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ON REPRESENTATIONS OF CYCLIC n-GROUPS 

1. Introduction 
In tha present paper we introduce the notion of a repre-

sentation of an n-group, whioh i s analogous to the notion of 
a group representation. For this purpose, we define a diago-
nal n-group, and an n-group representation in the diagonal 
n-group of the reversible l inear transformations of a complex 
vector spaoe. Our aim here i s to study and desoribe one-dimen-
sional representations of cyclio n-groups. We study this by 
means of the notion of a covering representation. We shal l use 
the following abbreviated notation 

f ( a 1 a k ^ i i ^ » a k + s + V " a n ) = * < 1 k . < S , . « i + B + 1 ) 
s times , . 

, i ) 
(a£ for i >;j and for ± > n , a for ot.^0 are empty sym-
bols) . 

. S ^ I V ' 1 a2+(s-1 J (n-1)' " (s) 1 
s times 

f / j denotes that the symbol of operation f i s used s t i -
mes. We shal l use the notation a for the symbol 

(1+s(n-1)) 
a and we c a l l i t s-adic power of the element a 

(see [3 ] ) . 
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2. Diagonal n-group 

Let G be a group, 6= G0"1 , n>2 . We define n-ary ope-
ration ( f t G n — a s fol lows. Let G ( a ^ , a i 2 > . . . ^ 
i =1 ,2 , . . . , n . 

(1) <?(§., , § 2 , . . . , a n ) = ( b ^ b g , . . . ^ ^ ) , 

where = a n i . . . a n _ i + 1 1 a n - i n _ r . . a 2 i + l a 1 ± . 
I t may described also by the following scheme 

a1 a1 2 ••• a1 n-^ a1 1 &<l 2 • • • a1 n-1 

a2 1 2 S» a2 n-1 1 
a2 2 •• • a2 n-1 

• • 

\ \ 

\ • 

• • 
\ 

s 
\ 

• 

1 an-1 2 an-1 
\ 

Sn-1 D 

an 1 an 2 an n-1 n 1 

b1 

" an 2 

b2 

s. 
an n-1 

bn-1 

i . e . b^ is a product of n elements of G taken from the 
i - th diagonal. 6 equipped with the n-ary operation if i s 
a n-group. We ca l l (G,<p) a diagonal n-group. 

T h e o r e m 1. Suppose that |g| >1, then the dia-
gonal n-group (6,<p) is irreducible. 

P r o o f . An n-group d = ( A , f ) i s reducible to 
k-group (n = 1+s(k-1)) (see [ 2 ] ) i f and only i f f o r every -
c e k there exists d e A such that 

(k-2)s s 
1) for every x e A, f ( c d, x) = x 

2) for every x 1 t x 2 , . . . , x p (p = (s-1) (k-1)+1) 
k-2 „ k-2 n k-2 n k-2 _ 

f ( c ,d,x!j) = f ( d , c ,x!p = f ( x v c ,d,x|) = f ( x v d , c ,xP) = ... 
n k-2 _ k-2 

. . . = f(xJj,d, c ) = f(xJj\ c ,d ) . 

JVe w i l l show that the condition 2) above i s not sat is f ied by 
the n-group (G,cp). 
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Assamme to the c o n t r a r y , t h a t (,6tq>) i s r e d u c i b l e to a 

k - g r o u p . Hence f o r c = ( e , . . . , e ) t h e r e e x i s t s a <3 = 
' V ' 

n -1 
= ( d 1 , . . . » d n - 1 ) , such t h a t f o r = ( e , . . . , e j , (1=1,2 p) 

2 ) i s s a t i s f i e d . 

So 

k - 2 

k - 2 
= £ • » d 2 » * " ' d n - 1 ^ = 

k - 2 

= o , d , x | ) o ( d j £ , d k + 1 , . . . , d n _ 1 , d 1 , . . . , d k _ 1 ) = . . . = 

i k " 2 

= £ - »^k-tj i j**" , d n - 1 » d i » • •• ' d k + i - 2 ^ = 

± k - 2 = 9>(2l»d» S. = ( d i + 1 > . . . , d n _ 1 , d 1 , . . . f d i ) = . . . = 
D k ~ 2 

«= £ A ) = ( d i » d 2 » * ' * » d n - 1 ' = 

k - 2 = o. ) = ( d p + 1 , . . . , d n _ 1 , d 1 f . . . t d p ) . 

