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SOME TRANSFORMATIONS IN NON-SYMMETRIC FINSLER SPACES

Various transformations in Finsler space have been obtaln-
ed by Matsumoto [1]. The concept of non-symmetric Finsler
epace has been introduced by Upadhyay and Sharma [ 2]. In this
paper we shall use some transformations in non-symmetric
Finsler gpace and establish some theorems.

1. Preliminapies

Let us consider an n-dimensional non-symmetric Finsler
space (NS-Fn) equipped with a non-symmetric tensor 814 given
by [3]

def
(141) Sij(x:i)‘_ = hij(xni) + Kij(x'i)v

where hij(x,i) =-% éisz(x,x)*) igs a symmetric part of 815
and Kij is a skgw symmetr%g tensor, It is positively homo-
geneous of degree zero in x .

Let us define

def
(1.2) Bpp(®iX) = b1P(x,%) B (x,),
where

. def,1 . .

2
0, F ==, and 3S.PF = .
7t 137 T el
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2 N.K,Sharma, A.Srivastava

Remark, Lhe conjugete tensor of h will be
ij ir r i3

denoted by h™’ thus hijh = éj and
def 1

i 9¢f 4r
(1.4) bpp = BT A Apg = byApo

The non-symmetric coefficients Di and Eip, which we shall

use in the remaining part of the paper, are defined as

(1.5) bt (x,%) qef F(z,%)B: (x,%)
. mp'*? ’ mp*~?

and

1 sy 98T 9 an -
(1.6) Emp(x,x) = 3 b (x,%) [argmp + 8,0 - apgrm].

2. Let F(x,%x) and ¥(x,%X) be defined over NS-Fn and
NS-Fn respectively, The two metric of corresponding spaces
will be said conformal if there exists & factor of propor-
tionality O (x,X) between the two tensors

(2.1) Eij(x,i) = d(x,i)gij(x,i),
(2.2) Eij(x,sc) =O‘(x,i)hij(x,i)
and

(2-3) R’ij(x’i) = G‘(X,J.C)Kij(x,i).

Let the distance functions Fn and Fn be related as

(2.4) Fx,x) = 61/28(x,5).

It has been proved by Upadhyay and Sharma [2] that the factor
of proportionality o(x,X) is an arbitrary function of the
line clement and it is homogeneous of degree zero in the di-
rectional argumenfs.
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Non-symmetric Pinsler spaces ) 3

M.Matsumoto [ 1] introduced the notations of transformed
Finsler space Pn whose distance function F(x,X) is related
by the metric function F(x,%) of Fn by the relation

(2.5) F(x,x) = Fo(x,%) + (£,(x)x})2

where fi(x) denotes the components of a covariant vector.

In this paper we shall study this type of transformation
in a non-symmetric Finsler space.

Let the distance function F(x,x) of NS-Fn be transformed
to F(x,%) as follows -
(2.6) #(x,%) = 0(x,%)F(x,3) + (£,(x)x)2,

From (2.6), it follows that transformations (2.1) and (2.3)
are particular cases of the ftransformation (2.6).

Under transformation (2.6), the symmetric tensor h,

and the skew symmetric tensor Kij are transformed into hij
and Kij given by

(2.7) hyy =ongy + 4 oy + 5,2, (& = 30
and

(2.8) Kyy = o"KiJ

respectively.

By virtue of (1.1), (2.7) and (2.8), we get

Thus we have

Theorem 2.1, If NS-Pn is Riemannian then the
transformed NS-Fn is also Riemannian if and only if the factor
of proportionality & 1is a funotion of positional coordinates
only.
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Differentiating (2.9) partially with respect to £ and

using (1.3) we get

(2.19) Bygi = SBygp + My g0
wheTe
def '
e A 1 4 2 1 2 3 e
and

Gijk = bk(é'ial = bk(bi( 336))0

In view of (2.10) we get the following theorem ‘

Theorem 2.2 Under transformation (2.6), the
transformation of Bi;}k ‘is given by Bi;}k = G.Bijk if and
only if My4 = O.

Transvection of (2.7) with hip yields the following.

