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Introduction

A notion of an m~-th liminal function of a given figure F
has been introduced in [3]. The homothetic (n+1)-covering for
the family of frustums of an n-dimensional simplex is consi-
dered there and the (n+1)-th liminal function of such simplex
is determined. Also in [3] the same problem is considered for
the homothetic (n+2)-covering for n = 2 and n = 3. 'In the pre-
sent paper we ocontinue these considerations for the frustums
of a 2-dimensional simplex, il.e. for the trapezoids. The
object of our considerations is a homothetic r-covering of
the trapezoid for :?6{5,6,7,8,9}. For every such r we
determine and investigate the r-th liminal function of tra-
pezoid. At the end of the paper we formulate some opeh que-
stions, which appeared in this study.

1. Prelimingpries

We recall some notions, which we will use in the secquel,.
By a homothetic covering of a figure F we mean each family of
figures F1,F2,..., homothetic to F, such that F‘CF1tJF2u coe
Such covering is called essential, if a removal of some mem-
ber leads to a family, which does not cover F, An essential
homothetic covering of F, which consists of m members, will
be called an m-covering. In this paper there are considired
only the essential homothetic coverings of a given trapezoid.

For a figure ¥, there is defined the m-th liminal number:
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2 H,Brzozowska, S.rudali

befinition., Let K®(¥) denote the set of
numbers k €(0,9), for which families {k1F,...,kmF} with
k.<k do not cover F, The least upper bound of KZ(F)
is called the m-th liminal number of F and denoted by kg(F).
By a liminal homothetic m~covering we mean a covering
{x,#,00y,d ¥} 0f P with k. = KD(F); it will be denoted by

J
Cova

lhe position of kiF in Covt F is in general stable for
each 1, i.e. an arbitrary translation. - of some k:B‘eCov of
in general leads to a family {k N {5 F),...,krr} not

covering F. Hence we say that Covt F is rigid if for every
tranglation T and for any figure kjF we have {k F,...;t(k F),

...,krE} # CovoF. In the opposite case CovoF is called

non-rigid, If Cong is non-rigid, then by definition there
exists at least one translation T such that for some
je{1,...,z} we have {k1F,...,'l:(kjl"),...,krF}= CovpF. But
if there exists more than one of such translations, then, for
some j, there is a number s €(0,1) such that k.F in
Cong can be replaced by skjF without a breach of the co-
vering condition. '

Yu. Belousov [1] and S, Fudali [2] showed, that for the
triangle T

3-". __2_. 4 5” ——8 6 =l
Q) =5, k) - —ff-, k(1) = g3, k(1) =5 ,

(1.1)

7 5 .8 9 2 10 1
k(1) =43, KM =2, x4 =%, % -F.
It is easy to see that for an n-dimensional parallelepiped

R® there exist homothetic m™~coverings only (me€{2,3,e..})

n
and k§ (R") =& (comp. (1.3) in [31); in particular

(1.2) K (®2) = 1 ena KJ(x?) =1,
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Homothetic coverings of trapezoids 3

Let TP denote the trapezoid A1A23231 in which the ra-
tio of the upper to the lower base is equal to pe€(p<1). It
is easy to see that TP is a frustum of a triangle A1A2A3
and hence
(1.3) Al - (1-p)atad ana BYa3 - patad (1€ {9,2}).

The given number p€(0,1) determine a family of trapezoids.
Changing p from O to 1 a one-~parameter class of trape-
zoids can be received. A4 particular specimen of this class is
a triangle T (p=0} and, on the other hand, it is a paralle-
logram R (p=1).

To every p€<0,1)> there corresponds an r-th liminal
number of TP; for this reason we have a function p —-k (Tp),
which is called the r-th liminal function of TP, This func—
tion (for re€{3,4}) is determined in [3 , Theorems 1 and 2],
namely

% 1f pedo, 1),

5p M pE€ (5 1)
2 if ped0,3),
max(%,-é‘l—-) if pe<0’.3_-ﬁ> 7 . 4
4(pP) - ~P 2 1. 1 35
(105) kO(T )= . = 2—_p if pe(z’.lé_i .

