "'n = 

' (of . [ 1 ] ) . 
The element A has the fol lowing p rope r t i e s important i n 

our f u r t h e r considera t ions t 
P r o p o s i t i o n 1 .1 . Let A be an a lgebraic 

element with the c h a r a c t e r i s t i c polynomial (1 .1) and l e t .Q^it) 
be a polynomial in va r iab le t with complex c o e f f i c i e n t s , 
s a t i s f y i n g the condi t ion 

- 375 -



2 Nguyen Van Mau 

(1 .2) Q ± ( t ± J 4 a . 

I f P ( t ) <= ( t - t ^ ^ Q ^ t ) , C X o ^ c ^ , then P( A) i 0. 
P r o o f . Suppose t h a t there e x i s t s a polynomial 

Q^ ( t ) and an i n t e g e r ot., i n the i n t e r v a l J o J o J o 
suoh tha t 

(1 .3) P|[t) = ( t - t . ) °Qj ( t ) and P(A) = 0 , 
o o 

Without l o s s of g e n e r a l i t y , we oan admit 

q Í ( t ) - n 

where Q(t^) ¿ 0 , ¿ = 1 , 2 , . . . , n , > J y 
Thus the element [Q(A)J " 1 e x i s t s ( o f . [ 1 ] ) . Thus, 

P(A) = 0 i f and only i f P., (A) = 0, where 

p ^ t ) = ( t - t . *io n ( t - t j ^ 3 -0 

Consider the polynomial 

P 2 ( t ) = P ^ t ) + P A ( t ) . 

We know from the above d i scuss ion t h a t 

P2(A) = 0 , 

p 2 ( t ) = ( t - * a ) ° n ( t - v 3 p 3 < t } ' 

3 ^ 0 
where 
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C h a r a c t e r i z a t i o n of polynomials 3 

For each j . 1 < t j < n we have ^ ( t - j ' i 0 , Hence P^(A) 
i s i n v e r t i b l e . Thus P9(A) = 0 i f and only i f 

On the o the r hand, deg P ^ ( t ) < d e g P A ( t ) , which c o n t r a -
d i c t s our assumption. 

L e m m a 1 . 1 . Let A be an a l g e b r a i c element wi th 
the c h a r a c t e r i s t i c polynomial (1 .1) and l e t G(t) = g Q t s +, 
+ g.jt8""1 + . . . + g g be a polynomial of degree s i n t , 
s a t i s f y i n g the cond i t i ons 

P4(A) = 0 

where 

« i 
P 4 ( t ) = ( t - t 3 ) 0 

3 

(1 .4 ) 

L v"3' 
I f V = G(A) then 

< 

G(t ± ) + G ( t j ) , i 4 3 

G ' ( t . ) 4 0 , i , 3 = 1 , 2 , . . . . n . 

n 
( t - G ( t . ) ) ^ (1 .5 ) 

3=1 

n 
J . Then P r o o. f 

where 

(1 .6 ) J 
G i t . t j ) = 60(y8_1( t , t ; j)+g1or3_2( t , t ; j)+. . .+gs_10'k(t,t;)) 
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4 N g u y e n V a n M a n 

T h u s t h e c h a r a c t e r i s t i c r o o t s o f t h e e l e m e n t V = G ( A ) a r e 

G ( t - | ) , G ( t 2 ) , . . . , G ( t n ) . ^ 

L e t Q ( t ) = [ ( t - G ( t . . ) ] 0 Q 1 ( t ) a n d Q ( V ) = 0 , v /hs r-

Q 1 [ G ( t d } ] J 0, o t j « J j , D 0 f i x e d , 0 < j o < n . 

W i t h o u t l o s s o f g e n e r a l i t y w e c a n a d m i t 

Q ( t ) = [ t - G ( t . ) ] 0 P | [ t - 0 ( t d ) ] 3 , 
° 

t h e n 

«JÌ 
Q(V) = [ G ( A ) - G i t j ) l ] 0 | ~ | { [ A - t j l j G t A . t ^ ) } ^ = 

¿¿Ór 

( A - t j I ) 1 ) 0 | ~ ] [ A - t j j I ) ^ [ G ( A , t . ) ] * J ° f | [ G ( A , t . ) ] 

D ^ j Md, 

w h e r e G ( t , t . ) a r e g i v e n b y f o r m u l a ( 1 . 6 ) . 
J 

We p u t 

OCj „}'. 

G ^ t ) = [ G ( t , t d ) ] 0 f ] [ G ( t f t a ) ] 

We s h a l l s h o w t h a t 

( 1 . 7 ) G 1 ( V ^ H = n * 

T h e p r o o f s a r e b a s e d o n t h e i d e n t i t y 

¥ y v = 

t k + i _ t k + i 

v -
^ — w h e n ix ^ d 

( k + 1 j t j w h e n ( 1 = 3 . 
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Charac te r i za t ion of polynomials 5 

By (1 .4) 

G f t ^ . t j ) J 0 i f i 4 A 
and 

G i t ^ . t j ) = G ' t t j ) 4 0 , 

t h e r e f o r e (1.7) ho lds . 
Thus the element G^(A) i s i n v e r t i b l e and Q(V) = 0 

(or / 0) i f and only i f 

By Propos i t ion 1.1 t h i s impl ies tha t Q(V) = 0, which 
con t r ad i c t s our assumption. 

