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SOME SHEAVES OVER A DIFFERENTIAL SPACE 

Introduction 
In this paper we show that in the case of the local ly 

free sheaves of modules over a d i f f e r e n t i a l space r one can 
use, invest igat ing their loca l properties, the analogical 
methods of calculat ions as those used in the theory of the 
d i f f e r e n t i a l manifolds. In consequence, as one can expect, 
many theorems known about the d i f f e r e n t i a l manifolds may be 
transferred without d i f f i c u l t y to local ly free sheaves of 
modules over a d i f f e r e n t i a l space, what we show in the next 
parts . 

1. The sheaves of the -modules over a d i f f e r e n t i a l 
space 

Let i be a non empty set of rea l functions defined on 
the set M. The set M wil l be interpreted as a topologi-
cal space with the weakest topology rT in which a l l func-
tions of ? are continuous. 

As i t i s known [5] , the set ? i s cal led a d i f f e r e n t i a l 
structure on M i f f the set ? i s closed with respect tc& 
loca l iza t ion and superposition with the smooth functions on 
Rn , n = 1 , 2 , . . . » Then the couple (M, i s called a 
d i f f e r e n t i a l space. 

Analogically as in thé theory of d i f f e r e n t i a l manifolds 
we define a tangent vector to the d i f f e r e n t i a l space (M, ? ) 
at the point p e M as well as the smooth tangent vector 
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f i e l d s on ( M f s ) [5]« The-^-module of a l l the smooth vec~ 
tor f i e l d s t a n g e n t t o the d i f f e r e n t i a l apace w i l l be denoted 
by X . 

Let (M,*-) be a d i f f e r e n t i a l space . Then ? i s a l i -
nea r r i n g over H c o n t a i n i n g a l l c o n s t a n t f u n c t i o n s on M 
and the t o p o l o g i c a l space (M, tT ) i s a r - r e g u l a r . Of c o u r -
se t he r i n g i- j f + i g s f j g e S ' } of complex f u n c t i o n s 
on K i s i n n a t u r a l way connected wi th tho d i f f a r e n t i a l 
s t r u c t u r e on (LI, * ) , I t i s easy t o see t h a t the r i n g 
hsti a s t r u c t u r e of 2 -d imens iona l d i f f e r e n t i a l J -modu le a s 
w e l l . 

I t i s e v i d e n t a l s o t h a t t he .F-modules ? f X and 
generate r e s p e c t i v e l y i n the c a n o n i c a l way, sheaves of 7 -mo-
dules T f 3E and over t h e d i f f e r e n t i a l space (M, f ) . 
A natural i n c l u s i o n of t he r i n g * i n t o r i n g a l lows us 
to t r e a t the sheaves of ^ -modules a l s o as the sheaves of 
^-modules over t h e d i f f e r e n t i a l space (M, r ) , 

From t h i s moment on we w i l l c o n s i d e r sheaves of -modu-
l e s and -modules over the d i f f e r e n t i a l space (M, 

Let it be an a r b i t r a r y sheaf of ^ -modules over t he 
d i f f e r e n t i a l space (M, where k-R o r k * C as w e l l 
as I t i s easy t o p rove : 

L e m m a 1 . 1 . I f B t r 7 and pe * (U) t h e n f o r 
any po in t p £ U t h e r e e x i s t an open neighbourhood V of p 
and {?€3t(M) such t h a t 

1 I V = Q |V. 

Wow we are introducing the f o l l o w i n g d e f i n i t i o n . 
D e f i n i t i o n 1 . 1 . Let w ^ , . . . , * ^ , ^jj+i» > 

be any sheaves of ^ - ¡ n o d u l e s over the d i f f e r e n t i a l space 
(I'i, ? ) . Then each map 

f : ^ ( U ) x . . . xiTk(Uj — K k + 1 ( U ) 

s a t i s f y i n g ths condi t ion 

(LF) i f e ± | V = ^ I V , ? i , ^ e K(U) f o r i = 1 , 2 k 
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and V,Uet> as well as V c U, then 

?k)lv = f (?'-,,...,?'k) I v, 

wi l l be called the LF-mapping of ^(U)-modules 31 (̂11), 
k(U) into ^ (U)-module 3tk+1(U). 

Similarly as in [5] one can prove 
L e m m a 1.2. If f ± : «1 (U) * . . . xKfc(U) — Rk+1 (U), 

i=1,2 t are LF-mappinge of fy (U}-modules n^(U), . . . ,*k(U) 
into the fy(U)-module sat isfying the condition 

for any e *.,(V) x . . . x 1*,{{V), U,Ve r ? and 
U c V - then f^ = f g . 