2mp . 3-
Fglf pe( % ' -§—% if pe(—é-f ™

2. The homothetic r-covering of a trapezoid for r €{5,...,9}

Theorem, If TP is a specimen of a class of tra-
pezoids, then the r-th liminal function .of TP, for r €{5,...,9},
has the form
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(1)

8 1
= = if pe{0,p
max(7i5%5) for P6<°’m>/ v (3.2 p
ir pe (§,250,

-p

39T 2
max(2,7 2p) for pe( )l 42p ' pe(B—'Z,j %>’

(2.1) kg(Tp) =

L% if pe (% 1)-
(11)

(2.2) kg(Tp) =% for p€<0,-;-);

(ii1)

7 12 peCO,,
nax(;3i525) 1f pe<b,z} b 75 1 PE(dia
(2.3) kZ(Tp)q mx(%,ggfp) if ps<,1;,"5' '1'77‘>=1 ,1% it pe(%“.lg.>,
52 1r pecis 177,31@> 3__;; " x(g; 7T,

% if pe(ﬁzﬁ.ﬁ" i

“

(iv)

’

% for p 6(0,%),

(2.4) KS(17) ={ 555 for P“%vikﬁ)'

§3 tor pecifE, 15,
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Homothetic coverings of trapezoids 5

(v)

| 2 12 pedo,3),
) _
max(-%,B_—;P) if Pg(o.l‘_'ﬁ) 3%5 if pe 1’7"@ ,
(2.5) ()2 10 pe(15,25 J)52p iy (0331
e 11-2p 2 B K- I W N
1 9-4p 3-2 1
Pt e e el
-2 3
it pe(2, 1.
ERL

Proof. Tosimplify our considerations we assume in
the séquel that all considered coefficients of homothetic
transformations are equal esach to other. Moreover, with re-
gard for the shortnéss,of the proof, we prove in complete
only conclusion (i) and for the next one we omit the evident
operations,

(1) The trapezoid 7P can be covered with rive homothetic
to TP trapezolds Tg,...,ﬂg in two different wuays, similarly
as ones of the A and C type for a 4-covering of 1P (see q3]),
1.64:

1°. The centers of homothetic transformations for TF
and Tg lie at the vertices of the lower base of Tp, the

center for Tg - ét the common point of extensions of AiBi

€ {1, R 8 placed in such a way that it covers a par
(1€ {1,2}), T} is placed i h that it t
of the triangle FIF°H which is not covered with T$, Tg, Tg,
and Tg covers the rest of the triéngle FTF2H (Fig.1). & 5-co~

vering of TP obtained in this way will be called of the
A type.

2%, The centers of homothetic transformations for TP
(3€ {1,¢40,4}) lie at the vertices of TP and Tg is placed

in such a way that it covers the triangle F'F%H which is
not covered with Tg (Fig.2). This S~-covering will be called
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6 H.Brzozowska, S.Fudali

A

1 ‘a
Fig.1 Fig.2

of the C type. (4 5-covering similar to a 4-covering of TP
of the B type is impossible; an atitempt to construct such
5-covering leads to the contradiction). Five trapezoids cover
TP in the way of the & type if the inequalitiles
1dcaipd 1 152,42 2
(2.6) A783< AiBi and O<A33-(AF+F )gz 5A5
are satisfied; the first -~ to cover the lateral edges of Tp,
and the second - to cover the triangle F1F2H {the part of

the triangle F F2H which is not covered with Tz) with TP

5.
Because
1 4 - 1 1 11
A3+SF° A3+SF + PP o?
ii-_ 1 2_,1,2y _ - 1,2
(2.7) ABF = A3A3 (A A AiA ) = (k3+k. 1)4°A
1al _ 2 _ ol 2 2 1 1. 2,2
F F° = HA4+B = A4+sA4+s (A3+SA3 A3+SF P A3),

where s = 0, hence (2.6) is equivalent to
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Homothetic coverings of trapezoids 7
| (1=p)ky+iy> 1 (1€ {1,2}),

(2.8) 0 < 4-2(ky+kp+ks) =k,
4-2(k1+k )-k4\2 5e

The last inequalities form a necessary and sufficient condi-
tion for the existence of Cov Tp (the family of 5-coverings
of the A type). Setting ky = ‘a for each ;je{1,...,5} in
1 4 -3

(2.8) we get the sysi.;em‘ m)E_—p y B<%, m,15 o Then

8 1 . ;
Mz(’l‘p) = {(max (ﬁ ’ 5:5), 4—) is a set pf its solutions. The-
re is shown in [3] that inf MJ(F) is the r~th liminal num-
ber of F for any r and Q. Hence

15 if pedo, P
(2 9) ks(Tp) = max "g 1 =
* A 15 2=p 1
751 ve(§. )
To cover TP with five homothetic to TP tfapezoids
T%’,...,Tg in the way of the C type it must be

i

A1 2
4 Bi

zalA%_i (i€{1,2}) and 0<A4 - (A4F1+F2A3)<—;- A;A‘;_

(the first - to cdver the lateral edges of Tp, and the se-
cond - to cover the triangle F,1F2H), which are equivalent to

ki"'ks-i 21,
{2.10) 0 < 2=p-k, =k, (1 p),

L 2-p-k 'kz-k3(1-P)< 2 S50

iii

because of A5 1A3 =atad-(als b= {1-C01-p)-kg _y (1-p1T} 4 13,

= [p+k5_i(1-p)]A 143, which implles that
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1,2 1,2
4443 = [p+k5_i(1-p)]A A

(2.11)
i 1,2 2,1 _ 1,2
Ay sF° = A4 -(A A -AiAi) = [p+k5_i(1-p)+ki-1]A AS,
The inequalities (2.10) form a necessary and sufficient con-
dition for the existence of Cov3IP. Setting ky=m for

each J 1in (2.10) we get Mg(TP) =<max(%, —%E%-g), —%Eg—) es
a set of solutions of the obtained system of inequalities,
Hence
4-2p
-2

28 ir pedo,

(2.12) K(TP) = max(% $§§§)

3 if pe (%, 1).

