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HOMOTHETIC COVERINGS OF TRAPEZOIDS 

Introduction 
A notion of an m-th l iminal function of a given f igure F 

has been introduced in [ 3 ] . The homothetic (n+1)-covering fo r 
the family of frustums of an n-dimensional simplex i s consi-
dered there and the (n+l)-th liminal function of suoh simplex 
i s determined. Also in ["3] the same problem i s considered for 
the homothetic (n+2)-covering for n = 2 and n = 3. 'In the pre-
sent paper we continue these considerations for the frustums 
of a 2-dimensional simplex, i . e . for the trapezoids . The 
object of our considerations i s a homothetic r-covering of 
the trapezoid for r e { 5 , 6 , 7 , 8 , 9 } . For every such r we 
determine and invest igate the r - th liminal function of t r a -
pezoid. At the end of the paper we formulate some open que-
s t i o n s , which appeared in th i s study. 

1. Preliminaries 
We r e o a l l some notions, which we wi l l use in the sequel . 

By a homothetic covering of a f igure P we mean each family of 
f i gure s F^.Pg homothetio to P, such that P c p ^ P g U . . . 
Such covering i s called e s s e n t i a l , i f a removal of some mem-
ber leads to a family, which does not cover P. An e s sent i a l 
homothetic covering of P, which cons i s t s of m members, w i l l 
be cal led an m-covering. In th i s paper there are considered 
only the e s s e n t i a l homothetic coverings of a given trapezoid. 

Por a f igure P, there i s defined the m-th liminal number: 
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2 H.Brzozowska. b. j 'adal i 

d e f i n i t i o n . l e t Km(P) denote the set of 
numbers k e ( 0 , l ) , f o r which f a m i l i e s { k ^ P , . . . »kmp} with 
k^<k do not cover p. I'he l e a s t upper bound of Km(P) 
i s cal led the m-th l iminal number of P and denoted by k^(P). 

By a l iminal homothetic m-covering we mean a covering 
{k^P, . . ,»k m P} of P with k^ = k"(F) j i t w i l l be denoted by 

C o v > . 
0 r The posit ion of ^ F in CovQP i s i n general s table f o r 

each i , i . e . an arbitrary t rans la t ion t of some ^ P e C o v ^ P 
in general leads to a family f k - j F , . . . ,*( k ^ P ) , . . . »k^p}- not 

covering P. Hence we say that Cov^P i s r i g i d i f f o r every 

t rans lat ion x and f o r any f igure k^F we have { k ^ , . . . , f ( k ^ P ) , 

. . . . k p p } ^ Cov^F. In the opposite case Cov^P i s ca l led 

non-rigid. I f Cov^P i s non-rigid, then by d e f i n i t i o n there 

e x i s t s at least one t rans la t ion < such that f o r some 

j e { l , . . . , r } we have { ^ F , . . . , * ( k j p ) , . . . , k p F } = Cov^F. But 

i f there e x i s t s more than one of such t r a n s l a t i o n s , then, f o r 

some j , there i s a number s e ( 0 , l ) such that k^P i n 
r " 

CovoF can be replaced by s ^ F without a breach of the co-
vering condition. 

Yu. Belousov [ 1 ] and a. Pudali [2] showed, that f o r the 
t r i a n g l e T 

( 1 . 1 ) 

- f , kj(®) = k j i i ) - i f . kJ(T) 

k J ( T ) - 4 ' k o ( T ) - } ' k o ( T ) = I • k l 0 ( T ) - a 

I t i s easy to see that f o r an n-dimensional paral le lepiped 
Rn there e x i s t homothetic mn-coverings only ( m e { 2 , 3 , . . . } ) 

and k°n(Rn) = 1 (comp. (1 .3) i n [3j)> in part icular 

(1 .2) kf(R2) = 4 and k ^ R 2 ) = 1 . 
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Homothetic coverings of trapezoids 3 

Let Tp denote the trapezoid A1A2B2B1 in which the ra -
t io of the upper to the lower base i s equal to p€ ( p < 1 ) . It 
i s easy to see that Tp i s a frustum of a triangle AAA 
and hence 

(1.3) A V = ( l - p j A V and B ^ 3 = pA1A3 ( i 6 { 1 , 2 } ) . 

The given number p € ( 0 , 1 ) determine a family of trapezoids. 
Changing p from 0 to 1 a one-parameter c la s s of trape-
zoids can be received. A particular specimen of this c las s i s 
a triangle T (p=0) and, on the other hand, i t i s a paral le-
logram R (p=1). 

To every p6<0 ,1> there corresponds an r-th liminal 
number of T p ; for this reason we have a function p i— 
which i s called the r-th liminal function of T p . This func-
tion (for r € { 3 , 4 } ) i s determined in [3 , Theorems 1 and 2], 
namely 

(1.4) k3(Tp) ^ max 
\ i f pe < 0 , 

¿ p i f p e ib 

(1.5) kJ (T p )= , 
m a x ^ ) i f p € < 0 , ^ > 

2 = L i f p e ( ^ E f 1 > _ 

4 i f pe<o,i>, 

2. The homothetic r-covering of a trapezoid for r 6 { 5 , . . . , 9 } 
T h e o r e m . I f T ^ i s a specimen of a c las s of t r a -

pezoids, then the r-th liminal function of T p , for r 6 . { 5 , , „ , 9 } , 
has the form 
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( i ) 

( 2 . 1 ) k5(iP)=< 

f o r p 6 < 0 , ^ í - > / 

f o r p e ^ j l . 