L e m m a 1.3. For an arbitrary LF-map 

f : ^(Uix . . . x3tk(U) — *k+1(U) 

of the fy(U)-modules (U) , . . . , « k (U ) into the ^ (uj-mo-
dule (U) as well as for any open set ¥ C U there 
exists unique LF-map 

f|y : JE.,(V)x . . . x3lk(V) — *k+1(V) 

such that 

f v ( ? 1 | v , . . . , ? k | v ) = f ( ? 1 , . . . , ? k ) | v 

for any {q . . fQk) e ft^Ujx . . . *«k(U). 
Analogically as in [5] we prove as well 
L e m m a 1.4. Let JB be an open covering of U and 

{fB : (B) x . . . x i t k { B ) - ^ « k + 1 ( B ) } B € 3 

family of the LF-mappings such that fB|BnB' = f B I B n b' 
for any Bt B'fe J8 , then there exi-sts unique LF-map 
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f : tt^U)* , . . x w k ( U ) — at; + 1 (U) 

uucn t h o t f | B = f o r a n ' a r b i t r a r y B t 3 , 
i.ov;, 1 s t ^ j i + i » k e /V , be a t i l l any s h e a v e s 

of fy - . n o d u l e s o v e r a d i f f e r e n t i a l s p a c e ( i i , 7 ) . By 
Li' ( ' 3 1 ^ , . . . ) w i l l be d e n o t e a the c a t e g o r y w h i c h t h e 

Pfc (U) -mod u l e s 

( 1 . 1 ) L £ , ( a 1 ( U ) , . . . f J t f c { U ) ; J l i c + 1 { U ) J 

x o r U e i > , a r e o b j e c t s . Of c o u r s e ^ ( U ) - m o d u l e s ( 1 . 1 ) , 
- m e r e U e i y , c o n t a i n a l l L i v -nap p i n g s f y d e f i n e d i n Lem-
ma 1 . 3 . 
i» 

L e t U and V be an a r b i t r a r y open s e t s i n M and 
u c V. By 9 y w i l l be d e n o t e d t h e morphism o f r e s t r i c t i o n 

( V ) . , 3 t k (V j ; i l k + 1 ( V ) ) — (U) . . , « k ( U ) ; * k + 1 ( U ) ) 

j e f i n e d by t h e f o r m u l a 

= f V 

x o r an a r b i t r a r y f e Lj?( ( V j , . . . , k ( V ) { k + 1 ( V ) ) . 
i r o m our lemmas t h e r e f o l l o w s i m m e d i a t e l y 
C o r o l l a r y 1 . 1 . The t r i p l e ( L i ' i ^ . . , J t k ; ® k + ^ ) 

, t y ) , where P i s a c o n t r a v a r i a n t f u n c t o r f r o m the c a t e -
g o r y t , i n t o t h e c a t e g o r y , . . . , K k ; 3 t k + ^ ) o f T^ ( l i j -modu 
le& o f Uf ' -mappings s u c h t h a t i'(.U) = LP( 8L ( U ) , . . . ) : 

u 
® K + 1 ( U ) j and F(i) = 9 y , where i : V U an i n c l u s i o n , 
i s a s h e a f o f L i - m a p p i n g s o v e r t h e d i f f e r e n t i a l s p a c e (m, J " ) . 

T h i s s h e a f w i l l be d e n o t e d by , , . . » ® k » ® k + - j ) c a l 
l e d t h e s h e a f o f .ar-map p i n g s o v e r t h e d i f f e r e n t i a l s p a c e 
(lu, r ) . 

Now, we w i l l g i v e some e x a m p l e s o f L P - m a p p i n g s on t h e d i f 
f e r e n t i a l s p a c e (H, 7 ) . 

1_. L e t X e 3E be an a r b i t r a r y smooth v e c t o r f i e l d on 
and 9» = f + i g 6 Jfc - any c o m p l e x f u n c t i o n on ia. L e t us d e -
f i n e 
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(1 .2 ) X(j»J = X ( f ) + i X(g) 

for any funct ion <p- £ + i g e . By means of immediate c a l -
c u l a t i o n s we v e r i f y that the map X : ^ — i s a d i f f e r e n -
c i a l operator . I t i s easy to observe as well tha"i X i s a 
Li?-mapping. The set of a l l mappings of the form (1.2) i s de-
noted by X . This se t has the natura l s t ruc ture of the 

-module. 
a sheaf of the der iva t ions of the r ing corresponding 

to ? -module 3E. w i l l be denoted by i as we l l . 
2, Let and » k e A/ , be the sheaves of 

^ -module s over the d i f f e r e n t i a l space (M, 7 ) as well as 

(1 .3) " •• « ^ U ) x • • • * ®k(U) 

U) -k-JLinear map, where U e t r . 
une can show that the map co i s a LF-mapping. ihe se t 

of a l l LF-mappings co of the form (1 .3 ) we denote by 
¿j- ( (U) , . . . ,®k(U) (U ) j and endow i t in a natura l way 
with a s t ruc ture of ^ (U)-module . 

at the same time we have 
C o r o l l a r y i . 2 . The t r i p l e ( L ^ (a^ , . . . >\-»* tC+-|). 