We o b t a i n e d d 1 = dg = • • • = = d i . e . d ,= ( d , . . . , d ) . 
Now |fcake x^ = ( x , e , . . . , e ) , i = 1 , . . . , p where x ^ e . 

k - 2 k -2 
£ > d » * i ) = ( . 3cd ,xd , . . . , x d , d t . . . , d ) = p (x ! j , d , c ) = 

p-1 n-p 

= ( d x , d , . . . , d , d x , . . . , d x ) . ' "v ' v v ' 

n - p - 2 p 

ft?om t h i s e q u a l i t y we g e t xd = d , hence x = e which i s 

i m p o s s i b l e « 

3 . A n o t i o n of a r e p r e s e n t a t i o n and a c o v e r i n g r e p r e s e n -
t a t i o n of an n -g roup 

Let V be a complex l i n e a r s p a c e , GL(V) the g e n e r a l 
l i n e a r g r o u p , l e t GL(V,n) denote the d i a g o n a l n -g roup of GL(V)-. 
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R e m a r k . For n = 2 GL(V,2) - GL{V). 
D e f i n i t i o n 1. A homomorphism G—»GL(V,n) 

is called a representation of the n-group G on V. 
Let (G,f) be an n-group, 9: G —*-GL(V,n) i ts representa-

tion on V. Let T : G — b e an homomorphism of 
the n-group G into the free covering group G(2). Let 
T - T © . . . © V. Define jt GL(V,n)—• GjL(V) by ' 

n-1 

(2) j (A.j , . . . t ) (x^ ,*21 • • . ) = C 1 ^ 'A1 ̂ X1 ^' * * * 
• • • 

for A€GL(V,n), A = ( A 1 , . . . ,AQ_1). 
We w i l l show that j is a homomorphism of GL(V,n) into 

j (<ip( Â  , . . . , ) (x^ , . . . ) = j ( A n - 1 n-1 * * *A11' * * * 

• , , , A n i A n - 1 i - 1 " * A 1 i An n-1An-1 n - 2 , , , A 1 n-1^x1»'# ,»xn-1 , : 

= An n-1An-1 n -2" * A 1 n-1 *xn-1 } 'An1An-1 n-1 * ' • A11 *X1' * ' ' *J» 

V (d (A 1 ) , . . . f j {A n ) ) =V»((A1 n _ 1 ,A 1 1 ,A 1 2 , . . . ,A 1 Ja_1 ) , > . . ) = 

= ^ An n-1An-1 n - 1 , , , A 1 n-1'An1An-1 n-1 ' ' , A 11»* ' '^* 

Hence there exists a unique homomorphism G(2) —GL(V,n) 
such that f>x(g) = ¿<>(g) 

G i 2 , (n -1 ) 
I ^ P 

D * ? 
GL(V,n) ——•> GL(V) j 
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On representations of cyclic n-groups 1 

We call the above representation § a covering representa-
tion for £ . 

4. One-dimensional representations of cyclic n-groaps 
Let (G,f) be a finite, abelian n-group, let V be one 

dimensional, complex vector space, and let p: G—GL(V,n) 
be a representation of the n-group G in the space V. For 
an arbitrary geG and xeV 

(3) (?(g)(x) = (a^ an.ix)» 

where a ^ » a g » . • • a r e complex, non-zero numbers. Next 
we shall consider the free covering group G(2) of the n-group G, 
and we shall proof the following 

L e m m a 1. If G is an commutative n-group, then 
the free covering group G(2) is commutative too. 

P r o o f . G is oommutative if and only if for every 
g1,&2>'"t&a

€Gf f ( g 1 . ,gn) = fig^^j, «̂ (O;) »**• 'giT(n) ̂ » 
where <r is an arbitrary permutation of the set {l,2,...,n}. 

Let g,h 6 t(G), Suppose that gh t hg. Since r: G — • 
~~'""G^(n-1) i s a monomorPkism of the n-group G into the free 
covering group G(2) x (g* )r(hr) i t(h'}t(g'), where g',h' 6 G 
and tr(g') = g, T(h') = h. Let h' be a skew element to h'. 

