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SOME TRANSFORMATIONS IN NON-SYMMETRIC FINSLER SPACES 

Various transformations in Finsler spaoe have been obtain-
ed by Matsumoto [ 1 ] . The concept of non-symmetric Finsler 
space has been introduced by Upadhyay and Sharma [ 2 ] . In this 
paper we shal l use some transformations in non-symmetric 
f i n s l e r space and es tabl i sh some theorems. 

1. Preliminaries 
l e t us consider an n-dimensional non-symmetric Finsler 

space (NS-Fn) equipped with a non-symmetric tensor g ^ given 
by [ 3 ] 

def 
(1.1) g ± i ( x , i ) 1= h i ; j ( x , i ) + K ± . j (x , i ) , 

• 1 • 2 2 ^ j where h i ; j (x ,x) = J ^ F (x,x) ' i s a symmetric part of g ^ 
and K.. i s a skew symmetric tensor. I t i s positively homo-
geneous of degree zero in x . 

Let us define 

(1.2) B ; p (x ,x ) h ^ f x . x ) B m p r ( x , i ) , 

where def ... . (1.3) Bmpri*»*) s 2 M n p ' 1 ' * 1 ' 

* ] and ¿ J * l ^ - r - . 
1 dx1 1 3 Hi1 a ¿3 
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R e m a r k , The conjugate tensor of h ^ wi l l be 
denoted by h3"̂  thus h^h1"17 = and 

< def def , 
(1.4) Az" t= h A t A = h. A~" . mp mpr* mpr i t mpr 

i i The non-symmetric coefficients D„„ and . which we shall " mp mp' 
use in the remaining part of the paper, are defined as 

(1.5) % ( x , x ) l= P ( z , ± jB j p ( x f * ) 

and 

i d e f 1 i r (1.6) Bmp(x,x) t= ^ h (x,x) f^ rgm p + 2m&pr - bpgjyJ. 

2. Let P(x,x) and P(x fx) be defined over NS-Pn and 
NS-Fn respectively. The two metrio of corresponding spaces 
wi l l be said conformal i f there exists a factor of propor-
tionality ff(x,x) between the two tensors 

(2.1) g ± . j (x, i ) = tf(x,x)gi;j{x,x), 

(2.2) h i ; j (x,x) = tf(x,x)h±j(x,x) 

and 

(2.3) K1; j(x,x) = C(x,x) K ± 3 ( X , X ) . 

let the distance functions Fn and Fn be related as 

(2.4) F(x,x) = ff1/2P(x,x). 

It has been proved by Upadhyay and Sharma [ 2 ] that the factor 
of proportionality o"(x,x) is an arbitrary function of the 
l ine element and it is homogeneous of degree zero in the di-
rect ional arguments. 
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M.Matsumoto [ 1 ] introduced the notat ions of transformed 
Fins le r space Fn whose distance funct ion F(x,ic) i s r e l a t ed 
by the metric funct ion F(x,x) of Fn by the r e l a t i o n 

(2.5) F2(x,x) = F2(x,x) + ( f i W i 1 ) 2 , 

where f^ (x ) denotes the components of a covariant vec tor . 
In t h i s paper we sha l l study t h i s type of t ransformation 

in a non-symmetric Fins ler space. 
Let the distance funct ion F(x,x) of NS-Fn be transformed 

to F(x,x) as follows) 

(2.6) F 2 ( x , i ) = tf(x,x)F2(x,x) + ( f ^ x ) * 1 ) 2 . 

From (2 .6 ) , i t follows that transformations (2.1) and (2.3) 
are pa r t i cu la r cases of the transformation (2 .6 ) . 

Under transformation (2 .6 ) , the symmetric tensor h ^ 
and the skew symmetric tensor K^ are transformed in to h ^ 
and K^ given by 

(2.7) = tfhi;j + \ F 2 ^ + f ^ (¿k = ak<r) 

and 

(2.8) 

r e spec t ive ly . 
By v i r tue of (1 .1 ) , (2.7) and (2 .8 ) , we get 

(2.9) g±i - t f g y *tity 

Thus we have 
T h e o r e m 2.1 . I f NS-Fn i s Riemannian then the 

transformed NS-Fn i s also Riemannian i f and only i f the f a c t o r 
of proport ional i ty tf i s a funot ion of pos i t iona l coordinates 
only. 
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D i f f e r en t i a t i ng (2.9) pa r t i a l l y with respeot to i and 
using (1.3J we get 

(2.10) B ± J k o d B i j k + M i j f c , 

where 

def 

(2.11) M l j k =T>1 g13ork + I or i ; jkP2 + ^ ( V 2 ) 

and 

In view of (2.10) we get the following theorem 
T h e o r e m 2 U n d e r t ransformation (2 .6 ) , the 

transformation of i s given by B i j k = an<* 
only i f M l j k = 0. * 

Transveotion of (2.7) with h p y i e lds the following. 