T> } , where ? i s a conti 'avarient functor from the ca tego-
ry r T into the category L^i t t^ . . , « k ; i r r + 1 ) or 7-f(ti ) - i : - l i -
near mappings and F(t ) = 9y where i i V"c— U an inc lu s ion , 
i s a sheaf over the d i f f e r e n t i a l space (Li, T j . 

This sheaf w i l l be denoted Oy L y | , . . . ) and 
c s l i e d a shear of the tensor f i e l d s on id with the values 
in the sheaf of ^.(U)-modules over the d i f f e r e n t i a l 
space (L, T j . 

uf course , in p a r t i c u l a r when = s^ - . . . = = 3E 
and = t h i s sheaf w i l l be denoted by L1^ (3E, ) 

and i t s elements w i l l be in t h i s case the J ^ - k - i e n s o r f i e l d s 
on (M, y ) . 

;..oreover i f these ^ - k - l i n e a r mappings w i l l be skew-sym-
metr ic , then we c a l l them the e x t e r i o r S^-k-forms 0X1 
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The sheaf of exterior -k-forma on thd d i f f e r en t i a l 
k 

space (M, J ) w i l l be denoted by A. (X, Tk). Next, by 
k 

A ( 3 E , K ) we w i l l denote the sheaf of the exter ior k-forms 
on to with the values in the sheaf 31. 

Now, le t c o e A (3E, 7k ) , where k = C, then co(X1 , . . . 
6 f o r any X. j , . . . ,Xk 6 X . Consequently 

co(X.j,.. . ,Xk) = co.j (X^, . . * ,Xk) , . . . , 
j. 

where , co2e A (X, 
I t is not d i f f i c u l t to observe that the operator of ex-

ter ior derviation d as we l l as the l inear connections in 
the Jfo-module It are the IiF-map pings. 

In our work we accept the following de f in i t ion of the 
exterior derivation of exterior k-forms: 

1° i f oce A ° ( i ( D ) , J"(U)) then (da)(X) = X(or) f o r an 
arbitrary Xe3 f (U ) and i f a e A°(3E(U), ^ (U)) then 
(da)(X) = X<*= ) + i X(c*2) f o r an arbitrary Xe 3E (U), 
where <x = a^ + i «2 » 

2° i f co € Ak(3£(U), ^ ( U ) ) , k = C or k=R, U e r f , then 

k 
( dw ) (X 1 , . . . ,X k + 1 ) - ( - 1 ) i + 1 X l ( w ( X 1 f . . . f X i , . . . , A k + 1 ) ) + 

i=1 

+ ( -1 ) ^ <o( ,X.j f * • • • * . ,Xj , • • . ) 

f o r an arbitrary X 1 , X k + 1 e 3E (U) and k > 1 . 
Of course 

d s Ak(3E(U), ^ ( U } ) —A k + 1 ( 3E (U ) , ^ ( U ) ) 

f o r k = 0 , 1 , . . . and as i t i s easy to show [5 ] , we have t ie 
identity do d = 0. This fact gives us poss ib i l i ty to con-
sider analogically as in the theory of d i f f e r en t i a l aanifolcs, 
the chain complex 
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A 0 ( X ( U ) , ^ ( U ) ) — A 1 ( 3 E ( U ) , ^ ( L ) ) - i A 2 ( 3 £ ( U ) , T k (L )) . . . 

and con sequen t l y we have p o s s i b i l i t y "to consider? de -¿ham 

cohomology g roups of the d i f f e r e n t i a l space ( M , ^ ) . 

a c c o r d i n g l y w i t h the d e n o t a t i o n g e n e r a l l y accepted i n 

the theory of cohomology we pat 

Z k ( U ) := k e r ( d : A k ( X ( u ) , fy(Uj)^ A I c + 1 (3E(U) ; J k (U) ) 

and 

a : i (U) Im(d:.A. , c~ 1 i3E(U), ? k (U) ) ^ A k ( X ( U ) , ^ (U) j ) 

H k ( U ) := Z k ( U ) / B k ( U ) 

f o r k = 1 , 2 , . . . and U 6 ry .. ¡Moreover we accept a l s o 

n°(U) = ^ ( U ) . 

'Tlie ,y?oup H k ( U ) , k = 0 , 1 , 2 , . . . i s c a l l e d the k - t h giv. ' - i 

of de iinom conomology of the d i f f e r e n t i a l space (U, f o r 

Ue t> . 

I'ierct the l i n e a r c o n n e c t i o n i n the J^ (U)-module «1 (L) 

we d e f i n e as a i c - l i nea r mapping 

u : Jl(U) — A 1 ( X ( U ) , « ( b ) ) 

s a t i s f y i n g the c o n d i t i o n 

L(a q) = (da) Q + a D Q 

f o r any ; e « ( l ) | and a e f y ( U ) , where (da«{>)(X) : = 

:= (do<)(X}{> = X ( a ) ip f o r X 6 3£ (U ) . 