3-V7V ï f i f p € < 0 , J > , 

¿ p 

7 « p e 

( ü ) 

(2.2) 

( i ü ) 

k j ( 5 » ) f o r p € < O t J ) , 

( 2 . 3 ) ^(TP)=. 

m a x ( Í 1 ' ? Í i " ) i f P É < 0 » Í fc 

^ i f p€<0, l>, 

i f p e g , J > , 

i f p e ( î , ï f > , 

i f p e f é . ^ » , 

3 

_6 
1 3 

3 -2p 

% i f p e p f S 

( i v ) 

( 2 . 4 ) k 8 ^ ) = < 

\ f o r 

f o r p e < ¿ 1 12 : 

f o r 
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Homothetic coverings of trapezoids 5 

(v) 

(2.5) 

+ 

i f P€(l,1> 

If pt<0,J>, 
i f >• 

9-fo 
1 9 ^ if P€(J,J>, 

( P r o o f . To simplify our considerations we assume in 
the sequel that a l l considered coef f ic ients of homothetic 
transformations are equal each to other. Moreover, with r e -
gard for the shortness ,of the proof, we prove in complete 
only conclusion ( i ) and for the next one we omit the evident 
operations. 

( i ) The trapezoid T^ can be covered with rive homothetic 
to Tp trapezoids T j j * , . . . , ^ in two different wti.ys, similarly 
as ones of the A and C type for a 4-covering of Tp (see [|3] ) » 
i . e . : 

1°. The centers of homothetic transformations for 
and Tj? l i e at the vert ices of the lower base of Tp , 

TP 
, the 

center for T^ - at the common point of extensions of A1!}1' 

( i e { l , 2 ) - ) , T^ i s placed in such a way that i t covers a part 

of the triangle F1F2H which i s not covered with Tp , TjJ, t | , 

and Tp covers the res t of the triangle FTF2H (F ig .1 ) . A 5-co-
vering of Tp obtained in this way wil l be called of the 
A type. 

2°. The centers of homothetic transformations for T? 
( j e { 1 , . . . , 4 } ) ' l i e at the vert ices of Tp and Tj? i s placed 

1 P 
in such a way that i t covers the triangle F 'F H which i s 
not covered with T? (F ig .2 ) . This 5-covering wi l l be called 
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Fig.1 Fig. 2 

of the C type. (A 5-covering similar to a 4-covering of Tp 

of the B type is impossible; an atjtempt to construct suoh 
5-covering leads to the contradiction). Five trapezoids cover 
Tp in the way of the A type i f the inequalities 

(2.6) and 0 < A^A* - ( A - ^ + F ^ ) « ; A ^ A j : 

are sat is f ied; the f i r s t - to cover the lateral edges of Tp, 
1 ? and the second - to cover the triangle F^F HQ (the part of 

the triangle F1F2H which is not covered with T|) with 
Because 

1»2 llp^x!^*?» ^ .1 i l i ^ 

A L o F 1 = A L a p 1 + 5,1 3+s o 3+s o' 

(2.7) A^A2 - (A1A2-A]A2) = (k3+k i-1)A1A2, 

- H A l s - A1+sA4+s - ^ A3+sA3"A3+s'P'' " i , 2 a3 ' » 

where s = 0, hence (2.6) is equivalent to 
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:2.s) 

( 1 - p ) k l + k 3 > i ( i e { i , 2 > ) , 

0 < 4 - 2 ( k 1 + k 2 + k 3 ) - k 4 , 

4-2{k1 +k2+k3 ) -k4<l kg. 

The last inequalities form a necessary and sufficient condi-
tion for the existence of Cov^Tp (the family of 5-coverings 
of the A type). Setting k̂  = m for eaoh 5} in 

(2.8) we get the system ®>2~p , , Then 

= <max ^ , is a set of i ts solutions. The-

re is shown in [3]- that inf Mq(F) is the r-th liminal num-
ber of F for any r and Q. Henoe 

i f p€<0, P , 

(2 .9) k5(TP) = m x ^ . j L ) J 

s 
To cover Tp with f ive homothetic to Tp trapezoids 

in the way of the C type i t must be 

( i € {1,2} ) and (KaJa2 - ( A^F1+F2A^K j A^A .̂ 

(the f i r s t - to cover the lateral edges of and the se-
1 2 cond - to cover the triangle F F H), which are equivalent to 

12.10) 
k i + k 5 - i > 1 ' 
0 < 2-p-k.j - k 2 - k 3 ( 1 -p ) , 

^ - p - ^ - k g - k j d - p X J kg, 

because of A ^ A ^ A ^ - f A ^ - A ^ B 3 " ) ^ - [ ( 1 - p ) - k ^ t 1 -p)]}A iA3 = 

= [p+k^^f 1-pj] AXA3, which implies that 
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(2.11) < 

k\k* = [p+k^d-pJjA'A 

A5-iFl = A4A3~lA1A2_AiAf) - [P+k5_i(l-P)+ki-l] A1A2. 

1 , 2 

The inequalities (2.10) form a necessary and sufficient con-
dition for the existenoe of Cov«Tp. Setting k. = m for 
each j in (2.10) we get M^(tP) = <max(|, 4=|f)» yîp) a a 

a set of solutions of the obtained system of inequalities. 
Hence 

(2.12) k5(TP) = max(l =• 

if P€<0, 1>, 

p e ( J , 1 ) . •* if 

'l'he 5-th liminal number of T p is the minimum of k^(Tp) and 
k^(Tp). Hence we have (2.1) in view of (2.9) and (2.12). 