(2.12) + f i f j ) " ' 

Transvecting the both sides of the above r e s u l t with 
h-5 k f k h m n f n , we get 

(2.13) f . f ^ P - , ^ i 1 n ' 9 » 1 <J + f * toiP^ 

where we have put 

f 1 = h i m f m , f 2 = h ^ f V 

and 
def 

Contracting (2.12) with h^m and applying (2 .13) , we obtain 

(2.14) hmp = 6hm p - t ' 1 + f z p 
where we have put ft = ^—3- . 

tf+al^ 
- 370 -
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ï ransvect ipg botii s ides of (2.10) by h®^ and using the 
re l a t ion (2.14) we get 

(2.15) B». - < f P B » 3 + 

vjhere 
def *) 

B4 4 e: B. . f , ijm 

In view of (2 .15) , we obtain 

(2.16) Bf..} +Mf.à)) -J* ( * B ( i j K + M ( i a J w J l 

where 

B U h ) * * i (B3h + 

Let us contract (2.16) by putting m = i , to get the following 

(2.17) B. + M . ) - - ^ ( c r f B ^ + M ^ ) , 

def m def 
where B ^ , f= B ; J and M ^ , t= M j . 

This leads to the following theorem 
T h e o ] 

Jef , 
B U d ) 

T h e o r e m 2.3* In order that the quant i t ies 
def ± 

Bj t= B , i i > s a t i s f y the r e l a t i o n 

•p 
i t i s necessary and s u f f i c i e n t that the quant i t ie s 

"a M ( i j ) 8 a t i 8 f * Md = 

The s t a r denotes the posit ion of an index re lated to con-
t rac t ion . 

- 371 -



N.K.Sharma, A.Srivastava 

By virtue of (1.6), (2.7) and (2.9) we get 

(2.18) 3£P - « ^ . J , + (ppjp W > 

where 

P„mn = -1 l \ . ( f m f J + J - 3„(fT.f J + + rmp z l_ r m p "m p p p* r m r mp, 

+ d-OU-n - d.5--) + m pr p rm 

i d e f i r 
The symmetric and skew symmetric) parts of the P£p; - h Prmp 
are given by 

<2-19) P(mp) = i V r } + ^ A p + i »pi V p O ' 

J def 1 J J 

w h e r e P(mp),^ & {Pmp + Ppm> aQd 

(2.20) P [mpj - [a[m fp] fr +
 >[m*pjr + V S ] * ] ' 

. def 1 j j 
where P ^ , t= ? (P* - P„J. [mp] 2 mp pm' d a f 

Using (2.18) and (2.20), with notations B̂  ^ 
we get 

SP = « ^ p - F ^ T T ) + T ^ V T c*p]J• 

Thus we have 
T h e o r e m 2.4. In order ibat^lfc« quantities 

h w1- satisfy the relation'X =< (̂63,, * — E _ ), 
'd "[ id] i t is necessary and sufficient that the quantities 

d e f i ft Pn t= satisfies P„ - = 0, P LiPJ P f2^+i *C*P] 
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i 
Let us obtain a re la t ion between Dmp and Dmp with 

the help of ( 1 . 5 ) , (2 .4) and (2.15) as follows 

(2.21) S?3 - ^ • M y . . ^ H . 

Again in view of re la t ion ( 1 . 5 ) , we get 

i ? a - (fy2^^ + » n f 3 ) - ^ ^ «hi*+ * 

which on simple arrangement of terms becomes 

(2.22) ^ - « 3 / 2 < K j - - ^ i j . ) * 

Thus we hav9 
T h e o r e m 2.5» Under the transformations (2 .6) 

the re la t ion between the tensors and D®̂  i s given by 
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