IM'OW we prove 

L e m m a 1 .5 . The ope ra to r d o f e x t e r i o r d e r i v a t i -

ve s s w e l l as the l i n e a r c o n n e c t i o n D i n the ooa 1 o 

W(U), f o r U e r f , are the L i ' -mapp ings . 

P r o o f . I t i s known that f o r any two e x t e r i o r £or.r,-. 

coe A k ( ( U ) , and © e A 1 ( 3 E ( U ) , (U) } we have the 

i d e n t i t y 
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d(wAS) = dwA6+ ( - 1 ) k c j A d e . 

Now let co and q be any k-form from jVk(3E(U), ^ - ( U ) ) 
such that 

co |V = q |V 

fo r some open set V C U. We w i l l show that 

du | V = dip | V. 

Indeed, let p € V be an arbitrary point and <p the 
function separated point p in the set V. Then we have 

$p(u-f) = 0|. 

Hence we have 

0 = d ( p ( u > - y ) ) = d g>A(u>-q) + cpd(co-^) 

as we l l as 

dj»|T (u-?)|T + 9>|v d(M-?)|v = 0 . 

The. last identity implies 

dw|V = dp | V . 

uf course the remaining part of our proof runs analogical ly. 
At the end let us observe also that fo r any vector f i e l d s 

, . . . e 3E(U) the composition ^ o . . . o i g , s € N , 

of those vector f i e l d s defined by the formula 

U.,0 X2® . . . o a s ) ( « ) = X.j (X^ ( . . • ( ( a ) . , . . ) ) ) 

f o r ot e J"(U) is a Li'-aiapping as we l l . 

2. The connection and curvature rorms in the sheaves of 
-modules over a d i f f e r en t i a l space 

Let W be a sheaf of -modules over the d i f f e r en t i a l 
space (tt, 3r), k=R or k = C and U e t> any open set 
in M. 
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d e f i n i t i o n 2 . 1 . xhe elements e , , . . . , e „ € Jl(v) 1 * n ' 
are cal led a l o c a l oafce of .fy(U}-moaule 3t(U), where 
V,Uery and V c U, i f f the e 1 , . . . , e n form an ^ ( v j - b a s e 
i or K (V J . 

Of course i f e . j , . . . , e n e W(V) for a l o c a l ?^(V)-base 
of Tjf (U)-aioaule tt(U) then for any ^eK(U) we have the 
ident i ty 

t}\ V = « 1 e 1 + a 2 e 2 + . . . + a n e n , 

where a 1 , a 2 , . . . , a n e (V). 'ihe c o l l e c t i o n ( a 1 , . . . , a n ) 
are cal led l o c a l coordinates of the element peW(U) with 
respect to the l o c a l ^ ( V ) - b a s e in W(U). 

I t i s easy to prove 
L e m m a 2 . 1 . I f the elements e ^ f . . . , e n e ®(v) form 

a l o c a l fy (V)-base of JF̂ . (U J -module K(U) then for any open 
set "¡I C V the elements ê  | W , . . . | \v e Jl(w') form a l o c a l 
fy ('.»")-base of 5^(U)-module lt(U). 

As we know, i f the -module 3l(U) has a /^(U)-case 
then i t has i n f i n i t e l y many ^(U) -bases and moreover every 
two bases of t h i s .^(U)-module contain the same number of 
elements. Hence i f i e 1 , . . . , e n and e ! j , . . . , e ' n are two 
fy(U)-bases of ^(U)-module 3l(U) then there e x i s t s a ma-
t r i x g e GL(n, Tk(U)) 

& = 

(4 
s 2 &2 

•i 
4 

\ 1 2 g g 

such that 

e ' i - 4 V 

i = ' i , 2 , . . . , n , cal led the matrix of change from one ^ ( U ) - b a -
se to another ^ ( U ) - o a s e . Of course the element d e t ( g ) e U) 
i s revers ib le element of the ring •^(U). 
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•; c i n i t i o n 2.2. A sheaf V. over the d i fx 'e -
i'er.-ciel space (ii, ? ) i s cal led an n-dimensional l oca l ly f ree 
•ics. o/ ^ - s o d u l e s i f f o r any point p e i,i there ex ists 

en : vsv* L a p os wel l as a - ^ ( U ) - l o c a l uase of T (ci) -¡no-
ci ale 8t {.,; containing n elements. The number n is then 
calls--, • •• .iciision of the sheaf 31. 