The 5=-th liminal number of TP is the minimum of ks(Tp) and
k5(T ). Hence we have (2.1) in view of (2.9) and (2 12).

(ii) & homothetic 6~covering of TP can be constructed in
three ways: in the way of the C type as one for Covg'l‘p and
in two other ways, which will be called of the 4 type and
the B type. Jn toth these ways the trapszoids Tp Tg, Tg
are placed in this came manner as in Covsu but the placing
of the rest of homothetic trapezoids in the covering of the
4 type is different from the one in the covering of the B ty~-
pe. In the 4 type the centers of homothetic transformations
for Tg,
parts cf the lower base or the lateral edges of TP , Which are
two times covered or are not covered with the trapezoids
1?, Tg, gg (iige3)s In the B type the mldp01nt of the lower
base of Tz lieg at the common point of the lateral sides of

Tg, Tp respectively lie at the midpoints of these

T$ and TS,
mon point of the laterel sides of 13 nd Tp for each 1.€{ﬁ 2}
(f.“ig.‘l)o '

and the lower base of T? . passes through the com-
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Homothetic coverings of tr.abez."'..\ls . 9

Fig.3 Fig.4

1o cover TP in the way of the A type it must be

1.2 2 41,2 i1i,,1 i 1i o, indl s

B'B < A3AS, ATBy+A;_; By j+A3By > ABy (ie {1,2}),
(2.13) ’
2
1

2 1,2 11 n2nt1 2.2 1,2 .
A3-A353>iu A6B1+P F2+1255 A6A5 203

the first two inequalities - to cover the upper base and the
lateral edges of Tp, and the last two ones - to cover the
triangles F;Fgﬂs (se{0,1,2}). 'rhese inequelities avas zcui-
valent to

ky>p, (1-p)(ky+ky _s+kq) >1-kgp (1€{1,2}],

(2.14)

wgtkgr(ks~ky ) (1-p) 31, ko+tky+kqtk

1otk = (kK <k

J(1-p)»2

7-1i
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because of

[ ip1 3_qi,3 3,
a1} = at-la° = (1-kgppata
iyt - 12-(AA-A1 42_,)

1, pen) 2 2 2,,1,2.,1,2
A6F +F F2+F2 5 3A6A5 3A 4%447 A1+A2A +A4A4,

4 §4% = 3 [(1+ky=(iey-keq_y M1-p)] 4742
the last equality follows from the one of

143 2 ata3t,

o atadoraipl o Ipatad_aipgi_aia3
A4 AA-[ABi+2-(AA -A"By-A A)-

7i"

1 .1 i
-5 A7_3B7.]

% [1+k5- (kg ~ky s ) (1-p)] ata3,

setting ky for each § 1in (2.14) we get MS(TP) =

=m
-(ma.x(a, — ) kg(Tp)&, because it must be m<k2('1‘p).
Then

(2.16) kg(T.p) =% for pé€ <0, %)’

because for p>; there is ks(Tp) — in view of (2.1).
TP -can be covered in the way of the B type (Fig.4) if
(2.14) 18 eatisfied (to cover the upper base and the late-

ral edges of ™P) as well as (2.13). The last is equivalent to

(2.17) 2(k1+k2)+k3+k4+k5+k6>4,

because in the considered case we have

(218)  alaZ = aTa? - -;- 83020242 = [1 - L icy- (1 4kp-1)] 212

The inequalities (2.14) and (2,17} form a hecessary and
sufficient condition for the existence of Cov-BTp. Then
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u§(1P) =<ma.x(%, 3_-%3)' ©(1P)) = u8(1P). Hence kg(Tp) =

g
= kg(Tp) for each p € <0, %).
To cover TP in the way of the C type the trapezoid Tg
must cover only a part of the triangle F1F2H (Fig.2} and the

rest of this triangle, i.s. a triangle F1F2H ought to be
covered with a trapezoid Tg For this reason {2.10) nust
be satisfied (to cover the lateral edges of TP) and

0< A4A§ - (A1F1+F2A§)<% A%Az. The last is equivalent to

(2019) 0<2-p~(1-p)icymky -y = F ks o 2[2~pr{t=pliey-key-krp=Pis]c 3 kg

(3e{3,4}), Dvecause of (2,11) and (2,7) iwhere s = 1},
Set k, = m for each i,j in (2.10) and (2.19). It gives

