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ON REPRESENTATIONS OF CYCLIC n-GROUPS

1. Introduction

In the present paper we introduce the notion of a repre-~
sentation of an n-group, which is analogous to the notion of
a group representation., For this purpose, we define g diago-
nal n-group, and an n-group representation in the diagonal
n-group of the reversible linear transformations of a complex
vector space., Our aim here is to study and desoribe one~dimen=-
sional representations of cyclio n-groupa. We study this by
means of the notion of a covering representation, We shall use
the following abbreviated notation

k {8)
f(a.l,.oo,ak*aoona'ak+s+1,'cto,an) = f(a1’xa ,a§+s+1)
s times

0y (q
(ag for 1>j and for 1i>n, a) for .0 are empty sym-
bols). ‘

£(f,. £(a5).0) api®iBl) ) < opgalte(amt),
8 times .

f(s) denotes that the éymbol of operation f is used s ti-

mes. We shall use the notation a®> for the symbol
{(1+s(n=1))
a and we call it s-adic power of the element a

8 3
{see [3]).
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2. Diagonal n~group

Let G be a group, 6= y 122, We define n-ary ope-
ration ¢3: G® —=6 as follows. Let € 3 8= (311'312""'9‘1 1,1_1),
1=1,2,000 40

Gn-1

(1) ‘P(E1’§2’0~'p§n) = (h1’b2,o-o,bn_1),

where bi = ani- ..an-i+1 1an_i n_1.06082 i+1 8110
It may described also by the followlng scheme

“11_ %12t fing [ P1 12 00t B1ne
~ .

2 1 El2\.2 e 82 pe \J\iz 1 B2 e 820

...I."..l‘.hl.l..\'.\{...‘.l...h\.l...."...........'.

L] . \\ \ \ .

~

. 3 ~ J ~ .

| a ' a_ > a a3 a

®n-1 1 %n-12 °*° %n-1 D1 | 010 %1 2 X a1 -1
» ~

81 ®n2 &1 n-1 811 "8n2 e*e By opnag
b4 b2 Ppot

i.e. bi 'is a product of n elements of G taken from the
i-th diagonal. 6 equipped with the n-ary operation ¢ is
a n-group., We call (6,p) a diagonal n-group.

Theorem 1. Suppose that |[G|>1, then the dia-
gonal n-group (6,p) is irreducible.

Froof. An n-group @ = (4,f} is reducible.to
k-group (n = 1+8(k=1)) (see [2]) if and only if for every -
c €4 there exists de A such that

(k-2)8 8
1) for every xe€4, £f( ¢ 4, x) = x
2) for every x 19%pre0esX, (p = (8=-1)(k=1)+1)

ke 1»-2 k=2 k=2
£( ¢ ,d,x} P) = £(d, ¢ ,x1) = £(x,, ¢ d,xg) = £(xq,dy ¢ ,x5) =

k-2 -2
ces = f(x$,d, c ) = f(x.%’, c ,d).

fe will show that the condition 2) above is not satisfied by
the n-group (6,¢).
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Assumme to the contrary, that (6,¢) is reducible to a
k-group, Hence for ¢ = (@,...,8) there exists a 4 =
n-1
= (d1;ooo'dn_1), such that for Ei = (e,ooo,e), (i=1,2,"o,p)
2) 1is satisfied.

So.

k-2 |
el e ogv§$) = (dk_1vdkvdk+1ooi-vdn_1sd1’0-09dk_2) =

eld, £29§$) = (d1vd2’0°-vdn_1) =
k-2

= ¢(519 s 1Qo§g) = (dkadk+1s°'-vdn_1'd1’-o-odk_1) = eee =
4 k-2 D

= V(Z1' k] 09:51+1) = (dk+1-1’dkﬂq’°"’dn-1’d1’°°"dk+i-2) =

= plxl,d k;z =P ) = (a d _.,d d;) = =
PLX198s & X449 1410000980 q0CqreeesCyl = 0o =

k-2
(P(E‘?’ [+ ’g) = (d_1’d2’...'dn-1) =

p k-2
‘P(§1’gl _o_ ) = (dp+1’000'dn_1.'d1’000’dp)‘

We obtained - d1 = d2 = esee = dn_1 =d d.e.’ Q_ = (d,oco,d)o
Now kake Xy = (x,684000,0), 1=1,0.0,p ‘where x £ 6.