:: : 1 e 2.1. hex 1t(ju) be a n-dimensional d i f -
f e r en t i a l aiodule of the l inear $ - f i e l d s on the d i f f e r e n t i a l 
spece {..., J ) [5 ] , v.'here § i s a function on L such that 
fo r ; v - p o i n t p e i.i # ( p ) i s a n-dimensional vector space 
over k . of course each d i f f e r e n t i a l module W(M) on M i s 
associated with the sheaf it of ^ - m o d u l e s over M. I t i s 
not d i f i i c u l t TO observe that the sheaf Hi i s a n-dimensio-
nsl l oca l l y f ree sheaf over the d i f f e r e n t i a l space (Li, 7 ) . 

j :: a m p 1 e 2.2. Let us take under consideration 
S^-module GL(n f T^) of the nxn-matrices which elements are 
functions on u with values in k . A ^ -modu le GL(n, S^.) 
i s an n-difiiensional f ree module over Li and the matrices 
^ = ( a ^ ) , i ,3 = 1 , 2 , . . . , n , s a t i s fy ing the conditions 

a-,.-, = ¡V1 
1 i f k=i and l = j 

0 i f k^i or I t i 

f o r i , j = 1 , 2 , . . . , n and f o r any point p 6 M, form the 
•fy(i.,)-bsse of GL(n, fy). 

iuow, l e t e f o r i , j = 1 , 2 , . . . , n , be f ixed func-
tions on j;., among v;hich at most one i s equal to zero at 
a countccle subset of 1... next, l e t us consider the ^ - m o d u -
le generated oy the vector of the form 

(2 .1 ) c ] a ] + « ^ 2 + + 0 ( n £ i n ' 

I t essv to observe that the f y -module constructed in such 
? 

a manner i s an n -dimensional i ree .^-module over the d i f f e -
r en t i a l space (i.i, & ) , v.'here the vectors of the form (2 .1 ) 
oialie a •f/f-aase of this ^ - m o d u l e . 

- 248 -
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Of coarse the -fy-module constructed above is a y^-sub-
.nodule of tne ^-module GL(n, SF^) which is a diffDrential 
raodule but the considered -sub module is not in general a 
di f ferent ia l module. However the sheaf associated with this 
fy-.nodule w i l l be a locally free sheaf of ?fr -modules over 

2 
i.;f of dimension n . 

IMOW , let ix be an arbitrary n-dimensional locally free 
sheaf over the di f ferentia l space (LI, 7 ) . Then by virtue 
of definition for any point p e ki there exists an open 
neighbourhood U of p in M as well as a ^ ( u j - b a s e 
e 1 ' " , » e n o f -module 3£(M) such that for any pc®(M) 
we have the identity 

p|U = <*1e1 + <x2e2 + . . . + anen> 

where a*" e ^^(U) for i = 1 ,2 , . . . ,n . 
I f e ^ , . . . , e n is another local ^ ( U ) - b a s e of the 

^-module 7t(M) then we also have the identity 

q |U = l/31e1 + fi2e2 + . . . 

wnere yS1 e ^ ( U ) for i = 1 ,2 , . . . , n . Hence i f geGL( n, ) } 
is a matrix of ohange from the ^ (U ) - base e ^ , . . . , e n to the 
^ (U ) -base e 1 , . . . , e n , i . e . e^ = g^ e^ for i = 1 ,2 , . . . ,n , 
then as is easy to show we get the identity 

(2.2) = 

for i = 1 ,2 , . . . , n . 
The formula (2.2) gives us a transformation law of l o ca l 

coordinates of an element f 6 * (M) on changing of one 
fy(U)-base to another. 

Bow let 3.. be an open covering of I. such thet for each 
Ij e 3 there exists an 7^(U)-bsse of the 
-.nodule * ( I j ) . Then for any ye W(i.) as - j e l l os l o r each 
Gt 3 we have 

? \ U e j . 
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Of course, i f U ,Y e 3 and O n V i 0 than 

(p|u)|unv = i91v)|u n v 

cino consequently, i f 

o lu =• a xeV as w e l l as njV = « H i 
U 1 V 1 

then 

« 1 | u n v - a i l u n 7 - « i | D n V ' a i l D n V 

or equ iva l en t l y 

« V n V = 6J « J |unv 

f o r i = 1,2 , . . . ,n, where g = (g^ ) 6 GL( n, ? ^ ( U n V ) ) i s 
the matrix of change from one ^ (U nV) -base to another. 

I n v e r s e l y , i f f o r each and f o r any l o c a l ^ ( ' ¿ i 

se e V , . . . ,ei? of the -module W(M) are determined 
f \ 

c o l l e c t i o n s ( a 1 , . . . , a 1 1 ) such that i f U,Ve j8 and 
\ V V / 

U n V t 0 then 

i , i i 
« |unv = « I vnu 

f o r i = 1 , 2 , . . . , n , where g e GL(n, (U n V) ) , then there 
e x i s t s exac t l y one peTC(M) such that 

f l u - « 1 « ? 
u 1 

f or a ny U e 3 . 
Now, l e t us not ice that the way of thinking ana proving 

shown above, i s w e l l known from the c l a s i c a l theory of the 
d i f f e r e n t i a l mani fo lds. I t r e s u l t s from tJiis that in case of 
the n-dimensional l o c a l l y f r e e sheaves of ^ -modules over 
a d i f f e r e n t i a l space one can use', i n v e s t i g a t i n g t h e i r l o c a l 
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properties, the analogical methods of calculations as those 
used in the theory of manifolds. In consequence, as one can 
expect, many theorems known on d i f f e r en t i a l manifolds may be 
transfered without d i f f i cu l t y on n-dimensional loca l ly f ree 
sheaves of ^ -modules over the d i f f e r en t i a l spaces (M, & ) 
which we would l ike to show in the next parts of the paper. 