(ii) A homothetic 6-covering of T p can be constructed in 
three ways: in the way of the C type as one for CoVQTp and 
in two other ways, which will be called of the A type and 
the B type. In both these ways the trapezoids Tp, T^, T^ 
are placed in this same manner as in Cov^!p, but the placing 
of the rest of nomothetic trapezoids in the covering of the 
A type is different from the one in the covering of the B ty-
pe. In the A type the centers of homothetic transformations 
for Tp, Tp respectively lie at the midpoints of these 
parts 'of the lower base or the lateral edges of Tp, which are 
two times covered or are not covered with the trapezoids 

(¿'ig.3). In the B type the midpoint of the lower 
base of T^ lies at the common point of the lateral sides of 
i'P and , and the lower base of passes through the com-
mon point of the lateral sides of and T? for each i€-|l,2} 
(Fig.4). 
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( 2 . 1 3 K 

4 
Pig .3 P ig .4 

To cover Tp in the way of the A type i t must be 

B 1 B 2 < a ] a ^ , A ^ + A ^ - B ^ + A ^ ^ A ^ ( i t { 1 , 2 } ) , 

A 3 P 1 + F O A 3 - A 3 à 3 > 0 ' A 6 ì ' Ì + P 1 P 2 + ì ' 2 a 5 " A 6 a 5 >°'> 

the f i r s t two i n e q u a l i t i e s - to cover the upper base and the 
l a t e r a l edges of and the l a s t two ones - to cover tlie 

1 9 
t r i a n g l e s P'P0H0 ( s e { o , 1 , 2 } ) . 'i'hese i n e q u a l i t i e s ara equi-s s s 
valent to 

12.14), 
k 3 > P , ( l - p ) ( k i + k 7 _ i + k 3 ) > 1 - k 3 p ( Ì 6 { 1 , 2 > ) , 

^ K 5 + k 6 + ( k i - k 7 _ i ) d - p ) > 1 , k 1 + k 2 + k 3 + k 4 - ( k i - k 7 _ l ) ( i - p ) > 2 
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because of 

(2.15) 

kH^ = aV-B^A 3 = ( l -k jp jU 1* 3 , 

A1?1 - A1A2 - (aJA2-A1 A2 ) 3 o ~ 3 3 * 6 5 7 - i 7 - i ' ' 

AJF]+P2F£+P|A2 = 3AJA2-3A1a2+A1A2+A5A2+AJA^, 

A6A5 =J [ (1+k3 - (k l -k7_ iMl-p) ]A1A2| 

the last equality follows from the one of 

A ^ A 3 = A V - A 3 ^ ^ = A V - ^ B J + ¿ ( aV-A^J-A^A 3 ) -

" i A 7- i B 7- i ] = 1 [ l ^ - f k i - ^ l d - P ) ] ^ 3 . 

Setting kj = m for each j in (2.14) we get M^(TP) = 

= <max(-l, 3 ^ ) » because i t must be m<k^(Tp). 
Then 

(2.16) kJ(TP) =-1 for P 6 <0, J ) , 

because for there is k^(Tp) = -g- in view of (2.1) . 
TP can be covered in the way of the B type (Pig.4) i f 

(2.14) i s satisf ied (to cover the upper base and the la te -
ra l edges of Tp ) as well as (2.13). The last i s equivalent to 

(2.17) 2(k1+k2)+k3+k4+k5+k6>4, 

because in the considered case we have 

(2[.18) AjA2 = A1 A2 - \ AjA2-AjA2 « [ l - \ ^ - ( k ^ - l ) ] A1 A2. 

The inequalities (2*14) and (2.17) form a necessary and 
suff icient condition for the existence of COVgTP. Then 
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M|(Tp) - < m a x @ , j z f ^ ) , ^ ( T P ) ) = mJ(tP). Hence k ^ ( T P ) = 

= k|(Tp ) f o r eact/ p e <0, -J-). 

To cover TP in the way of the C type the trapezoid T? 
1 2 mast cover only a part of the t r iang le P T H (P i g .2 ) and the 

1 2 
rest of th is t r i ang l e , i . e . a t r iang le P^P H0 , ought to be 
covered with a trapezoid Tjjj. For th is reason (2.10) must 
be sa t i s f i ed ( t o cover the l a t e r a l edges of TP) and 
0<a|a 2 - ( a| fJ+F 2 a|k £ a£a|. The last i s equivalent to 

(2.19) 0<2 -p - ( l - p )k 3 -k 1 -k 2 - Jk5 , 2[2~p-0-p)k ;J-k1-k2-j4c5]<-| kg 

(3 € { 3 , 4 } ) , because of (2.11) and (2 .7 ) !(where s = 1 ) . 
Set k^ = m f o r eaoh in (2.10) and (2 .19 ) . I t g ives 

MQ(Tp) = < m a x ^ , - j g l l p t E § p " ) a n d l n consequence we have 

i f P€<O.J>. 
(2.20) k^(TP) = max(J, -

i  i f p €(M)' 
Hence, from (2.16) and (2.20) we get (2 .2 ) as the minimum of 
these funct ions. 

( i i i ) A homothetic 7-covering can be obtained in three 
ways: in ones of the A and B type (which correspond to such 
ways f o r 6-covering) and in the way of the D type. In the 
last ohe the centers of homothetio transformations f o r T^ 

and are located afr the ve r t i c es A1 and A2 of Tp r e spec t i -

v e l y , and the center f o r T^ - in the midpoint of the. part of 

A1A2, whioh i s not covered with T^ and T^. Then the lower 

base of i s drawn through the common point of l a t e r a l 

sides of T^ and ( f o r each i e { l , 2 } ) and the lower 

bases of t£ and T^ - through the common point of l a t e r a l 
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sides of pnd T^ (Fig.5). (A way of covering of '£p in 

which the centcrs of homothetic transformations for T^, 

'i'̂ , T^ lie at the vertices of T p and the centers for 

Ti 

T P
 1 ji P 

l5> 6' 
and tho 

Fig. 5 

Ty - at the midpoints of the parts of the lower base 

lateral edges of T p which are not covered with 
i1!^,... ,'L'̂  leads to no 7-covering but to 5-covering of T p). 