Since «(g,)*(h,)*(h,)n-3T(h') = x(h')r(g')r(h')n_3T(h'), 
(n-2) _ (n-3) _ , (n-3) _ 

(f(g', h' ,h')) 4 t(f(h',g', h' ,h')), f(h',g', h' ,h') = 
, . (n-2). _ (n-2) _ 

= f(g', h' ,h' ) because G is abelian. Hence T(f(g', h' ,h'))ji 
(n-2) _ (n-2) _ 

¿<r(f(g' , h' ,h' ). Because f(g', h' ,h') = g' (see [1]), so 
g* 4 g' and we get contradiction. Hence gh = hg. Since t(G) 

k k 
generates G(2), for g,h € G(2) \*(G) we have g = g.,1.. .gL,m, 

p1 ups * h = ̂  ...hs (kifpj e{i,-l}, g l lh 3 6t(G), i = i,2,...,n| 
k.. k p1 p p1 p ki k 

0 = 1,2,...,s); gh = g1
1...gm

mh1
1...ha

s = h1
l...ha

Bg1
1...gm

11 

= h*g, which completes the proof. 
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By the identity p*(g) = 09(g) we observe that £x(g)(x) 
= Ö9(g)(x) = ( Q n - 1 x n - 1 , a 1 x 1 S o the m a t r i x o f 

the transformation pt(g)eGI(V) is 

( 4 ) 

n-1 

* * 

U an-2*"® 

where â^ 4 0, i=1 f 2,. * . tn-1. 
Let g 1 fg 2

eG and let fig.,) = (a1,... ,aJl_1), ?(g2) = 
= (^.....b^). 9(r(g;))9(T(g*2)) - J W g i W g ' g l ) = 
= $(*(g'2)*(g})) = ?(t(g,2))9(T(g'1)). So if the matrix of the 
transformation )) is 

n-1 

0 
and the matrix of the transformation ^(zlg^)) is 

"O b. 

B = 

n-1 
'1 

. 0 

0 n-2 
then AB = BA> ol«arly 
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On representations of cyclic n-groaps 7 

AB = 

0 

0 

BA = 

0 . 

0 . 

b2 a1 

0 

an-1bn-2 0 

a1bn-1 
a 2b 1 * • 

0 •o -o 

an-2bn-3 

bn-1an-2 
0 b1an-1 

••::••. 0 
•0 -0 

bn-2an-3 

Comparing the coordinates of the matrices AB and BA we get 

(5) 

( 6 ) 

an-1bn-2 = bn-1an-2 
a1bn-1 " V n - 1 
a 2 b 1 = b 2 a 1 

an-2bn-3 = bn-2an-3 

n-2 v 
n-1 T bn-1 n-2 

a - > - 2 a 

n-2 H 

a - b n-2 " n-2. 
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an_? Hence there exists X = . such that a., = Ab., for 
n-2 1 x 

i=1,2, . . . ,n-1. Take an arbitrary gQe G and let = 

= ( a 1 , . . . , a f l _ 1 ) then ^(g) = (Aga1 . . . . »Aga^^ ) . let g 1 f g 2 , . . . 

. . . , g n e G , ^>(f(g^)) = <p ( f ( g 1 ) , . . . , ? ( g n ) ) . On the other hand 

- U f ( g n , a 1 " " 

" " " f ( g n ) a n - 1 , , » ( ? i g 1 ) ? ( g n , ) = ( V 1 V l ^ * * * A g1' 

A 6 n - i a 1 " , A g i a 2 \ a n - l \ _ 1 a n - 2 , " A 6 1 a n - 1 ) = ^ V * 

\ r a 1 a2* * *an-1 ( a i > a2' * ' *'an-1 ^ * 

Thus 

• • • 

n n-1 
( 7 ) W ) = T1 V n a i f ( V i=1 1 i=1 

Suppose that G is a cyclic n-group of order k and gQ€ G 

generates G(g<k> =-gQ ) . Denote = g y Ag = ^ FT ^ , 

/n-1 \ k n-1 
1 - = <k> = n a , ] . Denote f f a± = t, , for 1 < p 1 k 

= t , P ( a i » * " » a n _ 1 ) . I t comes to the following 

T h e o r e m 2. I f G is a cyclic n-group of order 
k,^ : G GL(V,n), dim V = 1, then for every g € G, ^(g) = 
= ^ p ( a 1 , a f l _ 1 ) , ( p ^ k ) , where i, is the root of the unity 
of the k-th degree, a1 , a 2 , . . . ,an_., are the complex non-zero 
numbers. 
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