Mc(Tp) = (max(;, ﬁ) %Eg—g—) and in conseguence we have
8-4 1
T')"-T% if P€<0:4>o

1 11
7 i pe (4'2)’

Hence, from (2,16) and (2.20) we get (2,2) as the minimum of
these functions. '

(111) A homothetic 7~covering can be obtained in three
wayss in ones of the A and B type (which correspond to such
ways for 6-covering) and in the way of the D type. In the
last one the centers of homothetioc transformations for T%’

(2420) kS(TP) = (%, Ts:‘}%) =

and T are located at the vertices A1 and 42 of TP respecti-
vely, and the center for Tg - in the midpoint of the. part of
A1A2, which is not covered with T.‘,’ and Tg. Then the lower
base of Tg_i is drawn through the common paint of lateral
sides of T§ and TP (for each 1€{1,2}) and the lower
bases of Tg and ’l‘g - through the common point of lateral
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12 H,Brzozowska, S.Fudali

sides of Tg and Tg (#ig.5). (4 way of covering of 1P in
which the centcrs of homothqtic transformations for T?, TP,

Tg, Tg iie at the vertices of TP and the centers for

Fig.s

7 .
and the lateral edges of P which are not covered with

T?,...,Tp leads to no T=covering but to 5-covering of Py,

4 . 1.2 . Lo
Let the triangles F FEH, (se{0,1,2}) included in T

Tg, Tg, 12 - at the midpoints of the perts of the lower base

be not covered with T?,...,Tg in the 6-covering of the A ty-
pe (Fige3). Then (2.14) is satisfied (%o cover the upper
base and lateral edges of TP) and (2.14) is not satisfied,
i.e. it is

(2.21) 1~Lq+k‘._‘-|—(lci'—k7_i)(1—p) <1y kytkptkgtk,-(k; -k, ) (1~p) <2
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gomotitetic coverings of *trapszoids 13
&

(i€ {1,2}). vthe mentioned triangles one csr cover witl. Tg,but

i1 ind , 12 11 22,..1.2 1.2 ..
then must be Ay ay<agBy and & ac-a eq-anh < banay (hono is
a stright line paseing through the points H1 and 1-12; rige3),

which is equivalent to

(2.22) 1';1+1:2+2k3+1:4+2kr((1-p) >3
and
k1+i:2+k4+2(k3+1~:5+k6+k7) + (l:1+l\:2-k5-k6)(1—p) >5

i.3

- 14 1.3 1,1 i, i4 i
because of (2.7) and AOA3 = ATa7-aTAY 834 ¥

l -
0[17 = 63 o?

AiA§=%(k1+k2+k4-1)A1A3. then, from (2.14), (2.21),
5

§ AR
(2.22), we get MZ(lp) =<max(ﬁ T—g—p)-’ﬁ)' Hence

1,
y &

72 if pe0, T,
(2.23) kg(‘l‘p) = max(‘]_?.’ _L>=

5 1t pe(F 3)

Consider the 7-covering of B type. For each je{1,...,7}

kj< kg(‘i‘p) = % must be Here and for this reason the lower

base of Tg is included in A1A2. This fact leads to the
1,2,,1,2,,1,2 1,2
A1+A4A4+A2A 244

inequality 4 {(to cover the lower base

of TP), which is equivalent to
(2.24) k1+k2+k3>1.

Let the triangle F'F°H be not covered with LSRR

(Pig.4). To cover this triangle with T.‘; it must be 0<A;A§ -
- A;F1 - F2A§ <3 A.}A%, which is equivalent to

1
(2.25) ky+kotkotk, +kotlg <3,  3-k,-ky-ky-k,~ko-kc< 5 Ky
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in view of (2.15), where A%Ag'has other form than in (2.15),

namely afaZ = a%a% - 1 (a 1a24a0024a002-0742) (1t 15 also

other form than one in (2.18)). The inequalities (2.14),
(2.24) and (2.25) form a necessary and sufficient condition
for the existencs of Congp. Then MB(TP) --<max(13 '3 2p)y2)
and

pury
wijon

1£ pe<0, 73
(2.26) k1 (7P) = max(3$, 355) -
‘ 1
m if pe(i‘%, ‘2—)0

TP is covered with T?,...,Tg in the way of the D type
{fige5}) if (2.24) is satisfied and

B'pl+r282>8'82, almlaal Bl +al Bl >4 Bé .