Let the triangles FgFgHg (se{0,1,2>) included in I p 

be not covered with T^,... in the 6-covering of the A ty-
pe (Pig.3). ihun (2.14) is satisfied (to cover the upper 
base and lateral edges of Tp) and (2.14) is not satisfied, 
i.e. it is 

(2.^1) 1^+k! i(ki-ky_i)(1-p)< 1, k1+k2+k3+k4-(ki-k7_i)(l-p)< 2 
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( i 6 { l , 2 } ) . The mentioned t r i ang le s one car covar vritl, but 
" l ì 1 9 1 1 9 9 1 9 1 9 

then ,nust be and "¿"ci - o " i ' 'V 'o i s 

a s t r i g h i l ine passing through the points H1 and i i 2 ; ¿ i g . 3 ) , 
which i s equivalent to 

(2.22) k 1+k 2+2k 3+k 4+2k 7 ( l-p) > 3 

and 
k 1+k 2+k 4+2(k 3+k 5+k 6+k 7) + (l^+kg-k^-kg) ( 1-p) >5 

because of (2 .7) and A ^ = Â ^ - ^ A ^ - ^ Â 3 , = ^ o ' 

AxàJ = \ (k 1 + k 2 + k 4 -1 )A 1 A 3 . i'he n, from (2 .14 ) , ( 2 . 2 1 ) , 

( 2 .22 ) , we get hJ(1 , p) Hence 

(2.23) kJ('i'P) = m a x ( " r f ' 71§p 

^ i f p€ <0 , 

Consider the 7-covering of B type, Por each j e | l , . . . , 7)-/ - , L J 
k j < k Q ( ' ) = 2 m u s t b e ^ e r e a n d f o r r e a s o n t l i e lower 

base of T^ i s included in A1A2. '¿his f a c t leads to the 

inequality A1A^+A^A^+A^A2 >A1A2 ( to cover the lower base 

of T p ) , which i s equivalent to 

(2.24) k 1 + k 2 + k 3 > 1 . 

Let the t r i ang le F1P2H be not covered with 'i'jj1,... ,Tj? 

( P i g . 4 ) . To cover th i s t r i ang le with T^ i t must be 0<A^A2 -
- A^F1 - F2A2 4 j AyA2, which i s equivalent to 

(2.25) k ^ k ^ k y ^ + k ^ k g < 3, J - ^ - k j - t ^ ^ - k j - k ^ j k ? 
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in view of ( 2 . 1 5 ) , where AgÂ  has other form than in ( 2 . 1 5 ) , 
•namely = A1A2 - \ (A1A2+AjA2+AjA2-A1A2) ( i t i s also 

other form than one in ( 2 . 1 8 ) ) . The inequal i t ies ( 2 . 1 4 ) , 
(2 .24) and (2 .25) form a necessary and suf f i c i en t condition 
for the existence of Cov^Tp. Then M^(TP) = -<max( ¡¡-|, 
and 

p e < o , ^ y , 

p 6 ( i i » 

(2 .26) kg(Tp) = max(yj, "JI^p") = " 

_6 
13 

3-2 p 

i f 

i f 

T P 

i s covered with. T p , . . a , T p in the way of the D type 
( i i g . 5 ) i f (2 .24) i s sa t i s f i ed and 

A i B i + A L i B L i + A 8 - i B L i > A i B L i ' 

A 6 - i A 8 - i ^ A 6 - i B 6 - i < i e { l . 2 } ) 

(the f i r s t two - to cover the upper base and the l a t e r a l edges 
of Tp respect ively , the las t two - for the existence of H1, 
Ĥ  and H q ) , which are equivalent to 

(2.26) 

because 

(2 .27) -
B 1F 1+F 2B 2 > B 1 B 2 , 

. i . i ^ . i - i 
A A 6 - i ^ A B i » 

6-p^ 2(k 1 +k 2 +k 3 +k 4 +k 5 )+k 6 +k ? f 

( k i + k 6 - i H 1 - P ) > k 1+k 2+k 3+k 4+k 5~2, 

k1+k2+k3 >1+2k^(1-p) , 

k 1 + k 2 +k 3 +2k 4 +2k 5 -3 ^ 2k 6 _ ± (1 -p) , 
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Homothetic coverings of trapezoids 1* 

(2.29) 

-i - A Ì A t i + A l 

= A 1 A 2 - A ^ a 

41 A2 7 6 e A
1A2-A1A2 -5 4 4 5 

B^F* ss B V - U U Ì - . 
2 

Prom (2.24) and (2.28) we get nJ(Tp) = <4i2'min(T^?p'5+2p'2,} 

because there mast be m<k^(T p) = for pe<0, Henoe 

(2.30) 

because 

min( : 

k£(TP)=-^g- for P 6 < 0 

1 if p 6<0 f p , 

¡¿-if p£|J, 1). 
_J_ 1) 
1+2p' 5+2p' 2 

T+tp" i f p € l 2 ' 
Then we have (2.3) in view of (2.23), (2.26) and (2.30). 