L e m m a 1.2 . Let A be an a lgebra ic element with 
the c h a r a c t e r i s t i c polynomial ( 1 . 1 ) . Let G(t) = g ^ t 8 + 
+ g^t 8"^ + . . . + g s be a polynomial, s a t i s f y i n g the condi-
t i o n s 

(1.8) G(t±) i 0( t 3 ) . f i 4.3 

(1 .9) G ' i t j ) - . . . = G ( S 3 , ( t 3 ) = 0 , Q i 8 J + 1 , ( t 3 ) 4 0 

jj = 1f2y**«y n* 

I f V = G(A), then 

n Î 
(1.10) P y ( t ) = f~| [ t - G ( t a ) ] 

j = 1 

where 
, » 

8, when 8. i s an i n t e g e r 

H -
+1 otherwise 
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6 N g u y e n V a n M a n 

a n d 

J j 
8 j = - g — + 1 " » ^ = 1 » 2 , . . . , n . 

3 

P r o o f . T h e m e t h o d o f p r o o f i s s i m i l a r t o t h a t o f 
L e m m a 1 . 1 . P r o m ( 1 . 8 ) - ( 1 . 9 ) we o b t a i n 

(1 . 11) 
G ( t , t . . ) = ( t - t ^ G j i t . t . j ) , w h e r e 

G ^ t ^ . t j ) / 0 , | i , 3 = 1 , 2 , . . . , n . 

s . 
T h u s G U . t j ) = ( A - t ^ I ) v G j ( A t t j ) , w h e r e e l e m e n t s G^ ( A , t ^ ) 
a r e i n v e r t i b l e . 

n • , « - i 
W r i t e P ( t ) = n J - G ( t T h e n 

3 * 1 3 

n oi n o< n 

P ( V ) = p | [ G ( A ) - G i t ^ T ] 3
 = p | ( A - t 3 I ) 3 P I C Q t A . t j ) ] 0 1 3 = 

3 = 1 3 - 1 3 = 1 

* ( 1 + s J r t , *L . o u - n u - v > 3 3 n 
3 = 1 3 = 1 " 

n 0(4 
B y ( 1 . 1 1 ) t h e e l e m e n t J ~ l A t t ^ ) ] ^ i s i n v e r t i b l e . 

P r o m t h e a b o v e d i s c u s s i o n we c o n c l u d e t h a t P ( V ) = 0 i f 
a n d o n l y i f 

P | ( A - t 3 I ) 3 ' J = 0 . 

3 = 1 

B y P r o p o s i t i o n 1 * 1 we k n o w t h a t ( l + s ^ ) ^ > 
3 = 1 , 2 , . . . , n . T h u s 3 = 1 » 2 , . . . , n . T h i s i m p l i e s 
f o r m u l a ( 1 . 1 0 ) . 

C o r o l l a r y 1 . 1 . L e t G { t ± ) 4 G ( t . j ) } i 4 3 . 
T h e n 

n < d e g P v ( t ) < H , V = G ( A ) 
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Characterization of polynomials 

and 
deg P v ( t ) = n i f only i f s^+1 

deg P y(t) = N when = 1, j = 1 , 2 , . . . , n on G' ("t^) 4 0, 

j — 1 , 2 , . . « , n . 

L e m m a 1.3» Let A be an algebraic element with 
the characteristic polynomial (1.1) and let 

G(t) = gQt8 + g l t 8 - 1 + . . . + g s 

be a polynomial satisfying the conditions 
Git.,) = G(tn) , 
G(t±) i G(t^) when i 4 D and ( i , j ) 4 ( l ,n) (1.12) 
G ' ( ) 4- 0, j = 1 , 2 , . . . ,n. 

If V = G(A) then 

n-1 
p v ( t ) = [t - G(t1)J°Cl H i t - G(t a)] 3 

3=2 

where d., = max(«? ,̂ -J^). 
P r o o f . According to the assumption (1.12) we have 

(1.13) G(t) - G(t.,) = (t - t 1 ) ( t - t n ) G ( t , t 1 , t Q ) 

where 

G ( t , t 1 t t n ) = g o ^ i t , * , , ^ ) + g ^ l t . t ^ g + . . . + 

* a ir ft t t » " S T " 1 f / S g k ( t ' V + W ^ ' V V - 2 . t I n = t , - tH - t . - t- ' 
ZTf ipk 1 n 1 n 

Cj j i t j t . ) given by the formula (1.6) . 
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8 Nguyen Van Mau 

Let 

n -1 
P ^ t ) = [ t - C f t . , ) ] * 1 |~] [ t - G ( t d ) ] 

3=2 

Prom ( 1 . 1 3 ) wa o b t a i n 

a •} ou g 
P 1 ( V ) = [ ( A - t 1 l ) ( A - t n l ) j a ' 1 |~] (A-t^l) ^ G i A . ^ . t J p [~| [G(A, t . ) ] 

j=2 j=2 

Thus P ^ V ) = 0 . By P r o p o s i t i o n 1 .1 ws know t h a t , 
f o r each P 2 ( t ) w i t h deg P 2 ( t ) < d e g . P 1 ( t ) we have P 2 ( A ) * . . 