(2.27)

ii ii i 9,1
AThg ;S ATBy, Ag_jAg 4 < 1;6 136 g (ie {1,2})

(the tirst two ~ to cover the upper base and the lateral edges
of TP respectively, the last two - for the existence of H

1?
H, and H ), which are equivalent to

\6 p< 2(k +k2+k3 4+k5)+k6+k7,
o28) (k +kg _ 11(1=p) 3 Ky ythabk, +kg -2,
k +ka+k3 1+2ky (1-p),
1+k2+k3+2k4+2k s-3< 2kg 5 (1-p),

because
' - 342 -



Homothetic coverings of trapezoids 15

~

&'BY 4 = alAp_y+AE 45 4 +Ag_iBg s
A;Ai = A1A2-A;A$ = %-(3—x1-k2-k3)A1A2,

(2.29) ) A1AZ = alaZ-alaE - 2A;A§-A1A3-A;A§,
Bt = B182-(alaZ-al 15 ).

-~

From (2.24) and (2.28) we get M%(Tp) =(%9,min(1—_,_-12—p, +2p'%“

because there must be m<kg(‘1‘p) = %for pe<o, -;—). Hence

(2.30)  k}TP) =8B for pedo, 1Y),
because % it pe <o, 12_>,

an(—1. 3 1y _
m‘J"n(1+2p’ 5+2p’ 2) - 1 1
—1—+'2—pif pe(2. 1).

Then we have (2.,3) in view of (2.23), (2.26) and {2.30).

(iv) A homothetic B8~covering can be constructed in three’
ways: in one of the A type corresponding to the A type way for
T~aovering, when T'F; covers not all triangles F;Fgﬂs
(s €{0,1,2}, Fig.3), and in the ways called of the C and B ty-
pe. In the last one the trapezoids T?,...,Tg are placed as
in 7-covering of the D type (Fig.5), the midpoint of the lower

base of Tg coincides with the common point of lateral sides
of T} and Tg, and the lower base of Tf . (1 € {1,2}) includes

the common point of lateral sides of Tg and Tg-i (Fig.6).
The C type of 8~covering is constructed in the following way:
the trapezoids T%’,...,TE are placed as in 6-coyering of the
A type (Fig.3), the midpoint of the lower base of Tg-i

(1€ {1,2}) coincides with the common point of lateral sides
of T§ ‘and TP, a laterel side of T5_, is included in

4’81 and the lower base of 1‘.")_‘1 inclndes the common point
of a lateral side of T§ , aud of = lateral side or the

upper base of Tg (Fig.8).

- 343 -



16 H.Brzozowska, S.Fudall

- 344 -



Homothetic coverings of trapezoids 17

-

Let T$ cover in the A type way only the triangle FIFoH

1F4H,
and the part of the triangle F.FoH_ and of FyFaH, «(Fig.3).

o 00
Then the triangles Fngﬁo and ﬁ; gﬁz ame not covered

(PigsTb)s To cover them we can use Tg. Then {2.14) and
(2.21) must be satisfied (%o cover the upper base and the la-
teral edges of TP and not cover gll of triangles F; gHs).
To formulate a necessary and sufficient condition for the

existence of Covi’l‘p we introduce an suxiliary triangle

0102C3 (homothetic to the triangle A1A2A3), wnich' covers

all “; gHs g€ ﬁ) 1,2}, Fig.7a). The trapezoid Tg covars
P . . s e s

FoFoHo and F2FEH2 iff for each je {1,...,8} it is

kj<kZ(Tp), (2.22)i is satisfied and

(2.31) 452828 ana olcPq alaZ4FlF,
We have

12 _ ;1.2 1 1,2,..1,2 .1,2_.,1.2 1.1 _72:.2 _
(2.32) C'Co = 4an® -5 (A1A1+A252+5AA4 4'4 )—ABFO—-OAB =

—_

=[—2 5 (k +ky+k )-k3 5-k6+(}' +kg-k, -k2)(1 p)] A1A2,

because of (2.15). Now replenish Tg to the triangle
2,3 . ; ) ; 31 p2 3 T 42p2
A8A8A and notice that the triangles Fy o 8 and H2a, >

are equal ard

22,3 _ 2.2 1,,2.3 .22 2,2 _ 202 022 17,2 3 2.2
roAS = 68F2 = 2(A8n8 EZFO), rSFO = A8F2+F2Fo = 2(h ag +F5 T )y
2.2 2,2 .23 .23 [1m..
FoFo= hgh3 = ach -434 _{ 5 (1 +k3=(ky=ks) (1-p]] ~i }h a”.
It gives
(2.33) Flu? - [1» ~kes + 2+k5+k3—1)]A1A2.
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Using (2.32) and (2.33) in (2.31) we obtain

1< k3+(k2-k5) (‘l-p)+k8(2-4p),

(2.34) % - Sl ek, )-k3 kg kg +(Kg+kg=ky =k, ) (1-p)<
ky + ki + S 0epkgeks-1]]

From (2 14)’ (2021)’ (2.22) and (2.34) we get Mi(Tp) =

Cmax( —_g—p),T?-) because it must be m<kZ(.'l‘p). Hence

PO
—

12J5- it pe<o, 71,

(2.35) (1) = mex(3l, =do) -
]

3 1
755 if pelyp 5.

