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ON SOME PROBLEM OF MARCUS

In this paper we present a solution to the followlng prob-
lem, raised by S. Marcus in [2]: does there exist, for any
set B of class Fy and of the first category of Baire, a fun-
ction £ of type o (i.e., a function whose set of points
of continuity is dense and boundary) such that

E=A0p and Cp - Ay = Ag(oo) v iy,

wvhere

Af ={x= If'(X)I<°°} ’ Af(°°) ={X: f'(x) = i°°}9

Cf - the set of all points of continuity of the function £,
Me - the set of all those points at which there is no one-gid-
ed (finite or infinite) derivative. Besides, in this paper we
shall apply the following notation:

I - any closed interval with finite Lebesgue measure,

R - the set of real numbers,

DXf(x) - the set of all left-hand derivative numbers of
a function flAp{x at the point x,

Dyf(x) - the set of all derivative numbers of a function
f'Au{x} at the point x,

sz(x) - the set of all right-hand derivative numbers of
a function flAu{x} at the point x,

Dy - the set of all points of discontinuity of the func-
tion £,
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2 B.Szkopifiska, J.JaskuXa

m(A) - the Lebesgue measure of the set 4,

n¥*(A) - the exterior Lebesgue measure of the set A.

Definition. Lot a functionf : I—=R be gi~-
ven. We shall say that a set ACI has the property B, if

/\ /\ /\ \/ | If(xo) - f(x')<e .

x €I £>0 §>0 x’e(xo-d,xo+6)nA

Theorenm Te If, for a function £ : I — R, the
get A CI has the property By, then

(a) Dyf(x) = Dyf(x) for xel,
(v) DIf(x)
(¢c) DIf(x)

Proof. It is obvious that DIf(x) >DAf(x). In order
to prove (a), it suffices to show that Dif(x) CDAf(x). Let us
take xe€I and teDIf(x). Consider two cases. Firgt suppose
that ¢ # O (we allow that { = too), Then there exists a se-

DZf(x) for xel,

DXf(x) for xel.

guence {xn}, x, # X, %, €I, such that nl_i’.:‘:.xo x, = x and
f(xn) - £(x)
lim —2 —_ _ ={. Since the set A has the proper-

n-+oo Xp — X% ,f(x) - f(xn)l

ty Bf, for every point X, as well as for € = 5

X - X
and 6=’l—n—r-1—!-

ce is chosen such that always £€>0 and 6>0), there exists
a point yneA such that

(since ¢ # 0, we mgy assume that the sequen-

lx-xnl

(;1) I»yn-xn|<——n'——,
and

f(x) - £(x,.)
(2) l£(x,) - £(yy)| < | - oll

We shall demonstrate that lim —=-5 = {. To this
n-~oo In

end, it is enough to show that
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- £(x) -.f(yg)

.
(3) im 57 £z a 1.

n-—.“

X -X

From (1) we have

whereas from (2)

£(x) - £(y,)
n -1 n n+ 1

Consequently, from the above inegualities it follows that

£(x) - £(y,)

n-1. X = Jn <h+ 1
n + 1 f(xT-f(xn) n-1"°
X - X,

Hence we get (3).
Now suppose that {= 0, There exists a sequence {xn} such

that 1i # d 1i flxy) - x) 0. Tak
a m X = X X X an n ——— = . axe
neoo 1 ! “n ’ n-=00 X, =X

8(x) = £(x) + x. It is easily seen that the set A has the pro-
- alxy) - alx)
perty B . Then 1lim ————— =1, So, for the function g

24 n-eoo xn - X

and for { =1, we may apply the proposition of our theorem,
Consequently, there exists a sequence {yn}, Jn€4, such
gly,) - alx)

that 1im = 1, Hence it appears that

n=+-oo Ip = X% :

f(yn) - f(x)
lim —————— = 0. In this way, we have proved (a). The
neoo In

proofs of (b) and (c¢c) are obtained by a simple modifications
of the above reasoning.
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From Theorem 1 a few corollariss result.

Corollary Te If £ is a continnous function
f: I —= PR, and the set A is dense in I, then the conditions
(a), (b}, (c) are satisfied.

Corollary 24 If £ is a continuous function
f: I —=R, and the set A is of full measure in I, then the
proposition of Corollary 1 is true.

Corollacry 3. If f: I —=R is an approximati-
vely conthnuous function, and the set A is of full measure
in I, then also conditions (a), (b}, (¢) are frue.