Wi thout l o s s of g e n e r a l i t y we can admi t 
«' n " 1 « 

P 2 ( t ) = [ t - G ( t . , ) ] 1 | ~ | [ t - G ( t . ) ] 
3=2 

Let P 2 (V) = 0 . Hence 

n-1 

0 = [G(A) - G(t1)]° '1 • [Q(A) - 6 ( ^ ) 1 ] ° ^ = 
3=2 

/ n-1 i n-1 
= ( A - y r ^ - y f 1 |~l ( A - t a i ) ^ [ G ( A , t v t n ) f 1 | ~ | [G(A,t.)] 

j=2 j=2 

When 1 < j < n and 

1 G ( t . , ) - G ( t J 
^ J ^ I ' V g v t ; 0 ( V V - G ( V V 3 • ( t j j f f i t j l t j 4 -

I f j = 1 , t h e n 

- 382 -



C h a r a c t e r i z a t i o n " o f p o l y n o m i a l s 9 

S i m i l a r l y , i f . 3 n , t h a n 

1 n 
T h u s G ( A , t 1 , t n ) i s i n v e r t i b l e . 

A c c o r d i n g t o t h e p r o o f o f L e m m a 1 . 1 w e t h a t G ( A , t . , ) , 
3 = 2 , 3 , . . . , n - 1 , a r e i n v e r t i b l e . H e n c 6 F 2 ( A ) = 0 i f a n d 
o n l y i f 

n - 1 
( A - t ^ r ^ A - ^ I ) * 1 j ~ j ( A - t 1 ) ° ^ = 0 

3 = 2 
w h i c h c o n t r a d i c t s o u r a s s u m p t i o n . 

L e m m a 1 . 4 . L e t A b e a n a l g e b r a i c e l e m e n t w i t h 
t h e c h a r a c t e r i s t i c p o l y n o m i a l 

n i v h p A ( t ) = • ( t - * 1 
3 = 1 

L e t G ( t ) = g Q t s + g - j t 8 " 1 + . . . + g s b e a p o l y n o m i a l s a -
t i s f y i n g c o n d i t i o n s : 

1 ) G { t ^ ) = G { t J , 
( 1 . 1 4 ) 2 ) G ( t 1 ) 4 G ( t 3 ) t G ( t ± ) , i 4 3 , i , 3 = 2 , 3 n - 1 

3 ) G / ( t j ) = . . . = G ( 8 i , ( t . ) = 0 , 0 ( V 1 , ( t 3 ) 4 0 , 

I f V = G ( A ) , t h e n 
ot n " 1 6 ( 1 . 1 5 ) P y ( t ) = [ t - G ( t . , ) ] 1 | ~ | [ t - G ( t j ) ] 

3 = 2 
w h e r e 

6 1 w h e n 0 1 i s a n i n t e g e r 
«1 

1 " " " " " 1 
[ e . , ] + 1 w h e n i s n o t a n i n t e g e r 
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10 Nguyen Van Matt 

and 

(1.16) 

where 

= max 
l 8 1 * 1 ' e n + w 

8 j when i s an i n t ege r 

C « i 3 + 1 when otherwise 

j = 2 , 3 , . . . , n - 1 

«3 

P r o o f . According to 'Lemma 1 .2 , i f j e { 2 , 3 , . . . 
then i s given by the formula (1 .16) . 

By Proposi t ion 1.1 there 1b an i n t ege r <x such tha t 
P(V) = 0 where 

n-1 ^ 
P( t ) = [ t - G(t1 Jj04 p ] [ t - G( t . ) ] 3. 

3-2 

According to the proof of the Lemma 1.3 , f o r 1 < j < n • 

G ( t y t v t a ) fi 0 

fnd from (1.14) 

s s 
G ( t , t 1 f t f l ) = ( t - t.,) 1 ( t - t n ) " ^ ( t . t ^ t j 

• V l trjl" «5 

W W * 5 = 1 » 2 , . . . , n . 

Thus •1 1 (A, t 1 , t n ) i s i n v e r t i b l e . This implies tha t P(V) = 0 
i f ena only i f 

oi a s 1 ocs ^ 
O - ^ D U - ^ I ) ] (A-t n I ) 1 ( A - t n I ) n p | (A- t . I ) 3 = 0 , 

3=2 
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Characterization of polynomials 11 

Hence ot sat is f i es the conditions 

a + as1 » ^ , 

oL+ ots > N> n n 
and 

« ^ 1 + sn • 

Prom this a= c(.j and the proof is complete. 
For the general case we prove the following theorem. 
P r o p o s i t i o n 1.2. Let A be an algebraic 

element with the characteristic polynomial 

d. i7 ) pA (t) = n n ( t - w *u * v 
i=i d±=i 1 

whenever ( i f j ) / H ,p ) . 

Let G(t) be a polynomial in the variable t with com-
plex coe f f ic ients satisfying the conditions 

(1.18) 

G ( t k ^ ) = nk> k=1,2 . j f c=1,2,. . . ,nk, 

( s k j . ) 
G ( V , ) = . . . = G ( t . . ) = 0, k= 1,2 m, 

J jj.- i f ̂  « . . . i n^, 

G K (t. ) / 0. 
•'k 

I f V = G(A), then 

(1.19) 

where 

(1.20) 

P v ( t ) = f ] ( t - r ± ) 
6, 

S< = 

o^ y/hen a^ is en integer, 

[ « ¿ + 1 otherwise, 
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12 Nguyen Van Man. 

where a ^ = max 
L S i 1 + 1 ' S i 2 + 1 s i n . + 1 J -

P r o o f . By the hypothesis (1.18) we obtain the cha-
r a c t e r i s t i c roots of V are r ^ f r 2 , . . . , r m . Hence the cha-
r a c t e r i s t i c polynomial of V i s a polynomial of the form 

m 
P v ( t ) = |~| (t - r t > i . 

i=1 

According to Lemma 1.4 and Proposition 1.1 we have 

S 1 + 6 i s i 1 * • 

+ i i s i 2 1 - 1»2 m 

6 i + ^ i 8 ! ^ 

This implies 

<*'i>TT 8 i 1 ' 

. in. 

i 
Hence = 6^. 