(2.12) B'Pohyy + § PPy, + £,2,) = &5,

Transvecting the both sides of the above result with
hjkfkh"mfn, we getl

pel
(2.13) £,e"ptP . —L£L
: g+ £ +oF

where ws have put
i_ .1 2 _ i,]
b ¢ -hmfm, ‘f -hijff

and

def
1 ,idg
T 5 h Gy g0

Contrécting (2.12) with nd® ang applying (2.13), we obtain

(2.14) P TR i i
ﬁ + £ ’

1 p

where we have put f = —6_—11‘{ .
+o
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Non-symmetric Finsler spaces 5

TIransvecting both sides of (2.,10) by hEE  ang using the
reiation {2.14) we get

2.m
. x5 f ' .
(215) By = opByy + piy, "19;?§ (0830 + My juli
where
def m*)
Bijwe = Bygnf -
In view of (2.15), we obtain
N
~m m m b
(2.16) Byy) = BOB(55) + M(sy)) 'f‘;—f’c’g @B(15)0+ M1 5]

where

def
i — i k!

Let us contract (2.16) by putting m = i, to get the following

(21T By = ploBy + Uy - o (BG4 + Hiagy)s

m def n dgf
where B(mj) = Bj and M(mj)- Mj'
This leads to the followlng theorem

Tfh e orem 2.3 In order that the quantities
de :

>

Bj B(lj) satisfy the relation

~ 2
Bj = 0'([333 —?—&— B(J*)*)'

p+1

it is necessary and sufficient that the quantitiss

def i B
Mj = M(ij) satisfy Mj —?ﬁ—:u(*j)* = 0.

*) The star denotes the position of an index related to con-
traction.

- 37 -
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By virtue of (1.6), (2.7) and (2.9) we get

) i52
~i _ i - f i - f
(2.18) By, = 6(pEy, 'TLf b Bemp) * (PPmp —Z—-@—f " Pemp) s
whexre

1 2 A .
Prmp = % [ar(fmfp) +oglfpfp) = 2p(2ptp) + Flapdyp +

+ 3p6pn = pOpy) +
1 2 . 2 [ 2 .
+ 3 {(o,F V6pp + (35F°) 6 - (2,F )srm}]-
def .
i pir
= AP

The symmetric and skew symmetric parts of the Pmpi.. rmp

are given by
N 1 ir 2 1 1
(2.19)  Blap) = 7 b7 [2(8580) + Forby, + F 2nl2yty)]

def
where P%mp ) L F l% (Pnixp + P:[Lm) and

i 1, ir . 2,
(2.20) Prppg =z B [atmfp]fr * e * O’ 6p:lr']’

def

i 1 o1 i
where P[mp] = el (Pmp"' Ppm,' der
Using (2.18) and (2.20), with notations Ej = E[ij]
we get ,
- a2 . 2
B, = a(pE_p ,._zﬁ-——f B+ E‘mp]) + (pPp -ij 5+ 1 P*[*p]).

Thus we have
Theorem 2,4, In order ibas-.she quantaties

def F -
i satiafy» the relation ﬁp = 6(PEp - £28 41 E* [pr)’

By B By
it is necessary and sufficlient that the quantities

def i 8 .
Pp = P[ip] satisfles Pp -?p: P*[*P] = Og
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Non-gymmetric Finsler spaces 7

Let us obtain a relation between 5;‘ and D; with

P
the help of (1.5), (2.4) and (2.15) as follows

- | ' my25241/2
(2.21) B}, = pg'/2 [p(sB';a. * Mﬂ)-i%g— (63, 4,, + "13*’] .

Again in view of relation (1.5), we get

xm _ . 1/2 m m £Ma2s1/2
By =o' /%p(o 0l + £ ) -—;2’%”— @Dy, + F My,

which on simple arrangement of terms becomes

% 3/2 £Ma2
(2.22) B, =6 / (p O, -?E% Dyl *

m, 2
+ F 61/2(??3 --—%—Q_—Mij*) .

£ p+1
Thus we hava

Theorem 2.5 Under the transformations (2.6)
the relation between the tensors 553 and D?j 1s given by

2
B, - g3/2 (pngj -£78% >+

f2ﬁ+1 1%
_ 1/2 £0p2
+ Fo (M?j e ye Mivj*> .
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