TP can be covered in the way of the B type if the common
point of lateral sides of Tg and T$ is placed above or on

the upper base of TP, Then (2.24) and (2.27) are satisfied.
The last is equivalent to {(2.28) and

(2.36) 6-p < 2(];1 +k2+k3+k4+k5)+k6+k7+k8,

because in this case

’
(2.37) A7A6 = (3-k -k2-k3-k4-k5--§ kB)A

for this reason that 7A3 = 4 A3 (A +A1 o+A81"‘ ) Then from

(2.24), (2.28) and (2.36) we get MS(TP) =< 558,
min(TT‘]:,—p, 3+_§p)> and

(2.38) K3(TP) =§:|‘-§- for pe<o, ”—"%’—63%
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TP can be covered with T?,...,Tg in the way of the

C type if the common point of lateral sides of Tg and T

p
5

(i.e. the point H, in Fig.8) is placed above or on the lo~-

wer base of Tg Thls leads to the inequality
i i i

(2.39) AZ’H1+A9_iQi+A4+iH >al A7 i

Simultaneously there must be

A 182,5182,5182 1,2,,1,2
(2.40) BB +B4 it 232<A6A <Aghs+hghe,

for the existence of the points H , H, and H,. Also (2.24)

must be satisfied,

:3
/
VA
s\
8) g2
TP
3 |
p [
T, TS

° v s
A - ' 2
A
Fig.8

The inequelities (2.39) and (2.40)-are eguivalent to

ky+ky+kq+k a*kgtigtky 4 23,
(2.41") (kg +hytky ) (142p) +kg_y < 3,
ky+kytky+hkg g +2(kgtkg) >B,
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-4.3= -i.3-1
if G, belongs to the lateral side A7 ™% of 1P (q e B,
or to .
k3+k5+k6+2ki( 1-p) 22,
(2.417) (kq+kotk, ) prks (1-p) < 1,

1< ki(1-p)+k5+k6,

Ty ¢ 3-i 3"'i
if G ¢ 4777B]TT, because

1 —alp2,,1,2 1.2
ASA = A6A6+A5A5-ht35
("ulch implies a length of A H )}, and

4+i 0

1.2 1 RIS 3-in3-1
b = B(3=ky=cymkykg_;)4'4%  (if Q€ W371B3Y)

or

ighs = [1-k;(1-p] 4142 (ir q;¢ a3-1p3-1)

an the base of the trlangle A1A2A3 Note also that
3=1ip3-1i alpt .

Q € A3 B irf A4Hl 9-iQi\ i’ i.es if

(2.427) ky+lovk, kg 4=2k,; (1-p) <1

and G € 437131 ir
(2.42") ky+kythky+kg s =2k; (1-p) > 1,

From (2.41') and {(2.42’) we get M%,(Tp) =<%, 2+_;p'> and con=-
sequently

(2.43) K3, (1P) =9 for pedo, £

On the other hand, if p)%— , from (2.41") and (2.42") we ob=

tain Mgu(TP) = (max(s75, zas), KI(TP)), and

o) ) -y e ned, D,
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Then, in view of (2.43') and (2.43"), we have

. % 1f pe<o, P,
(2.44) kg(TP) =

—2 1 1
5-2p if pe(g, 3)

Taking into account (2.35), (2.38) and (2.44) we get (2.4)
as the minimum of these functions.

(v) A homothetic 9-covering of TP can be constructed in
four ways: 1° in one of the A type, as for 6-covering, if eve-
rylof triangles F.P2H_ (se€{0,1,2}, Fig.3) 1is covered with
other homothetic trapezoid, 2° in one of the B type, as for
8-covering, if the trianglé FIP°H  is not covered {Fig.6)
and 3° - 4% in ways of the C and D type. The way of the C type
is following: the centers of homothetic transformations for

T?, Tg, Tg, T$ lie at the vertices of Tp, and for Tg and Tg

- at the midpoints of not covered part of lowser or upper base
of TP respectively. Trapezoid T§+i is so constructed, that
its lower base includes the common point of lateral sides of
5 ana 1§ ; (ie {1,2}, Fig.9), and 1§ - so0, that its lower

base 1ncludes the common points of lateral sides of Tz and Tg

and of lateral sides or of the upper base of Tg. The way of
the D type differs from the one of the C type by the placement
of Tg only; in the D type the lower base of Tg is contained

in this same straight line as the lower bases of Tz and Tg.
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Let T$+'s be covering the triangle F;F§HB (56{0’1’2}’
Fig.3). Then (2.14) 4ie satisfied and 0<F;F§<% ?7+BA$-}B'

which is egquivalent to

-
1> kg+kot(ky =k 3 )(1~p),

1
1-kg=kg-(k;-ky_4)(1=-p)< 5 kg (if 8=0),

5

3 < 3k3‘3(k1"k7_i) ( 1"-P)+2(k1 +k2+k4) ?