To this e f f ect let us consider an arbitrary k-form 
coeA k (X (U ) , 3t(U)) with the values in the ^ (U) -module 

,K(U). Then for arbitrary vector f i e l d s X . p . . . , X k 6 X (U ) 
co(X1 Xk) e W(U) . Hence i f the Tk (U)-module W(U) has 
an ^ ( U ) - b a s e e ^ , . . . , e n then 

(2.3) w ( X 1 , . . . , X k ) = i o i ( X 1 , . . . , X k ) e l 

where w i ( X 1 , . . . , X k ) e f o r i = 1 , 2 , . . . , n as wel l as 
X1 Xk6 3E(U). 

I t resu l ts from this that to1 e Ak(3E(U), i s an 
exterior k-form on U for i = 1 , . . . , n . In consequence: 
each.k-form co € Ak(3E(U), i l ( U ) ) with values in the -mo-
dule 8T(U) with a ^ . (U ) -base determines unique n exterior 
k-forms col , . . . , « 1 1 on U. 

Of course from univocal decomposition (2.3) there r e -
sults a univocal decomposition 

(2.4) co = co ie i 

of the k-form co in the given ^ ( U ) - b a s e . 
Next, l e t e ' 1 f . . . , e ' n be another T ̂  (U) -base of the 

^ ( U ) -module * ( U ) and let 

(2.5) e i = g j e i 

f o r i = 1 , 2 , . . . , n where (g^) e GL(n, J^ (U ) ) is a matrix 
of change from one ^ ( U ) - b a s e to another. I~ow in the 
-bsss e vie have the decomposition 

to = c¿"V^. 
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Hence as well as from (2.4) and (2.5) we obtain 

(2.6) cJ1 = "g j a»3 

f o r i = 1 ,2 , . . . , n . Of course the formula (2.6) gives ue the 
transformation law of coordinates of the k-form 
coeAk(X(U), fy(U)) on changing of one ^ (Uj -base in « (U ) 
to another. 

Uow, l e t $> be an open covering of M such that for 
cach UeJ8 there exists an ^(U)-base of the 
^(i,:)-module W(M). Then for any u>eAk(X(M), W(M)) as wel l 
ac for any Ue J8 we have the decomposition 

a> |U = w1eV, 
U 1 

where co1 € A k (X (U) , ^u(U)) for i = 1 ,2 , . . . ,n . Moreover 
U 

i f U,Ve.3 and Unv J 0 then 

M u ) j u n V = (co|v) junV 

and in consequence i f 

wlu = coieF as wel l as colv = coieY 
U 1 V 1 

then 

e/lUnV eVlUnV = c^lUnV eV|UnV. 
U 1 V 1 

Hence, i f g e GL(n, J^(UnV)) is a matrix of change 
fro a one r^(UnV)-base of i t (UnV) to another, then by 
virtue of (2.6) we obtain 

coi|unV = u i\ UnV 
V D v 

f or i = 1 , 2 , . . . , n. 
Conversely, i f for each U e i and for any local ^ (U ) -bc-

vv£ of the TV (M)-module 31(H) is a civen co l l ec -
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t i o n | , . . . , oon ) of e x t e r i o r k-forms on U such that if 
\U . U / 

U,V and Un V ¡i 0 then 

^ l U n V = w^lUnV 
V ^ V 1 

f o r i = 1 , 2 , . . . , n , where g e GL(n, J " ^ ( U n V ) ) , then there 
v 

e x i s t s e x a c t l y one k-form co e A (X(M), such t h a t 

colu = co^V 
U 1 

f o r each U e £ . 
R e a l l y , fop each c o l l e c t i o n of k-forms u 1 e Ak(3E(U) ] 

U u J 
where i = 1 , 2 , . . . , n and the s e t of f ^ i U ) 
of the -module H), there e x i s t s e x a c t l y one k-form 
co11 € Ak(3E(U), W(U)) such t h a t 

( 2 . 7 ) coU = « ¿ e ? . 
U 1 

Now., l e t ( "^ Jue iB 139 a 0 ^ k-forms from y^(Uj-mo-
jr 

dules A (X(U) , . fy(U)) , U e 3 such t h a t f o r any two elements 
U , V t J with 0 nV i 0 , the fo l lowing c o n d i t i o n i s f u l f i l -
led 

co i|un V = "g^ <o 3 |unV 
V 3 U 

f o r i = 1 , 2 , . . . , n , where g e GL(n, ^ ( U n v ) ) when 

e^ | U n V = g^eV|unV. 

