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ON SOME PROBLEM OF MARCUS 

I n t h i s paper we preBant a s o l u t i o n to the fo l lowing prob-
lem, r a i s e d by S. Marcus i n [ 2 ] : does the re e x i s t , f o r any 
s e t £ of c l a s s and of the f i r s t ca tegory of B a i r e , a f u n -
c t i o n f of type o( ( i . e . , a f u n c t i o n whose s e t of po in t s 
of c o n t i n u i t y i s dense and boundary) such t h a t 

E = A f and C f - A f = A f {»°) M f, 

where 

A f = { x : | f ' ( x ) | < < ~ } , A f (oo) = { x : f ' (x) = +« .} , 

Cf - the s e t of a l l po in t s of c o n t i n u i t y of the f u n c t i o n f , 
M^ - the s e t of a l l those po in t s at which t he r e i s no o n e - s i d -
ed ( f i n i t e or i n f i n i t e ) d e r i v a t i v e . Bes ides , i n t h i s paper we 
s h a l l apply the fo l lowing n o t a t i o n : 

I - any closed i n t e r v a l wi th f i n i t e Lebesgue measure, 
R - the se t of r e a l numbers, 
Dj f (x ) - the se t of a l l l e f t - h a n d d e r i v a t i v e numbers of 

a f u n c t i o n f | a t the point x , 

DAf(x) - the s e t of a l l d e r i v a t i v e numbers of a f u n c t i o n 
f Lv,{x} a t t h e p o i n t 

D^f(x) - the s e t of a l l r i g h t - h a n d d e r i v a t i v e numbers of 
a f u n c t i o n ^ | a t P o i n t x> 

D̂ . - the s e t of a l l po in t s of d i s c o n t i n u i t y of the f u n c -
t i o n f , 
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m(A) - the Lebesgue measure of the se t A, 
m*(A) - the e x t e r i o r Lebesgue measure of the se t A. 
D e f i n i t i o n . Let a f u n c t i o n f : I — ^ R be g i -

ven. We s h a l l say t h a t a se t A ^ I has the property Bf i f 

A A A V f k u j - f U ' j | < e . 
XQ6l £>0 ¿>0 X'6(X0-(J,X0+<S)OA 

T h e o r e m 1. I f , f o r a f u n c t i o n f : I — R , the 
se t A c i has the property B f , then 

(a) Dj.f(x) = DAf(x) f o r x e l , 

(b) D~f(x) = Djf (x) f o r x e l , 

(c) Dj f (x) = D+f(x) f o r x e l . 

P r o o f . I t i s obvious t ha t D j f ( x ) > D^f(x) . In order 
to prove ( a ) , i t s u f f i c e s t o show tha t Dj f (x ) CD A f (x ) . Let us 
take x e l and • i e D j f ( x ) . Consider two cases . F i r s t suppose 
t h a t 14 0 (we allow tha t t = + <*>). Then there e x i s t s a s e -
quence x f l 4 x, x n e l , such t h a t l im x f l = x and 

f ( x j - f ( x ) 
lim - = I . Since the se t A has the proper-

* n - x | f ( x ) - f ( x ) | 
ty B f , f o r every point x f l as wel l as f o r e = g 

x - x„ 
and 6 = - — — (since I 4 0 , we m^y assume t h a t the sequen-
ce i s chosen such t h a t always e > 0 and ¿ > 0 ) , the re e x i s t s 
a point y f l e A such t h a t 

I x - x I 
b n - * n l < n n ' > 

and 

. | f ( x ) - f ( x n ) | 
(2) | f ( x n ) - f ( y n ) | < 5 ^ . 

- f ( y n ) , 
We s h a l l demonstrate t h a t lim — = i . To t h i s 

n-fcoc 
end, i t i s enough to show th^-t 

n-fcoo x ~ ~31 

- 304 -



On some problem of Marqua 

fix) - f ( y n ) 

( 3 ) E L * ( « ' - " 1 * 
X - X n 

Erom (1) we have 

n x ~ xn , n 
a + 1 x - y n - 1 • 

whereas from (2) 

_ 1 f ( x ) - f (y ) * 
° < ^ - i - L < f ( x ) - t ( x l ) < J L i ± f o r 

Consequently, from the above i n e q u a l i t i e s i t follows that 

f ( x ) - f ( y n ) 
n - 1 . x " yn < n + 1 
n ~ r r < f ( x j - f ( * n J - 1 • 

x - x n 
Henoe we get ( 3 ) . 

Now suppose that ( = 0 . There e x i s t s a sequenoe |xnj- such 
f ( x j - f ( x ) 

that lim x = x , x ^ x , and lim £ = 0 . Take 
n-cw oo x n ~ 

g(x) = f( 'x) + x . I t i s eas i ly seen that the set A has the pro-
g(x ) - g(x) 

perty B . Then lim ^ = 1. So, f o r the function g 
o n—<»° n " 

and for ( = 1, we may apply the proposition of our theorem. 
Consequently, there e x i s t s a sequence { y n } , 7 n G A » 3 l l c l 1 

g(y n ) - g U ) that lim = 1. Hence i t appears that 
n-*<*> ^n ~ 

f ( y n ) - f ( x ) 
lim — = = 0 . In t h i s way, we have proved ( a ) . The 

n-*-<*> ^n " 
proofs of (b) and (c ) are obtained by a simple modifications 
of the above reasoning. 
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Prom Theorem 1 a few corollaries result. 
C o r o l l a r y 1. I f f is a continuous function 

f : I—"-F, and the set A is dense in I , then the conditions 
(a ) , (b ) , (c) are sat is f ied. 