(iv) 4 homothetic 8-covering can be constructed in three 
ways: in one" of the A tyipe corresponding to the A type way for 
7-oovering, when tS covers not all triangles pIp^H,, 

< i ' 
(8 6(0,1,2}, Pig.3), and in the ways called of the C and B ty-
pe. In the last one the trapezoids are placed as 
in 7-covering of the D type (Pig.5), the midpoint of the lower 
base of T^ coincides with the common point of lateral sides 
of and l]?, and the lower base of (i 6 {1,2}) includes 
the common point of lateral sides of T^ and (Pig.6). 
The C type of 8-covering is constructed in the following way: 
the trapezoids are placed as in 6-covering of the 
A type (Pig.3), the midpoint of the lower base of 
U e {1,2}) coincides with the common point of lateral sides 
of T p and a laterel side of T ^ is included in 
,i„i Â B-1" and the lower base of ,i1P_i includes the common point 
of a lateral side of T ^ ^ aud of u lateral side or the 
upper base of (Pi^.3). 
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Pig. 6 

/ 

A 
A 

tP 

IA2 C1> 

z 

»F?—I •1 £1 3 e 
le2 

a) 

Fig. 7 
b) 
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Let T^ cover in the A type way only, the t r i ang le F ^ F 2 ^ 

and the part of the t r iangle F^F2H0 and of F 2 f | h 2 ' ( p i S » 3 ) . 

'I'hen the t r i a n g l e s and ? 2 F 2 î ï 2 3 3 , 6 n o t c o v e r e d 

( F i g . 7 b ) . To cover them we can use T | . Then (2 .14) and 
(2.21) must be s a t i s f i e d (to cover the upper base and the l a -

n 1 0 
t e r a l edges of Tp and not cover a l l of t r i a n g l e s F_,F0H,J. 9 S S 
To formulate a necessary and s u f f i c i e n t condition fo r the 
existence of Cov®TP we introduce an auxi l iary t r iangle 

1 2 3 * 1 2 3 C C C (homothetic to the t r iangle A A AJ), which covers 
a l l Fg P s H s ( a e { ° » 1 » 2 } » F i g . 7 a ) . The trapezoid Tp covers 

and F 2 f | h 2 i f f for each j e { l , . . . , s } i t i s 

k_.<k^(T p ) , (2.22)! i s s a t i s f i e d and 

(2.31) and C1C2< A17A2+j?10F2. 

We have 

( 2 . 3 2 ) C 1 C 2 = A 1 * 2 - ^ ( A ] a 2 + A J A 2 + A J A 2 - A V ) - A ^ - ? 2 A 2 = 

= [ - § - - § - ( k 1 + k 2 + k 4 ) - k 3 - k 5 - k 6 + ( k 5 + k 6 - k 1 - k 2 ) ( 1 - p ) ] A 1 A 2 , 

because of ( 2 .15 ) . Now replenish to the t r iangle 

AgAgAg and notice that the t r i a n g l e s and H 2 a | f 2 

are equal and 

, 2 . 3 _ A2p2 _ 1 ( 2.3_v2r,2, ,2^2 _ 2,2 ,„2^2 _ 1 / 2 .3 , , 2 , 2 , 
o 8 ~ 8 2 " 2 8 8 2 o ' "8*0 " À 8 P 2 + F 2 P o _ 2 U 8 " 8 + - 2 V ' 

F2 ?O= i l5A3 = * 5 a 3 - À 3 a 3 = { i D + k 3 - ( k 2 - k 5 ) ( 1 - P 0 

I t g ives 

(2.33) ?10i"2 = l [ k a - k 5 + l ( k 2 + k 5 + k 3 - 1 )] A1 A2. 
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Using ( 2 . 3 2 ) and ( 2 . 3 3 ) i n ( 2 . 3 1 ) we o b t a i n 

1 1 4 k 3 + ( k 2 - k 5 ) ( l - p ) + k 8 ( 2 - 4 p ) , 

( 2 . 3 4 ) I * - • ^ ( k 1 + k 2 + k i , ) - k 3 - k 5 - k 6 + ( k 5 + k 6 - k 1 - k 2 ) ( 1 - p ) ^ 

k 7 + "2"[k7"k5 + ^ ( k 2 + k 5 + k 3 ' 1 * 

Rpom ( 2 . 1 4 ) , ( 2 . 2 1 ) , ( 2 . 2 2 ) and ( 2 . 3 4 ) we g e t M®(TP) = 

because i t must be m < k j ( . i ' p j . Hence 

i f p € < 0 , 

( 2 . 3 5 ) k®(TP) = =< 

i f p e l ^ l , 1 ) . 

T P 
can be covered i n the way of the B type i f t h e common 

point of l a t e r a l s i d e s o f Tj? and T^ i s p laced above o r on 

the upper base o f T p . Then ( 2 . 2 4 ) and ( 2 . 2 7 ) a re s a t i s f i e d . 

The l a s t i s e q u i v a l e n t t o ( 2 . 2 8 ) and 

( 2 . 3 6 ) 6 - p < 2(k^ +k 2 +k- j+k 4 +k 5 ) + k 6 + k ? + k g , 

because i n t h i s c a s e 

( 2 . 3 7 ) AyAg = ( 3 - k 1 - k 2 - k 3 - k 4 - k 5 - - J - k 8 ) A 1 A 2 

f o r t h i s r e a s o n t h a t A^A3 = A^A^ - (a|a^+A^H0+AQPQ). Then from 

( 2 . 2 4 ) , ( 2 . 2 8 ) and ( 2 . 3 6 ) we g e t M®(TP) 

m i n ( W a n d 

( 2 . 3 8 ) k « ( T p ) = f o r p 6 < 0 , 
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Tp can be covered with in the way of the 

C type i f the common point of l a t e r a l sides of Tj? and Tj? 
( i . e . the point HQ in F ig .8 ) i s placed above or on the lo-
wer base of T^. This leads to the inequality 

(2 .39) ^ V ^ - i V ^ + i H o > A ± A 7 - i -

Simultaneously there must be 

(2 .40) b]b?+bJbJ+b;!b| < k\k\ < k \ k \ + k \ k l , 

for the existence of the points HQ, Ĥ  and H2. Also (2 .24) 
must be s a t i s f i e d . 