[ 3ke3=30ky =k _y ) (1=p)+2(ky+kptk,)-3< 2Ky (4F s€1,2h)

because of (2.15). Then, from (2.14) end (2.45), M3(TP) =

=<m8.x('g, 3 1

3=2p) >; hence

% if PE(O. '41’>!
9Py _ 2 1y -
(2.46) kA(T ) = max(s. 3;-2?)
725 1 peld P
20 cover the triangle F'F°H with 0 in the way of the
B type it must be satisfied (2.24), (2.28) and 0<B'B? -

- (8'P4¥%8%) <} alal. The last is equivalent to
2( k, +k2+k3+k 4'+k5 ) +kgtkatkg < 6=~p,
(2.47)
6-p < 2( k, +k2+k3+k 4+k5)+k6+k,7+k8 + % k9
because of (2.29) and (2.,37). Prom (2.24), (2.28) and
9Py _ s 12=2 6~ 1
(2.47) we get MB.(T ) -<—2-7-2,min( ‘ _1+2p”’ Hence

(2.48) g(1P) = 12522 ror pe<o, '1_1:7@"

To cover the triangles FiFH, (i€ {1,2}) with 0 in the
way of the C type (Fig.9) there must be satisfied (2.24),

(2.27) end
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[ doig pigd
A < 4383,
14 1 i i
(2.49) $ atptond Bl -alet< agEs,

2

11, g2
| A7F1+F1F2-A7

The inequality (2.27) is equivalent to (2,28), and (2.,27)
and (2.49) - to '

(:k1+k6-i+k8—i) ( 1-9) > 1-99
k2+pk3+k6-i <1,

(2.50) .
ﬁ 2-p< k2+k3+k6—i+(k8-i+k9) (1-p),

| k1+2(k2+k3)+k4+k5+k6_i+2k8(1-p)+k9 >5-2p,
because
(2.51) alet = atag_+Phet = (kpregeig 104707
(PiQi is an edge of a triangle, whioh has the base PiAjG'_i =

- al a2 1,2_(,1,2_,1,2

= Ag_38¢_s-[Agay-(a"a%-4247)]), and

p2pl

FyF,

1,2 _ plp2_pl1p2,,1,2 1,2

(2.52) < Anhg = B'B“-BgBg+Aghg = [p+kg(1-p)] 4 A%,
i oi 1,2_,1 2

= ala2_ (41,2, -
A8_1F1 = AgAg-(ATAT-A3AT-4, 145 .4).

1,2 11,2 31521 _ 21220 rata2o( a1 224920 1,2
hphg-(A A-bghg) = ApAg-[A"AZ-(A3A7+P A7) -AgAg),

Setting ky = m for each je{1,00.,9} 1in (2.24), (2.28)

and (2.50) we get Mg(Tp) =<1—?§§%, '2'-1—p'> as -a set of solu~-
tions of the obtalned system of inequalities, Hence

(2.53) KQ(1P) = 1388 for peO, D
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In the way of the D type a trapezoid Tg must cover both
trisngles FiPSH, (ie {1,2}, Fig.9). Then (2.24), (2.28),

(2.50), (2.49) must be satisfied and Af Ay , < AcAs. The
last two inequalities are equivalent to

9-4p < 3(ky+kptky)+2(k +kotkg ) +4kg (1-p),
(2.54)
3-2p<k +k2+k3+2(k8_i+k9)(1-p),

: 2.1 _ 4142 0,1,2_,1,2
because in this case we have F1F2 = A7A6 (A5A4 A9A9) (other

than in (2.52)). Prom (2.24), (2.28), (2.50) and (2.54) we
get M%(Tp) = (max(Tg:—ig, -%—:—i—%), 1+;p> and we have

—g—E1 9:25) if p€<0, '3">s
3-2p . 3
oy if pelg D.

In view of (2.46), (2.48), (2.53) and (2.55) we have (2.5)
as the minimum of liminal functions obtained for TP by
9~coverings of the different types.