Then of course , 

o>V|Un V = « U | U n V 

f o r any U . T t f i such t h a t UnV T h e r e f o r e , there 
e x i s t s , by v i r t u e of d e f i n i t i o n of a s h e a f , a k-form 
&>€ Ak(3E(M), H(Li)) such t h a t 

co |U = coU 
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i o r each D t 8 . Prom ( 2 . 7 ) i t r e s u l t s moreover that 

co |u = « 1 e V • 
U 3 

How, l e t us take under cons iderat ion a k-form 

o>€A k ( 3£ (U ) , c i ( T t (U ) , i I (U ) ) ) 

i . e . a k-form with the values in the (U)-module of. endo-
morphisms of the ^ (U ) -modu le W(U) . Let us assume also 
that the ^ (U ) -module 3l(U) has an ^ ( U ) - b a s e 

Ana log i ca l l y as above we f ind that each k-form 
coe Ak (36!(U),of(n(U), Jt ( U ) ) ) determines the n2 e x t e r i o r k-forms 
coj t A k ( X ( U ) , ^ ( U ) ) , where i , j = 1,2 such that 

c o ( X 1 , . . . , X k ) ( e i ) = c o j ( e ) ( X 1 , . . . , X k ) e ; j 

ror an a rb i t ra ry X . j , . . . , X n e 3£(U). 

Of course, the k-forms " j ( e ) e A k ( X ( U ) , where 

: = ( e 1 , . . . , e ) , = 1 , 2 , . . . , n , form the matrix n 

' co 

co(e) = 

1 ' [ e ) . . . w n ( e ) 

i U j ( e ) . . . co r (e ) 
>k ca l l ed the matrix of k- form co e AK ( x (U) ,o£ (Jt(U), * l ( U ) ) ) wi th 

respect to the base e of the (U)-mod ule W(U ) . 
Now, l e t e' = (e'^ , . . . ,e'n ) ba another ^ ( U ) - b a s i s of 

the ^ ( U ) - m o d u l e "K(U) and g e GL(n, ^ ( U ) } the matrix 
of change from base e' to e , i . e . e' = g e = (Sj9 j_ )> 
Then by d i r e c t ca l cu la t i ons we obtain the f o l l ow ing t rans-
formation law 

( eg ) = S - 4 ( e ) S l 

where i , j = 1 , 2 , . . . , r , f o r k-forms eo^(e) £ A_k(3e(.U), 3Ju(U)), 
J 

or s o u i v a l e n t l y - i n the matrix form 
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co(eg) = g co (e ) g . 

, - j i i i i lar ly as above i t i s easy to prove 
'J h e o r e m 2.1. Let W be a n-dimensional l o c a l l y 

f r s e s'hesi? of the -modules over the d i f f e r e n t i a l space 
T ) Pud J8 such en open cover ing of L that f o r each 

p T3 "D 

there s : : is ts an .fy (3 ) -base e = ( e ^ f . . . , e n ) on 3 
of the T'/f-modale K (M ) . Then, i f f o r each l o c a l F^ (B ) -ba -"D se of Jf(LI), there assigned i s a matrix co(e ) of k-forci 

i. B 
co e A* (3e(3), o£ ( k ( 3 ) , 31(3) ) ) in such a way that f o r any 

2 , 3 ' e f i ' , 3 n 3 ' the f o l l ow ing condi t ion i s f u l f i l l e d 

co( e 3 ) | 3 n B' = g " 1 M e 3 ) | 3 n b' ) g , 
3 B 

where g € GL(n, ^ ( B n E ' ) ) i s a matrix of change from ba-
se e to e' , then there e x i s t s exact ly one k-form 
eoe AK (X( in), o£ (fll(LI), 8l (M) ) ) and i t s l o ca l decomposition wi th TD 

respect to the fy(B)-base e has the f o l l o w i n g form 

( u | B ] ( X 1 , . . . , Z k ) ( e f ) = c o j ( e B ) ( X 1 , . . . , X k ) e ? 

f or any ,... ,Xk e X (B) and i = 1 , 2 , . . . , n . 
Ke?;t, l e t 3f be an n-dimensional local ly free sheaf 

of rk -modules over K and D: W(M) — A1 (3E(M), il (M) ) a l i -
near connection in the -module 8 ( M ) . Decomposing 1-forms 

1 De. 
e A 'OMU) , ^ ( u ) ) f o r i = 1 , 2 , » . » , n with respect to 

the ^ ( U j - b a s e e of the 7^-module ®t(U) we get (2.8) Deĵ  = flJ(Dfe)ea. 