Pig . 8 

The i n e q u a l i t i e s (2 .39) and ( 2 . 4 0 ) - a r e equivalent to 

(2 

T k 1 + k 2 + k 3 + k 4 + k 5 + k 6 + k 9 _ 1 

. 4 1 ' ) < ( J t 1 + k 2 + k 4 ) ( 1 + 2 p ) + k 9 _ i < 3 , 

k 1 + k 2 + k 4 + k 9 - l + 2 i k 5 + k 6 1 > 3 » 
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i f Q b e l o n g s t o t h e l a t e r a l s i d e A ^ B ? " 1 o f T ? ( Q ^ A ^ B ? " 1 ) 

o r t o 

( 2 . 4 1 " ) 

k y f k j + k ^ k ^ l - ' p ) > 2 , 

( k ^ ^ + k ^ p + k ^ l - p ) < 1 , 

1 < k ± { i - p j + k 5 + k 6 , 

i f ^ A i B i b e c a u s e 

A 1 A 2 - A 1 A 2 4 - A 1 A 2 - 1 , 2 
5 6 ~ 6 6 5 5 ~ ' " " 6 5 

( w h i c h i m p l i e s a l e n g t h o f A 4 + j _ H
0 ) > a n a 

4 4 = ? ( 3 - k 1 - c 2 - k 4 - k
9 - i ) A l A 2 a J - ^ - 1 ) 

o r 

k l 4 = [ l - k i ( l - P ) ] A 1 A 2 ( i f Q ^ A l - h l ' 1 ) 

f i B t h e b a s e o f t h e t r i a n g l e A 1 A 2 A " 3 . N o t e a l s o t h a t 

^ i ^ i " 1 3 ! " 1 l f A 4 H i + A 9 - i Q i ^ A i B i ' i . e . " 

( 2 . 4 2 ' ) k 1 + k 2 + k 4 + k 9 - i ~ 2 k i ^ < 1 > 

a n d Q - ^ A ? " " ^ - 1 i f 

(2.42") k 1 + k 2 + k 4 + k 9 - i ~ 2 k i ^ > 1 , 

F r o m ( 2 . 4 1 ' ) a n d ( 2 . 4 2 ' ) w e g e t M ® , ( T p ) a n d c o n -

s e q u e n t l y 

( 2 . 4 3 ' ) k | , ( T p ) = j - f o r p e < 0 , 

O n t h e o t h e r h a n d , i f p > - g - , f r o m ( 2 . 4 1 " ) a n d ( 2 . 4 2 " ) w e o b -

t a i n M ® „ ( T P ) = < m a x ( 5 ^ , , k J ( T p ) ) , a n d 

( 2 . 4 3 " ) 
4 ' ( t P > p e ( J , - J ) . 
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Then, in view of (2.43') and (2.43"), we have 

if p€<0, 

5= ip i f e ^ M ' -

Taking into account (2.35), (2.38) and (2.44) we get (2.4) 
as the minimum of these functions. 

(v) A homothetic 9-covering of T p can be constructed in 
four ways: 1° in one of the A type, as for 6-covering, if eve-
ry ¡of triangles PgPgHg (se{o,1,2}., Pig.3) is covered with 
other homothetic trapezoid, 2° in one of the B type, as for 

1 2 
8-covering, if the triangle F P H is not covered (Pig.6) 
and 3° - 4° in ways of the C and D type. The way of the C type 
is following: the centers of homothetic transformations for 
T^, T|, Tj?, 'Ty lie at the vertices of T P, and for T p and T| 
- at the midpoints of not covered part of lower or upper base 
of T p respectively. Trapezoid T3+j_ i s 3 0 constructed, that 
its lower base includes the common point of lateral sides of 
T^ and T ^ (ie {1,2}, Pig.9), and T p - so, that its lower 
base includes the common points of lateral sides of T^ and T^ 
and of lateral sides or of the upper base of T^. The way of 
the D type differs from the one of the C type by the placement 
of T^ only; in the D type the lower base of T^ is contained 
in this same straight line as the lower bases of T? and TP. 

(2.44) k®(Tp) =-

Pig. 9 
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(2.45) < 

Let be covering the tr iangle PgPgHs (e e {o,1,2}, 

P ig .3) . Then (2.14) i s sa t i s f ied and 0< F^F2« \ A7+sA7+s» 

which i s equivalent to 

1 >k5+k6+(k i-k7_ i)(1-p), 

l - k ^ k g - f t j - k ^ M l - p K ^ k ? ( i f s=0), 

3 < 3k3-3(k i-k?_ i)(1-p)+2(k1+kg+k4), 

3k3-3(k i-k7_ l)( l-p)+2(k1+k2+k4)-><2k7 + i ( i f s€{l,2>) 

because of (2.15). Thtn* ft?ob (2.14) and (2.45), M^(llP) = 

= < max(-|, j ^ ) heno« 

| i f pe <0, 

(2 .46) kJ(TP) = max(f , = 

[ l i p i f P € < 4 ' 3 X 

To cover the tr iangle F1F2H with T^ i n the way of the 
B type i t must be sat i s f ied (2.24), (2.28) and 0<B1B2 -
- (B1F1+F2B2)«-£ AgA2. The last i s equivalent to 