C o r o l l a r y 1.2. Let A be an algebraio ele-
ment with single characterist ic root s , . i . e . 

r 1 = r 2 = = r n = 1 

m n i 
pA ( t ) = n n - t ± 1 ) . 

h i=1 j=1 1 3 
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Characterization of polynomials 13 

l e t G(t) be a polynomial s a t i s f y i n g the conditions 

G( t 1 1 J = . . . = G( t 1 n 1 ) = n 1 f 

G ( t 2 1 ) « . . . = G( t 2 n 2 ) = n 2 , 

G(t ) = . . . = Q(t ) =. nm. 
m 

I f V = G(A), then V i s an algebraic element with 
. s ingle c h a r a c t e r i s t i c roots and 

m 

= ["I ( t " V * 
3=1 

P r o o f . According to Proposition 1 .2 Py(t) i s 
a polynomial of the form 

m ^ 
P v ( t ) = ( t - r^) 

j=1 

Prom (1 .20) we obtain <Tj = 1, j = 1 , 2 , . . . , m . 
C o r o l l a r y 1 . 3 . Let A be an algebraic element 

with single c h a r a c t e r i s t i c r o o t s . Then there e x i s t s a polyno-
mial G^ft) such that VJ = G^(A) i s an involution of or-
der N. j j 

P r o o f . Let P. ( t ) = F1 ( t - t . ) . Denote £ = 
- 1 = 1 3 

2 » i = exp —^— and we take 

£ A £ j ( t * V 
G o ( t ) - 2 n t . - t / • 

v/d 
By the Lagrange interpolat ion formula 

N _ 
p ( t ) = n ( t - t h = t n - 1 . 

0 U 
Hence V^ = I and V^ i s an involution of order H. 
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1 4 Nguyen Van Mau 

C o r o l l a r y 1 . 4 . L e t A be a n a l g e b r a i c e l e m e n t 

w i t h t h e c h a r a c t e r i s t i c p o l y n o m i a l 

p A ( t ) = n ( t - t d ) 

3=1 

L e t G ( t ) be a p o l y n o m i a l s a t i s f y i n g t h e c o n d i t i o n s 

G i t j ) = n , ò = 1 , 2 , . . . , n , 

( a . ) ( S , + 1 ) 
• G ( t j ) = . . . = C- J ( t j ) = 0 , G 3 ( t j ) i 0. 

fchen 

t o r i 

P v ( t ) = ( t - r ) * , V = G(A) 

d + y b ? * 1 • • • • » i ^ t t J -

î h e ptfoof f o l l & w s i m a e d i a t e l y f r o m P r o p o s i t i o n 1 . 2 . 

The o » r r e s p e n d i n g r s a t r t t s f o r an a r b i t r a r y f o n c t i o n f o l -

io». i m m e d i a t e l y by v i r t u é (¡t t h e H e r m i t e i n t e r p o l a t i o n f o r -

i f iul i . 

i r 9 p o s i t i o û " 1 . 3 . L e t A be an a l g e b r a i c 

e l c p a r t w i t h t h e o h a r o é t o r i s t i c p o l y n o m i a l 

® û i - î i 3 

p A ( t , . • • u - 1 ) \ t i a i d . j ï 4 N . p ) . 

i - i if, i 

L « t tivs i u r i c t i p û g ( t ) h a s t h e - 1 ) - t h d e r i v a t i v e 

i n p o i n t s t l • 1 , 2 , . . . , m , j = 1 , 2 , . . . , ^ ) and s a t i s f i » o 

c o n d i t i o n s 
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Characterization of polynomials 

(1.21) J K i ' 
g'(t k j k (tk;j ) = 0 

(Sk;jk+1) 
g (tk;j ) / 0, k = 1 , 2 , . . . j k = 1 , 2 , . , 

Ic 

where 0 4 s. . ^ ^ -1. 
«'k "k 

If 0 = g(A)6 X, then 

(1.22) 
where 

P u;t) = [~l (t - 1 

i=1 

when a^ is an integer 

[«J+1 otherwise 

.Mere 

a. = m a J H 
''in. 

» • • • » q + 1 
l n i 

P r o o f . "he Hermite interpolation formula (cf, [1]) 

end our assumptions together imply .hat there is a polynomial 

G(t) such that 

G(A) = g(A). 