(2.55)  k(TP) = max(73=3E, 972B) -

3, Remarks and guestions on liminal functions
The graphs of liminal functions kg(Tp),...,kg(Tp) are

given in Fig.10, Only two from them, k4(Tp) and kg(Tp), are

defined on the closed segment <0,1>, and other two, k3(Tp)

and kS(Tp) - on the half-closed segment {0,1). Consequently,
the existence of the 4-covering and 3-cover1ng is possible

for whole fhmily of trapezoids, together with both partidunlar
cases of this family ~ a triangle and a parallelogram; howeven,
the existence of 3-covering and 5-covering is possible for
whole that family without a parallelogram. Remalning cove-
rings, Congp, CovZTp, CoviTp, are impossible for whole family

of trapezoids because the functions kS(Tp), kZ(Tp), kg(Tp) are
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defined on some proper subsegments of (0,1>. The values of
all considered functions for p = O are the same as in [1] and
[2] (see (1.1)). Also the ones for p = 1 are the same as

in (1.2).

y=K3(1P)

_ . y:k:(TP)

;;-:_d\c y-kg(Tp)

——,/Mp)

win

N

[ 0,25 0,5 075 i

o

The analysis7of the considered liminal functions leads
to some questions:

1°, Does there exlst an n“-covering for the whole family
of trapezoids, together with both its particular cases, for
each :1&{2 3,...}, i.0, is it possible to define a function

knE(Tp) on <0,1> for each 116{2 3,...}? If so, is the

function ko(Tp) meaningful on the whole segment <(0,1) only
in the case 8 = n2?

"he authors conjecture that the answer to the latter quss-
tion is affirmative. The conjecture is supported on the fact,

2
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that there exist n2-cover1ngs of parallelogram only and these
coverings do exist for each n»2,

20, Among the liminal functlons considered here only
k (Tp) is constant, Is there an s> 6, such that k (Tp) is
constant? _

‘'he authors conjecture. that such functions do exist (if

= m(2m~-1)) and they are defined over half-closed segments

<0 8 ), where sy~ 0, when m —»©0°, The authors siappose
also that then it will be km(2m-1)(Tp) = E' for each
p €<0,8,).. -

3°, Is there an tne{10 11,...} such that a function
k2(eP) is defined for p = O only? ‘ .

he liminal functions considered here are not differen-
tiable at some points, even not all are continuous (see
kg(Tp)). This is associated with the change of a covering-way

of TP, However the function kg(Tp) is continuous and dif-
ferentiable on the whole its domain,

4°. Are there non-constant liminal functions, which are
differentiable on the whole their domains? '

5°. What are geometridal reasons of the fact that the
change of a covering-way of TP involves the non-differen-
tiability, even non-continuity of liminal functions at some
points?

A sequence of kg('l‘p) for fixed pe<0,1) is deoreasing.

6°. Is this sequence convergent? If it is, then what is
its limit?

A liminal m-covering of the class of trapezoids for
u:e{4 545748 9} is non-rigid for some p, hnamely Cov4Tp

is such for p € (4, -%E), CovsTp - for pG(B, -’F)U(z, 1),

Cov_ZTp - for p e(g, ?)F)(Tg’ 15= 177), Congp - for
pe(d, I922T) and CovlIP - for p e(o,l%/—lr). This can

be observed by investigation of corresponding inequalities -~
(3.1) (in [3]) for CoviTP, (2.8) and (2.10) for Cov TP,
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(2.22) and (2.25) for Cov!TP, (2.42") for CoviIP and (2.45)

for Congp. Substituting kg(Tp) in these inequalities in-

stead of ki,eee,k we always have Xk, <km(Tp) for the

m~-1
indicated: p. Moreover, we can observe in CovsTp that k5

decreases (from 1—5- 19 T for p E(E ——21) and irom lto 0
for pe(%y 1)), also k; in CovZTp decreases for p€(§3 Z)
(from T% to 5%) but on the interval (T%y 15-V177)  the 1ast

increases (from~T%-to-2:y§ii). Also kg in Cov%’l‘p and k9 in
Congp increase (the last on (%, 1=Y33) from T%-to.3(20'3 33)).

Simultaneously kg in Congp is constant on (0;-%) and can have
the value of 4 (the liminal value is £ theve).

7°. What are geometrical reasons that km increases in
some non-rigid macoverings and decreases in other ones and
is constant in another?

An m-th 1liminal function of the class of trapezoids in-
general is increasing on the non-rigidity intervals of Congp,
but it sometimes occurs that it is constant on such ones. It
is so for kg(Tp), on (%,'1) and for kg(Tp) on (O, %). On the

other hand, the same function kg(Tp) is also constant on

(0, §), but Cov2TP is rigid for pe (0, 3). This means that
constancy of the m-th liminal function (or its increasity)
has no effect on the rigidity of the corresponding liminal
m-bovering. However, we observe that the liminal m-covering
is rigid on the invervals, on which the m-th liminal function
is decreasing.

80, Is a liminal m-covering rigid on every interval, on
which the m-th liminal function decreases (for m>9)?
9°.‘What are geometrical reasons of the non-rigidity of
the liminal m~covering on some intervals?
10%. What are geomﬁtrical reasons of constancy of the
m-th liminal function on some intervals? '
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