C o r o l l a r y 2. I f f is a continuous function 
f : I — a n d the set A is of f u l l measure in I , then the 
proposition of Corollary 1 is true. 

C o r o l l a r y 3. I f f : I—"-R is an approximati-
vely continuous function, and the set A is of f u l l measure 
in I , then also conditions (a ) , (b ) , (c) are true. 

C o r o l l a r y 4. I f f : I — R is ah approximati-
vely continuous function, and the set A sat is f ies the condi-
tion 

A W A m* [*(x-$, x+S)nA] > 2611 , 
xel 7>0 <$o>0 6e(0, tfQ) 

then the conditions (a ) , (b ) , (c ) are true. 
T h e o r e m 2. I f a set EePg is of the f i r s t cate-

gory of Baire, then there exists f : I—»-R of type cx, such 
that E = A f and Cf - A f = j ^ M u I 

0 0 _ 

P r o o f . Let E = ^ Ê . and E^ = E^; the sequence 

{Sjj.} is increasing. Since I \ E is a residual set, there exists 
a set A = »Xg , . . . } such that A = I and AnE = 0. 

Let us define a function gs 

g(x) =-
T g ( x i » B i ) f o r x = x i> 1 = 1 > 2 » » » » 

0 for x ^ x i t i = 1 ,2 , . . . 

I f Eĵ  = 0, we assume that ^(x^EjJ = m(I). The function g 
is continuous at points of the set I \A. Indeed, let us take 
xQ e I and g>0 . We shall find an i Q such that " j 1 ) 4 6. 

There exists some i > 0 such that in the interval (x0-3,xQ+6) 
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there i s 0 < g ( x ) < — S o , the f u n c t i o n g i s continuous 
o 

i n the se t I \ A . Hence, i f x eA, then g ( x ) > 0 and there e x i s t s 
a sequence { a n | such tha t a n — x and, f o r every n, a n ^ A . 
Hence we get t h a t lim g(a ) = 0, which y i e l d s x e D ^ . Conse-

n— 
quen t ly , A = Dg. Therefore , the f u n c t i o n g i s of type « . 

Let us take x . e E . We s h a l l show tha t g ' ( x „ ) = 0. Let 0 A 0 
£ > 0 . There e x i s t s some j eK such tha t and xQ eE^. Take 
an h > 0 such t h a t i n (x 0 -h ,x 0 +h) there are no po in t s 
x.j , x 2 , . . • ,Xj e A.. Let us now consider the two case s : 1) xQ+h^A 
and 2) x +h = x eA, s > j . I f x +h^A, then 

g(xQ+h) - g(xQ) g(x0+h) 
h h = 0 . 

I f xQ+h = x 0 e A, s > j , then h = q ( x 0 , x s ) ^ ^ ( x s , E s ) , which g i -
ves 

g(xQ+h) - g(x 0 ) g(xQ+h) 
h h 

S.h < s.<}(Xg,Ej 8 3 

I t fo l lows from a theorem of Z.Zahoreki i n [ 3 ] t ha t there 
e x i s t s a continuous f u n c t i o n <p such tha t Atp= E, 14^=' I \ E . 
Put 

f (x ) = g(x) + (f>(x). 

The f u n c t i o n f i s of typo <*, Df = A, E c A f . Let now x^E<~»A. 
Consequently, xeM^. So, at t h i s point there e x i s t at l e a s t 
two d i s t i n c t r igh t -hand d e r i v a t i v e numbers ^ , l 2 and two d i -
s t i n c t l e f t - h a n d de r iva t ive numbers t^ , 1'0. Let { y r } , { z

n } *>e 
sequences such t h a t y n — x , yQ 

A and 
> x, 

(4) n't yD-x = V 
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( , ) X1M - . l. 
n - o o n ~ * 

The e x i s t e n c e of such sequences r e s u l t s from Coro l l a ry 1, 
i tom c o n d i t i o n (4) we have 

Jn—x ^n n-*oo ' n " 1 

whereas from (5) we o b t a i n 

f ( z ) - f ( x ) . (p(z ) - cp(x) 
(7 , i i m n = i i m n . t 

n-»o® n n-»o«» n 

Prom (6) and (7) i t f o l lows t h a t ^ , t 2 € D ^ f ( x ) . S i m i l a r l y , 

one proves t h a t t!j, I g f i D ^ f f x ) . Henoe we i n f e r t h a t , i f 
z ^ u A , then x e M f . In consequenoe, E = A j and C^ - A^ = 
= A f ( » o ) u M f . Bote t h a t Af(<=»°) = 
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