(2.47) 
2(k1+k2+k3+k4+k^)+kg+k7+k8 < 6-p, 

6-p ^ 2(k1+k2+k^+k4+k^)+k6+k7+kg + ̂  kg 

because of (2.29) and (2.37). Prom (2.24), (2.28) and 

(2.47) we get Mj>(TP) = < 1 2 ^ , m i n ( - ^ _ 1 _ } , . H e n c e 

(2.48) k9(TP) = l ^ f f i - for P 6<0, 

•J?o cover the tr iangles fJp 2 !^ ( i 6 {1,2}) with T^ i n the 

way of the C type (Fig.9) there must be s a t i s f i e d (2.24), 

(2.27) and 
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( 2 . 4 9 ) 

>0. 

The i n e q u a l i t y ( 2 . 2 7 ) 1b e q u i v a l e n t t o ( 2 . 2 8 ) , and ( 2 . 2 7 ) 
and ( 2 . 4 9 ) - t o 

( 1 - p ) £ 1 - p , 

k 2 + p k 3 + k 6 - 1 < 1 , 
( 2 . 5 0 ) -{ 

2 - p ^ k g + k ^ + k g ^ + t k g ^ + k g ) ( 1 - p ) , 

^ + 2 ( k 2 + k 3 ) + k 4 + k 5 + k 6 _ i + 2 k 8 ( 1 - p ) + k g > 5 - 2 p , 

b e c a u s e 

( 2 . 5 1 ) 

( p ^ 1 - i 8 a n edge of a t r i a n g l e , whioh h a s t h e base P ^ A j ^ = 

= A L i A L i - [ A 5 A t - ( A l A 2 - A ï A i , ] ) ' a n d 

= A^Ag-( A^Ap-AgAg) = A}A|- [A 1 A 2 - ( A ^ + P ^ J - A J A 2 ] , 

A^Q1 = A 1 A^_ i +P i Q 1 = ( k g + ^ + k g ^ - l )A1A3 

1 , 1 

( 2 . 5 2 ) « = B1 B^-BqBq+AqA^ = [ p + k g d - p ) ] A'A^, 

A1 P 1 = A1A?-(A1A2-A1A2-A1 A2 ) Q"•1 1 AyA6-lA A 3 1 4 + 1 4 + 1 ' * 

31n2 n1-n2 , A 1 »2 1 , 2 

S e t t i n g k^ = m f o r each j € { l , . . . , 9 } i n ( 2 . 2 4 ) , ( 2 . 2 8 ) 

and ( 2 . 5 0 ) we g e t m | ( T p ) = - ¿ ^ > a s a s e t of s o l u -

t i o n s of t h e o b t a i n e d sys t em of i n e q u a l i t i e s . Hence 

( 2 . 5 3 ) k C ( T P ) « TT^Ip" f o r e € < 0 ' 2>* 
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In the way of the D type a t rapezoid Tp must cover both 

t r i a n g l e s p J p ^ ( i e {l ,2}, P i g . 9 ) . Then (2 .24 ) , ( 2 . 2 8 ) , 

(2.50'), (2.49) must be s a t i s f i e d and A g ^ A g ^ < A^Ag. The 
l a s t two i n e q u a l i t i e s are equiva lent to 

(2.54) 
9-4P < 3(k1+k2+k3)+2(k4+k5+k9)+4k s( 1 -p ) 

3-2p « k1 +kg+k3+2 ( kg^+kg ) ( 1 - p ) , 

? 1 1 P 1 P 1 ? because i n t h i s case we have = A7A6~^A5A4~A9A9^ (o ther 
than i n ( 2 . 5 2 ) ) . Prom (2 .24 ) , (2.28|) , (2.50)! and (2.54) we 
get M*(TP) = <max( T |= |^ , , ^ > and we have 

(2.55) kg(Tp) = m a x ^ , > § * ) 

9-4p i f e / 0 

•7=|f i f p e ( 4 ' 1 > ' 

In view of (2 .46 ) , (2 .48 ) , (2.53) and (2.55) we have (2.5) 
as the minimum of l imina l f u n c t i o n s obtained f o r Tp by 
9-cover ings of the d i f f e r e n t t ypes . 

3. Remarks and ques t ions on l im ina l f unc t i ons 
The graphs of l imina l f u n c t i o n s k ^ ( T p ) , . . . , k ^ ( T p ) are 

given i n P ig .10 . Only two from them, k£(Tp) and k^(T p ) , are 

defined on the closed segment <0,1>, and other two, 
and - on the h a l f - c l o s e d segment < 0 , 1 ) . Consequently, 
the ex i s tence of the 4-covering and 9-covering i s poss ible 
f o r whoUe family of t r a p e z o i d s , toge ther with both p a r t i c u l a r 
cases of t h i s family - a t r i a n g l e and a para l le logram; however), 
the ex is tence of 3-covering and 5-covering i s poss ib le f o r 
whole t ha t family without a para l le logram. Remaining cove-
r i n g s , 

Cov^Tp, Cov®Tp, are impossible f o r whole family 

of t r apezo ids because the f u n c t i o n s k^(T p ) , k^ (T p ) , k®(Tp) are 
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def ined on some pr6p'er subsegments of <0,1>. The va lues of 
a l l considered func t ions f o r p = 0 are the same as i n and 
£2] (see ( 1 . 1 ) ) . Also the ones f o r p = 1 are the same as 
i n ( 1 . 2 ) . 