On »he other hand, according to Proposition 1.2, we can 

admit in (1.20) without loss of generality that s ^ satisfy 

c onditions 

•iJi + (i = 1,2,...,m, = 1,2, 



16 Nguyen Van Matt 

i . e . s. . < . - 1 (in the case where s4 . - 1 . 
" i " i - " i "'i 

we can admit -3 —=- equal 1 ) . 
% + 1 

2. Examples of applications 
In this section we shall solve the equation 

( 2 . 1 ) P(X) = V, 

where P(t) i s a polynomial' in the variable t with complex 
coefficients and the equation 

(2 .2) iX - XB = C 

in the case where A, B are algebraic operators. 
The matrix equation (2 .2) was solved by Rosenblum [ 3 ] (see 

also Bellman [ 4 ] ) . In the case where A and B are algebraia 
operators with simple characteristic roots, the equation (2 .2) 
was solved by Przeworska-Rolewicz 

We generalize these results to a larger class of equa-
tions 

(2 .3) f(A)X = Y 

(2.4) f(A)X - Xg(B) = C 

in the case where f and g are polynomials with complex 
coeff ic ients . 

Write 

(2 .5) <8> 
8. when 8 i s an integer 

[ e ] +1 otherwise. 

In the sequel we assume that P(t) i s a polynomial in 
variable t with complex coeff ic ients . 
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Characterization of polynomials 17 

T h e o r e m 2.1. Let V be an algebraic element 
with the characterist ic polynomial 

m ^ 
pv(-t) = n ( t - r D j 

3=1 

Let t . , j = 1 , 2 , . . . , m , s a t i s f y the equations 
J 

P ( V - r a . 

( s j 
P ' i t j ) = . . . = P J ( t j ) = 0, 

P 3 (*3) 4 o. 

Then the solution of the equation 

p{x) = v 

i s an operator with the character is t ic polynomial of the form 

m -J. 
(2.6) P x ( t ) = [~| (t - t - H 

J - 1 

where i s the smallest number 8 , for which 

< e T ± T > = S y 

P r o o f . juet t j be the character i s t ic roots of the 
operator X. According to the Proposition 1.2, the numbers 
P{"tj) are the character is t ic roots of the element P(X). 
Thus 

(2.7) ? ( t j ) - r j a . 

Prom (2.7) we have t^ i f i 4 j . 
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18 Nguyen Van Mau 

Applying Lemma 1.2 we obtain ( 2 . 6 ) . 
In the particular case P(t) = t n , we have 
t h e o r e m 2 .2 . Let V be an algebraic element 

with the character is t ic polynomial 

m ^ 
P v ( t ) = |~| (t - r . ) r j 4 0. 

3=1 
Let t ^ , j = 1 , 2 f . . . , m , sat is fy the equations 

t " = T j , r j it; un integer. 

Then the solution of the operator equation 

= V 

i s an algebraic operator with the character is t ic polynomial 
of the form 

p x ( t ) = • ( t . tA)\ 
0 = 1 

m 
F r o o f . TCrite Q ( J — f l (t - t . ) J and X. = 

3=1 3 

= xg~1 + t - j ^ " 2 + . . . » 1, where X^ has the. characte-
r i s t i c roots , t 1 » t g » . . . , t m , Xn = V. According to Proposi-
tion 1.2 , the characterist ic '-iota of XJ are numbers of the J 
f ora 

t , = t a " 1 + t , t n " 2 + . . . + t ? - 1 
3 3 J 

n t j " ' 4 C i f -0 = 3 

n . - n. 
^ _ ^ otherwise, where V, 3 = 1 , 2 , . . . , a. 
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Thus Xj (3 = 1 , 2 , . . . , m ) are i n v e r t i b l e . Hence Q ( X 0 ) = 0 
i f and only i f 

Q i ^ ) [ - ] X ^ = 0 . 
3=1 

On the other hand 

n 4 s - n n ^ o - v , x 3 ^ 3 -

3=1 3 = 1 

m ^ m j 
= n ( x o - i = n ( v - v 3 = p v ( v ) -

3=1 3=1 

Thus Q(ti = PT ( t ) , which completes the proof. 
0 

For ( 2 . 3 ) we have 
L e m m a 2 . 1 . Let A be an algebraic element with 

the c h a r a c t e r i s t i c polynomial 
m 

P A ( t ) = |~| (t - t j ) t 3 t 0 , 3 = 1 , 2 , . . . , n . 
3 = 1 

-hen A i s inver t ib le and 

( 2 . 7 ) A"1 = Qa(A) 

where 

F , ( t ) - P , (0 ) 
( 2 . 8 ) Q A ( t ) =• 

P r o o f . Prom ( 2 . 8 ) we obtain P.. ( t ) - P . ( 0 ) = A A 
= Q ( t ) t . Thus N 

PA(A) - P A ( 0 ) I = Q a ( A )A. 

, , , -1 " q A ( a ) 
By assumption P £ (0) J 0 and A ' - * 

w 
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C o r o l l a r y . .„2.1. Let A and G(t) s a t i s f y a l l 
assumptions of P r o p o s i t i o n 1 . 2 . 

I f r = 0 , j - 1 , 2 , . . . , m ( o f . the formula ( 1 . 1 9 ) ) , t hen 
the element V = G(A) i s i n v e r t i b l e and 

1 P v ( t ) - P v (0 ) 
(2 .9 ) V 1 = QV(A), where Q y ( t ) . 2 . 

L e m m a 2 . 2 . Let A be an a l g e b r a i c element wi th 
the c h a r a c t e r i s t i c polynomial 

n-1 ^ ^ 
(2 .10) P A ( t ) = [~] ( t - t j ) *j n , t ^ O , j = 1 , 2 , . . . , n - 1 , tn=0:. 

j -1 

Then a necessary c o n d i t i o n f o r the equa t ion 

(2 .11) AX = Y 

to have a s o l u t i o n , i s 
V 1 

(2 .12) (A - t n I ) n PnY = 0 . 