, Corollaczry 4. If f: I— R is ah approximati-
vely continuous function, and the set A satisfies the condi-
tion

| /\ \/ \/ /\ m*[(x-a, x+8)nA] > 26y,

xel 9>0 6 >0 6e(0, §))

then the conditions (a), (b), (c) are true.
Theorem 2. If a set EeFG is of the first cate-
gory of Baire, then there exists f: I —=R of type «, such
oo ’ _
Proof. LetBEs= k“} E, and By = E,; the sequence
=1 :
{Ek} is increasing. Since I \E is a residual set, there exists
a set A = {x1,x2,...} such that 4 = I and AnE = ¢.
Let us define a function g:

. % g(xi’Ei) fOI‘ X = xi’ i-= 1,2,...
g(x) = '
0 for x f xi, i-= 1,2,00-

If By = ¢4, we assume that g(xi,Ei) = m(I). The function g
is continuous at points of the set I \A. Indeed, let us take
x, € I\A and ¢>0. We shall find an i, such that Zl <e.

0
There exists some 6§ >0 such that in the interval (xo-é,x°+6)
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there is 0<g{x)g E-:{—]-:-)-s &. So, the function g is continuous
)

in the set I \4. Hence, if x €A, then g(x) >0 and there exists
-a gequence {an} such that a) —~x and, for every n, a, #4.

Hence we get that 1lim g(an) = 0, which ylelds xeDfs. Conse~-
n-o° :
quently, 4 = Dg. Therefore, the function g is of type .

Let us take x, €B. We shall show that g’(xo.) = 0. Let
€ >0, There exists some J €N such that —1-<e and X, eEj. Take
an h >0 such that in(xo-h,x°+h) there are no points
x1,x2,....,xj€A.. Let us now consider the two cases: 1) x°+h¢A
and 2) X th = x €4, 8>j. If x°+h¢A, then
g(x,+h) - gl{x )|
h

g(x°+h)
'h

If x +h = x €4, 8>, then h Q(xo'xs)?e(xs’Es)’ which gi-

vas
g(x°+h) - g(xo) g(xo+h)
| =] | =] -
i glxy,By) g(xﬂ,EE) - _;_<_;I)_<s.

sen © s-q(xs,Es)

It follows from a theorem of Z,Zahorski in [3] that thers
exists a continuous function ¢ such that Ap= E, Mq,:' IN\E.
Put

f(x) = g(x) + ¢(x).

The function f is of type o, D, = A, ECAp. Let now x ¢EuA,
Consequently, xeM,p. So, at this point tlr_;ere exist at least
two distinct right-hand derivative numbers {,, !, and two di-
stinct left-hand derivative numbers 1/1, 1'2. Let {yn}, {zn} be
sequences such that In—"X%X» Jp > %, 2
Inf 4 znsé 4 and

n———x, Zn > :".’

elyy) - elx) .

(4) lim Iy TE = 4y

n-—=oo
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olz,) - o(x) L

n-—soo 2, - X 2

(5)

The existence of such sequénces results from Corollary 1.
Prom condition (4) we have

£(y,) - £(x) oly,) - @(x)
(6) lim —2% — = 1im —2& - {,
-ynifx In = ¥ n-seo  Jn - % 1

whereas from (5) we obtain

. ) - f(x) . ( - x)
(7) lim (z’z‘ _xx lim ¥ z;’) _Z(x = L.

n-—s+oo n n-soo0 n

From (6) and (7) it follows that {,, ! o, €D;f(x). Similarly,

one proves that 31, v €D,f(x). Hence we infer that, if
x gEuwA, then x € M. In consequence, E = Af and Ce = Af =
= Ap(ee)U ;. Fote that Ap(e°) = ¢

REFERENCES

[(1]M. Pi141pozak: Surles fonctions dont 1l’ensem-
ble des points de continuité est & la fois frontidre et
dense, Collog. Math. 33 (1975) 237-250.

[2] S« Marcus: Surled prpprietes differenmielles
des fonctions dont les points de continuité forment un.
ensemble frontisre partout dense, Ann. Sci., Kcole Norm,
Supe 3, 79, (1958) 1-21. .

[3]2. 2zahorski: 0 zbiorze punktéw nierézniczkowal-
nodci funkcji dowolnej, Dodatek do Rocznika Polskiego To-
werzystwa Matematycznego 21 (1950) 23-26,

INSTITUTE OF MATHEMATICS, UNIVERSITY OF 0D, 90-238 16DZ,
POLAND
Received Fsbruary 26, 1981,

- 308 -