P ig .10 

The ana lys i s of the considered l im ina l f u n c t i o n s leads 
to some q u e s t i o n s : 

1°. Does there ex i s t an n 2 -cover ing f o r the whole family 
of t r apezo ids , toge ther wi th both i t s p a r t i c u l a r cases , f o r 
each n e { 2 , 3 , . . . j , i . e . i s i t possible to de f ine a f u n c t i o n 

k ^ ( T p ) on <0 ,1> f o r each n € { 2 , 3 , . . . } ? I f so , i s the 
f u n c t i o n k®(Tp) meaningful on the whole segment < 0 , 0 only 

2 
i n the case s = n ? 

She authors con jec ture t h a t the answer to the l a t t e r ques-
t i o n i s a f f i r m a t i v e . The con jec tu re i s supported on the f a c t , 
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2 
that there ex i s t n -coverings of parallelogram only and these 
coverings do ex is t for each n ^ 2 . 

2° . Among the l iminal functions considered here only 
k^(Tp) i s constant. I s there an s > 6, such that k®(Tp) i s 
constant? 

The authors conjecture that such functions do ex is t ( i f 
s = m(2m-1)) and they are defined over hal f -c losed segments 
< 0 , s m ) , where s m —^ 0, when m — . The authors suppose 
also that then i t wi l l be k ^ 2 m ' 1 ' (Tp) = I- for each o m p e < 0 , s m ) . . 

3° . I s there an m 6 - [ l 0 , 1 1 , . . s u c h that a function 
k"(Tp) i s defined for p = 0 only? 

The liminal functions considered here are not d i f fe ren-
t iab le at some points, even not a l l are continuous (see 
k^('i l P)) . This i s associated with the ohange of a oovering-way 

of T p . However the function k^(Tp) i s continuous and d i f -
f e r e n t i a t e on the whole i t s domain. 

4° . Are there non-constant l iminal functions, which are 
d i f ferent iab le on the whole the i r domains? 

5° . What are geometrioal reasons of the fac t that the 
change of a covering-way of Tp involves the non-differen-
t i a b i l i t y , even non-continuity of l iminal functions at some 
points? 

A sequence of k^(Tp) for fixed p e < 0 , O i s decreasing. 
6°. I s t h i s sequence convergent? I f i t i s , then what i s 

i t s l imi t? 
A liminal m-covering of the c lass of trapezoids for 

m € { 4 , 5 , 7 , 8 , 9 } i s non-rigid for some p, namely COV£TP 

i s such for p e ( J , Cov^Tp - for p e U 1 ) , 

CovJrP - for p 6 ( 1 , Cov®Tp - fo r 

P 6 ( - J . and Cov^Tp - for p 6 ( 0 , This can 
be observed by investigation of corresponding inequal i t ies -
(3 .1 ) ( in [ 3 ] ) for CovJrp , ( 2 .8 ) and (2 .10) for Cov^P, 
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(2.22) and (2 .25) f o r Cov7Tp , (2 .42") f o r Cov®Tp and (2 .45) 

f o r Cov^Tp. S u b s t i t u t i n g k®(Tp) i n these i n e q u a l i t i e s i n -

s tead of k . ) , . . . , k ^ we always have k m < k ° ( T p ) f o r the 

indicated- p. Moreover, we can observe i n Cov^Tp t h a t . k^ 

decreases (from t o f o r p € and £rom t o 0 

f o r p £ (•£, 1 ) ) , a l so i n Cov7Tp dec reases f o r p € 

(fromyS- to g f ) but on the i n t e r v a l 77 ') the l a s t 

i n c r e a s e s (from y j to . a i b o i n Cov®Tp and kg i n 

Cov^Tp i nc rease ( the l a s t on (-J, from ^ to 

Simultaneously kg i n Cov^Tp i s cons tant on (0 , and can have 

the value of ( the l i m i n a l value i s t h e r e ) . 

7° . What are geomet r ica l r easons t h a t km i n c r e a s e s i n 
some non- r ig id m^-coverings and decreases i n o ther ones and 
i s cons tan t i n another? 

An m-th l i m i n a l f u n c t i o n of the c l a s s of t r a p e z o i d s i n 
gene ra l i s i n c r e a s i n g on the n o n - r i g i d i t y i n t e r v a l s of Cov^Tp, 
but i t sometimes occurs t h a t i t i s cons tan t on such ones. I t 
i s so f o r k^ (T p ) , on (£, 1) and f o r k^(Tp) on (0 , •£). On the 

o ther hand, the same f u n c t i o n k 5 ( T
p ) i s a l so cons tan t on 

(0 , £•), but Cov^Tp i s r i g i d f o r p € ( 0 , This means t h a t 
constancy of the m-th l i m i n a l f u n c t i o n (or i t s i n c r e a s i t y ) 
has no e f f e c t on the r i g i d i t y of the corresponding l i m i n a l 
m-bovering. However, tte observe t h a t the. l i m i n a l m-covering 
i s r i g i d on the i n v e r v a l s , on which the m-th l i m i n a l f u n c t i o n 
i s dec r ea s ing . 

8 ° . I s a l im ina l m-covering r i g i d on every i n t e r v a l , on 
which the m-th l i m i n a l f u n c t i o n decreases ( f o r m > 9 ) ? 

9°. What are geometr ica l r easons of the noQ,-rigidity of 
the l im ina l m-covering on some i n t e r v a l s ? 

10°. What are geomet r i ca l r ea sons of constanoy of the 
m-th l i m i n a l f u n c t i o n on some i n t e r v a l s ? 
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