P r o o f . The equa t ion (2 .11) i s equ iva l en t to the 
.system of independent equa t ions 

AP^X = P^Y, i = 1 , 2 , . . . , n ( c f . [23 , Theorem 5 . 1 ) . 

Thus 

(A - t ^ I ) 3 APjX = (A - t ^ I ) 3 P^Y, 

provided t h a t X. = P.X i s a s o l u t i o n of the equa t ion AX. = 
J J tJ 

-
For j • n 

A nPnX = A PnY = 0 ( c f . [1] and £2 ] ) . 

Kance the c o n d i t i o n (2 .12) i s n e c e s s a r y . 
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L e m m a 2.3 . Let conditions (2.10) and (2.12) be sa-
t i s f i e d . Then the equation 

AX = Y 

lias e solution X i f and only i f 

V k i 

:2.13) i 

IT—i 

(A-t±I) ^ = > , ( - t ± ) ^-U-tjI) 
0=1 

( i = 1 , 2 , . . . ,n-1 , = 0 , 1 , . . . t-J±-1 ) 

V » . 

(A - tnI)PnX = PflY. 

' ¿ " r o o f . The equation (2.11) i s equivalent to the 
syste .a of the independent equations 

AP jX = Pj'Y, X̂  = P^X, i = 1 , 2 , . . . ,n (c f . [2] Theorera5.1). 

Let i be an arbitrary fixed integer in the interval 0 < i < n. 
Then 

AP±X = (A - t 1 I)P i X + t ^ X . 

' k i 

Applying the operators (A - ^Ij) x (k = 0 , 1 , . . . , -1) to both 
sides of the equation 

(A - tj l jFjX + tiPiX = P^ 

we obtain the following system of the equations 

A±(A)Xi±) = Y { 1 , f 

( i ) " 

(2.14) 

where 

X ( i ) 

4 i ] 

£(i) 
v 

r(i) _ 
•'o 

L V 1 J 
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X ( i ) = (A - t^ìh^, y[1
Ì} = ( A - t . u f p . Y 

end 

X j U ) 

t ± 1 0 . . . 0 

0 t i 1 . . . 0 

• • • • • • • • • 

0 0 0 . . . t i 

une so lu t i on of the system (2.14) assumes the form 

(2.15) X ( i ) = [ ^ ( A ) ] - 1 Y ( i ) , 

uhere 

C^ i (A) ] - 1 -

1 1 

" «1 

1 o • • • 
H 

H l v , l 

D 1 ^ 1 ™ o • • • 
n 

M ) . 1 1 ™ o • • • 
n 

0 0 0 1 

Hence condi t ions (2.13) fol low immediately. 
Conversely, suppose tha t the re e x i s t s an element X s a -

t i s f y i n g condi t ions (2 .13 ) . Hence X ^ s a t i s f y the system 
(2 .15) . Prom (2.15) we obta in ( 2 . 1 4 ) . In p a r t i c u l a r f o r k i = 0 
the equat ion 

(A - t i I ) P i Z + t i P i X = PjT, i = 1 , 2 , . . . , n 

i s s a t i s f i e d . But we have supposed tha t the condi t ion (2.12) 
i s s a t i s f i e d . Hence X i s a s o l u t i o n of the equat ion (2 .11 ) . 
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For the genera l case we prove the fo l lowing 
T h e o r e m 2 .3 . Let A be an. a lgebra i c element 

with the c h a r a c t e r i s t i c polynomial 
n n i 

p A ( t ) - n n { t - w * v ( ± t i i * 
i - 1 j=1 1 

Let G(t) be a polynomial s a t i s f y i n g cond i t ions 

{ 8 k j ) 
G(t^ j ) = n k , G ' ( t k j ) = . . . = G k ( t k j ) = Of 

and 
(Sjjjj +1) 

G k ) V 0 , k = 1 , 2 , . . . , m , = 1 , 2 , . . . , n k , Jk 

where n,, 4 n, whenever k 4 1. 
6 - 1 

I f r m = 0 and the cond i t ion [G(A)] m RmY = 0 i s s a -
t i s f i e d then the equat ion 

(2.16) G(A)X = Y 

has a s o l u t i o n J. i f and only i f 

V k i k. , D-5-i -,;j+k.,-1 
(G(A) - n^jl) «= > , ( - n ^ XCG(A) - 1 RjY; 

d=i 
i = 1 , 2 , . . . , m - 1 , kj_ = 0 , 1 , . . . ,6^-1 , 

and 

G(A)RflX = RnY, 

where R.j , R £ , . . . ,Rm are the p r o j e c t o r s assoc ia ted with G(A). 
The proof i s immediate i f we apply Propos i t ion 1.2 

and Lemma 2 .3 . 
R e m a r k . The equat ion of the type (2.16) has been 

considered by Przeworska-Rolewicz i n The method here i s 
d i f f e r e n t . 

- 397 -



24 Nguyen Van Maa 

We shal l have a similar resu l t f o r equations (2 .2 ) and 
( 2 . 4 ) . 