k=2 p k=2
o g-.é.£$) = (xdgxdg;--.XQ:ﬁ,o-o,q) = ¢(£1,g’ ¢ )=
p-1 n-p

= (‘dl,d,oo.’d‘,gx,ooo'dx)o

n45-2 p

From this equality we get =xd = d, hence x = e which is
impossible.

3. A notion of a representation and a covering represen-
tation of an n-group

let V Dbe a complex linear space, GL(V) /- the general
linear group, let GL(V,n) denote the diagonal n-group of GL(V),
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Remark, Forn=2 GL(V,2) = GL(V).

Definition 1. A homomorphism ¢: G—=GL(V,n)
is called a representation of the n-group G on V,

Let (G,f) be an n~group, @: G —=GL(V,n) its representa-
tion on V. Let 7: G-—*-G(2)(431) be an homomorphism of
the n-group G into the free covering group G(2). Let
V=V @ ... @ V. Define J: GL(V,n)— GL(V) by

n=1

(2) j(A1 ,ooo’An_1)(x1 ,ngooio ’xn_1) = (An_1(xn_1)gA1(x1),o-o
ooo'An_z(xn_z))

fOI‘ AEGL(V n), Ag (A1,000’A 1)0
we will show that Jj 1s a homomorphism of GL(V n) dinto

JPlhyyeeos b)) (xys0ne,xy 4] = JlAN 4, 4 n-1"'A15"“

4

....’AniAn-1 i—1...A1i’...’ n n_1An_1 n_2000A1 n_1)(x1,.oo’xn_1)=

I VY TP PTIY S SNPY Y WY WPPPITY YLC S PRPRY PO

q’(j(éﬂl)!“"j(_A_n)) =(P((A1 n_1,A11,A12,oco,A1 n_1)9'900) =

= (&, n-18n-1 noqeedy n~1’An1An-1-n-1"'A11"")'

Hence there exists a unique homomorphism a: G(2)-—*-GL(V,n)
such that ¢t(g) = je(g)

¢ ——=a(2) ;1)
l A
el .. 1l ¢
J —
6L(V,n) —=GL(V) ,_q)+
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We call the above representation é a covéering representa-
tion for ¢@.

4, One=dimensional repressntations of cy'clic n-groups

Let (G,f) be a finite, abelian n-group, let V be one
dimensional, complex vector space; and let Q: G —= GL(V,n)
be a representation of the n-group G 1in the space V. For
an arbitrary g€ G and xeV ’

(3) . plg)(x) = (a;x,000,a, 4%),

wheTe 8138p9000y8, 4 are complex, non~zero numbers, Next
we shall consider the free covering group G(2) of the n~groupG,
and we shall proof the following .

Lemma 1. If G 4is an commutative n-group, then
the free covering group G(2) is commutative too.

Proof. G is commutative if and only if for every
819850098 € Oy T(8,00048y) = £(8o(y)) Byp)reeeriqn))s
where o 1is an arbitrary permutation of the set {1,2,...,n .

Let g,hev(G)., Suppose that gh # hg., Since =v: G —
_.G(2)(n._” is a monomorphism of the n~group G into the free
covering group G(2) t(g')t(h’') # v(h')*(g'), where g',h' € s
and %(g') =g, *(h'") = h. Let h' be a skew element to h',