L e m m a *2.4. Let A and B be algebraic operators 
with the character ist ic polynomials 

n ^ m „ 

(2.17) P A ( t ) « p | (t - t j ) P B ( t ) = P | ( t - t k ) k . 
3=1 k-1 

Denote by P.j » P g , . . . ,Pn the projectors associated with A. 
The corresponding projectors f o r B w i l l be denoted by 
Q.j,Q2 Qm. Then a necessary condition f o r the equation 

(2.18) AX - IB - T 

to have a solut ion i s 

( 2 . 1 9 ) ( A - t j l ) 1 P ^ j ^ S - t k I ) * - 0 

f o r any i and k such that o t i k = t.^ - t k = 0. 
P r o o f . Let X be a solut ion of the equation (2.18) 

and l e t ot i k = t^ - t k = 0.> Multiplaying both sides of the 

V1 

equation (2.18) by (A - t j l ) Pĵ  from the l e f t and by 

M i r " 1 
Qk(B - V^ I ) from the r i gh t we obtain the equality 

U . . - 1 U v - 1 
A(A-t±Xj 1 P i T ( B - t k I ) r i Qk - (A - t ± I ) 1 P j X B f B - ^ i r * Qfc = 

^ i " 1 Hi"1 
= U - t j l ) 1 P 1 Y(B-T k l ) r : L Qk 

which along with the equa l i t i es 

^ Mir 
(A - t j l ) = 0, (B - r k i ) *Qk = 0 
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imply that 

>4-1 1 
« ^ ( A - t j I ) 1 P 1 X Q k ( B - t k I ) r i c = ( A - t ± I ) 1 P i YQ k (B-T j L I ) r i C 

which proves the necess i ty of the condit ion ( 2 . 1 9 ) . 
T h e o r e m 2 . 4 . .Let the condit ions ( 2 . 1 7 ) fend 

( 2 . 1 9 ) be s a t i s f i e d . Then the equation ( 2 . 1 8 ) has t. so lu t ion 
X i f and only i f 

1 
( A - t i I ) | i P i XQ k (B-t k X) k 

(-otj j j ) 1 k ( A - t ± I ) 1 

( 2 . 2 0 ) i 

( i = 1 , 2 , . . . , n , k = 1 ,2 = 0 , 1 , . . . , V ± - 1 , 
l k = 0 ,1 , . . . , f j k - D when a i k = t i - x k 0 

( A - t i I ) P 1 X Q k - P i 2 Q k ( B - r k I ) = PiYQk, when « i k - 0 . 

We s h a l l prove Theorem 2 . 4 by means of the addi t ional lem-
mas: 

l e m m a 2 . 5 . Let ^ be pos i t ive i n t e g e r s and l e t 
A i k 136 * "^ . t r i ces 

( 2 . 2 1 ) Hk 

« i t 1 0 . . . 0 1 0 0 . . . ' 0 

0 « i k 1 . . . 0 
I I = 

0 1 0 . . . 0 * 

1 
• 

0 0 0 . . . 0 0 0 . . . 1 

I f c * i k i 0 , then 
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" « 3 
S — -8—1 

" TT i k . . . ( - 1 ) 1 ( ^ 1 

A~S -i k ~ 

0 i k . . . ( - 1 ) 1 ( ^ 
- 8 - ^ . + 2 

>«ik 1 

0 0 « 3 

«Ï4 
P r o o f . Prom ( 2 . 2 1 ) we have U i k - <* i kI) = 0 . 

Thus 

A Ik - « I k 1 - T T « I k " 1 ( A " « i k 1 ) + — 

•J., S + ^ - 1 - S - ^ - 1 
. . . + ( - 1 ) i ( A i k - a i k I ) . 

This i m p l i e s (2.22). 
L e m m a 2 . 6 . Let ^ and fik b* p o s i t i v e i n t e g e r s 

and <x(A,B) a ( ^ P i . ) * (^iMi J m a t r i x : 
k 

•H 
r 

I 0 . . . 0 

( 2 . 2 3 ) a ( A , B ) = 0 A i k I . . . 0 

0 0 0 . . . A i k 

where A^k are g iven by the formula ( 2 . 2 1 ) . 

I f a i k 4 0 then 

O U , B ) ] - 1 

¿ - 1 ,-2 , ^Hi-V-Hk 

H i o ¿7,1 . . . ( - 1 ) Hlc- 2 . - fk + 1 
a 
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P r o o f . According to Lemma 2.5 the matrix A i k i s 
i n v e r t i b l e . Denote the matrix (2 .24 ) by ¡ i (A ,B ) } then 

c* (A ,B) (5( A, B) = p ( A , B ) « ( A , B ) = I . 

Thus p (A,B) = [ « ( A , B ) ] " 1 , 
P r o o f of Theorem 2.4. The equation (2 .18) i s equi-

va lent to the system of independent equations 

A P i x « k - i W = p iYQk 

( X i k = P.j_ZQk» i = 1 , 2 , . . . , n , k = 1 , 2 , . . . ,m). Let i and k 
be a r b i t r a r i l y f i x ed i n t e ge r s , such that 

<*ik = ~ ^k * 

Then AP iZBk = ( A - t ± I ) P iXQk + t iP j_XQk and PjZQjjB = 

= P iXQ k (B - t k I ) + t k P iYQ k . 
I lu l t ip lay in^ both sides of the equation 

( A - t i I ) P . X Q k - P 1 2 8 k ( B - t k I ) + « i k P i 2 Q k = P tYQk 

by ( A - t i I ) ( j i = 0,1 ) from the l e f t and by 

( 3 - ^ 1 ) K ( l k 

= 0 , 1 , . . . , H k - 1 ) from the r i g h t we obtain the 
f o l l ow ing system of equations 

where 

r ( i , k ) 

« ( A . B ) ^ 1 ' ^ = Y ( i ' k ) , 

7 ( i , k ) 
00 

Tr( i ,k) 
A10 

x ( i , k ) 
0 

x ( i , k ) 
01 

x ( i , k ) 
. V ' H i - U 

r ( i , k ) _ 

100 
y ( i , k ) 

y ( l , k ) 

Y ( i , k ) 
I01 

Y ( i , k ) 
L » fk"1_ 
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and 

y^1»*) = (A-tiI);iiPiYQk(B-TkI)lk, 

(3± = 0,1,...,^-!, l k = 0 , 1 , j i k - 1 ) . 
The solution of (2.25) is assume|d to be 

(2.26) X ^ ' ^ = [c<( A,B)] , 

where [oi(A,B)]~1 is given by the formula (2.24). Henoe the 
conditions (2.20) follow immediately. 

Conversely, suppos that there exists an element X sa-
tisfying conditions (2.20). Hence satisfy the sys-
tem (2.26). Prom (2.26) we obtain (2.25). For j - l k = 0 the 
equation 

(A-t.I)PiXQk - P12ftk(B-TkI) + (ti-tk)Pi2Qk = P ±XQ k, 

(i = 1,2,...,n, k = 1,2,...,m) 

is satisfied. But we have supposed that the condition (2.19) 
is satisfied. Henoe X is a solution of the equation (2.18). 

T k e o r e n 2.5. Let A and B satisfy the condi-
tion (2.17). Then the equation 

(2.27) AX = XB 
has a solution of the form 

(2.23) X = a0<Js(i,,i(J>B) + a1tfgi_1(A,X0,B) + ... + agX0, X^eX, 

where 

(2.29) 6"kU,X0,B) = AkX0 + Ak~1X0B + 1.. + X QB k 
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and 

r ( t ) = a 0 t r 1 + a-1 + s 

i s an arbitrary polynomial sat isfying the conditions 

f(A) = 0, P(B) = 0. 

F r o o f . Prom (2.29) we obtain 

A(^U,X 0 ,B) - «^(A.Xq.BJB = AS+1X0 - X 0 B k + 1 . 

Denote the sum (2.28) by P(A fX0 ,B). Then 

AP(A,Xq,B) - P(A,Xq,B)3 = P(A)X 0-X 0P(B) = 0. 

Thus X = P ( A ,XQ ,B ) s a t i s f i e s the equation ( 2 . 2 7 ) which-com-
pletes the proof. 

Let B be an algebraic element with the characteristic po-
lynomial 

s m i |i 
(2.30) p B ( t ) = n n ( t 1 J i 

i=1 j i - 1 1 

^ whenever ( i , j ) + (>J,fj)) 

and l e t F ( t ) be a polynomial in variable t with complex 
coef f i c ients satisfying the conditions: 

i ( T k J k > " 0 

P ' ( r k . k ) - . . . - p 

* K ( t k 1 ) * o, k = 
k 

s j k = 1 , 2 , . . . , 
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Then, accord ing to P r o p o s i t i o n 1 . 2 , we o b t a i n 

S Q. 
? u ( t ) = n ( t " ®k) k> u = p ( B ) ' 

k=1 

îhere 8j = < |*k> (<•> i s de f ined as i n ( 2 . 5 ) ) and 

l*k = = max 
Jk1 Hk2 P k m k 

L r k1 + 1 ' r k 2 + 1 r km k
 + 1 

Denote by D ^ , D g , . . . , D m t h e . p r o j e c t o r s a s s o c i a t e d wi th 
V = G(A). The cor responding p r o j e c t o r f o r U = P(B) w i l l 
be denoted by R 1 , E 2 , . . . , R g . 

We have a s i m i l a r r e s u l t f o r the e q u a t i o n 

(2 .32) G(A)X - XF(B) = Y. 

T h e o r e m 2 . 6 . Let A and B be a l g e b r a i c e l e -
ments wi th the c h a r a c t e r i s t i c polynomials (1 .17) and ( 2 . 3 0 ) , 
r e s p . Let G(t) and F ( t ) be polynomials s a t i s f y i n g the c o n d i -
t i o n s (1 .18) ant. ( 2 . 3 1 ) , r e s p . Then the e q u a t i o n (2 .32) has 
a s o l u t i o n X i f and only i f 

(V - n j D ^ D j X ^ U - e k i ) l k 

= e k ) 3 (v-n^i) 1
 DiTRk(u- e k i ) k . 

j=i 1=1 

i = 1 , 2 , . . . , m , k = * : , 2 , . . . , s , = l k = 
= 0 , 1 , . . . ,<Tk-1, i f n ± 4 ®k» 

(V - ^ D D ^ - DiXRk(U - 8 k l ) = D.YQk i f n± = 0 k , 

where V = G(A), U = F(B) . 
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The proof i s immediate i f we apply Theorem 2 . 4 to the e l e -
ments V = G(A) and U = F(B) . 
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