Singe c(g')r(n')r(h')“'3r§ﬁ') = «(h')c(g')r(n;)"'%(E'),

n-2) _ n=3) _ (n=3) _
(£(e', h'2 ,8')) #x(£(n',g"', k' ,h")), £(k',g', A&f ,h'; =
n=2) _ . n=2) _
= £(g', h' ,f)l‘) because G is x(abel}an. Hence t(f(g', h' ,H))#
n-2) _ n=2}) _
#x(f(g', h' ,h')., Because f(g', h' ,h')
g' # g' and we get contradiction. Hence gh = hg. Since T(G)

g' (sese [1]), s0O

generates G(2), for g,h € G(2) \©(G) we have g = g11...ghm,
i P p
h=hyleohe® (ky,pse{1,-1}, g4,hy €T(), 1 = 1,2,.00,m;

. k ky p p P pg k k
= 1,2,.-.,8); gh = 811.-.gmmh11...hss = h11ooohssg11oooemm =

(8
I

= heg, which completes the proof,
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By the identity pt(g) = je(g) we observe that $e(g)(x) =
= Jolg)(x) = (&, 4%, 4+84%1y0eey8, 5%, ). So the matrix of
the transformation pgx(g)e€GL(V) is

0 . L ] . L] L L] L] L] a

(4) O

ne1

where ai # 0, i=1,2,.00'n"1.

Let g448,€G and let 9(51) = (,a‘l""’an-1)" ¢les) =
(bysesesdy 4)e §lula]))glelgh)) = §lelg))vlep)) =
¢(elen)ele])) = ¢lx(a,))(x(gy)). So if the matrix of the

“o> i

transformation (—v(gfl)) is
0 .o ¢ o o e o o @ an_1
&

. n=2 -

and the matrix of the transformation {5(1:(35)) is
—"
R
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p— a—

0:voo.cooan_1bn_2 (0]

0, e : ..... .« ve e .a.]bn_1
IS B -

0 o
u ano%n-3 |
— —

0..0.0 L] L] ] s o bn_1an_2

o . . S ¢ b1an_1

BA

i

o
N

[
-

bn—28n-3 .

— —

Comparing the coordinates of the matrices AB and BA we get

~

b b

81e1ne2 = Pn-18p.p
34Pp1 = P8y

9 -
(5) | ayby = bya,

Lan-zbn-3 = Pp28n-3

- a :
n-2

a = b

n-1 En_2

a
. _ n=2
& =% . "

(6) ' ne=2
< a :
a =-1f3ﬁi b,
2 n=2

8n-2

a = b
n=2 5n—2 n=2.

n-1

- 363 -



8 B.Gleichgewicht, M.B.Wanke~Jakubowska, M.E.Wanke-~Jerie

. . .
Hence there exists A= v2=2 guch that a, = Ab , for
En_2 i i

1=1,2,+4.,n~1, Take an arbitrary 8,€G and let Q(go) =

= (81,ooo,an:_1) then ?(8) = (Aga1”"’xgan-1)' Let g1,g2,...

veerB € G, @(£(g7)) =@lelgy)yeesypley)). On the other hand
e(f(81)) ( ( n)a1,.uo

°'°9a( ) n_1).¢(e(81)9'°°’?(8n)) = (Asna1lgn-1an_1-oozg1!

Ry Bqeeedy Bprenesdy By By peeedg Bpg) = A A een
81 | gy 2"°°° " g, n-1"g, 4 n-2 n-1 8178>

...Xg 6132.-.an_1(a1,82,...,an_1).

n
Thus
. n n-1
(7) 2 = A - 7Y
£(gq) D1 81 1=ﬂ1 '

Suppose that G is a cyclic n-group of order k and goé G

n-1 3
generates (!r(g<k> "8,)+ Denote g<3> - &5 Jg' = ( T ai) ,
J

i=1
n-1 k " n-1 E " 1 <x
1 =24, =2A =(l| a.>. Denote TT a; = or 1€ ps<
gO g;k> i=1 i i=1 i ’

Q(g ) = E,p(a.]',...,an_.l). It comes to the following

Theorem 2. If -G is a c¢yclic n-group of order
k,e : G—GL(V,n), dim V = 1, then for every g€gG, ele) =
= E,p(a‘],...,an 1). (p=k), where E is the root of the unity
of the k-th degree, B118p9000,@ are the complex non-zero

n-1
numbers,
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