2he decompositions ( 2 . 8 ) , s im i l a r l y as above, determines 
Linee, u i voca l l y the family of the e x t e r i o r 1-forms 

e j ( D , e ) e A1(3E(U), ^ ( U ) ) , 

• •here i , j = 1 , 2 , . . . , n . 
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As i t i s known, the matrix 

/ ¿ ¡ ( D , e ) . . . ^ ( D , e ) 

©(D,e) = 

\ e ° ( D f a ) . . . e£(D,e) 

of the 1-forms, where f o r i , j = 1 , 2 , . . . , n are de-
termined by formula ( 2 . 8 ) , i s ca l led the matrix of the connec-
t ion form D with respect to the ^ ( U ) - b a s e e of the 
rA(U)-module fll(U).-

Next, putting 

(2 .9) 0 j ( D t e ) := d eJ (D,e) + f l£ (D,e ) A oJ(D,e) 

f o r i , j = 1 , 2 , . . . , n we obtain the matrix of 2-forms 

/ » ] { D , e ) . . . « ¿ ( D , e ) \ 

S(D,e) = 

\ f i ° (D ,e ) . . . « " ( D , e ) / 

cal led the matrix of curvature of the connection D with 
respect to the. ^ ( U ) - b a s e e of the -module ?r(U). 

Def ini t ion (2 .9) i s written b r i e f l y in the form 

9(D,e) = d 6 (D,e) + fi(D,e) A 0 ( D , e ) . / 

Henceforth, when the connection D in the -module 
JK(U) wi l l be f i x e d , then the matrixes 8(D,e) as well as 
9{D,e) are denoted by 0 ( e ) and 0 ( e ) , r e spec t ive ly . 

Let e = ( e 1 , . . . , e n ) be the fy(U)-base of the -mo-
dule il(U) and g e GL(n, s^(U)) the matrix of change from 
F^(U)-base e to ^ ( U ) - b a s e e' = eg. Analogically as i.i 
the theory of d i f f e r e n t i a l manifolds we prove 
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L e m m a 2.1. If ©(e), and 0(eg) as well as 8(e) 
and 6(eg) are respectively the matrices of the connection D 
and of the curvature of this connection D with respect to 
fy(U)-base e and eg, then the following identities are 
fulfilled 

(a) dg + S(e)g = g 0(eg) 
(b) ©(eg) = g"1e(e)g. 
Of course, the identities (aj and (b) give us the trans-

formation laws for the matrices of the connection and of cur-
vature connection respectively, on changing of one ^(U)-base 
to another. 

The elements of the curvature matrix of a connection in 
the -module fll(U) are, by virtue of the definition, 
the exterior 2-forms on U i.e. ©^(e) 6 A2(*(U), y*(U)) 
for i,j = 1,2,...,n and for an arbitrary y^('U)-base e 
on U of the Tk{U)-module W(M). 

Hence and from Theorem 2.1 there results 
C o r o l l a r y 2.1. Let W be an n-dimensional 

locally free sheaf of the -modules over the differential 
space (M, * ) and 

Ds «(M) — A1(x(M), K(M)) 

a linear connection in the fy(M)-module rc(M). Then there 
exists exactly one 2-form 9 e A2(X(M), <£ (tt(M), W(M))) called 
the curvature 2-form of the connection D, which has a local 
decomposition of the form 

(0 | U)(X1,X2)(el) = 8 j(e)(X1,X2)e;J 

for i = 1,2,...,n and X1,Xg e I(U) with respect to any 
J^(U)-base e on U of the ^(M)-module 3l(M). 

Now» let us return for a moment to the general case. 
Let w be an n-dimensional locally free sheaf of -modu-
les over a differential space (M, 7 ) and let u te a k-form 
on M with values in the ^(M)-module «c(«(M)K(M)), which 
is a locally free ^.(M)-module as well. 
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For an a r b i t r a r y l o c a l ^ ( U ) - b a s e e on U of the 
-module 31 (11), by w(e) we denote the fol lowing ma-

t r i x 

w(e) = 

... 

\ a * ( e ) . . . « ¡ ¡ (e) / 

where co^(e) f o r i , j = 1,2,...,a are defined by the f o r -
mula 

( w | U ) ( X 1 , . . . , X k ) ( e i ) = &>J(e ) (X 1 t . . . ,Z k )e 3 

cal led the matrix of a k-form w with respec t to the l o c a l 
^ ( U ) - b a s e e on U of the ^(M)-module 3l(M). 

As we know.for the matrix w(e) we have the fo l lcwing 
t ransformat ion law of changing one loca l fy(U)-base to ano-
the r 

(2.10) co (eg) = g~1co(e) g . 

Let D be a l i n e a r connection i n ' t h e ^(M)-module 3*(M). 
Now, we extend the ac t ion of the operator D on the -mo-
dule Ak(X(M) , oC(?l(H), ft(H))) put t ing 

D<oj(e) := dcoj(e) + e j ( e ) A o J ( e ) - (-1 )kco^(e) A0 j (e ) 

f o r i , j = 1 , 2 , . . . , n , or equ iva len t ly 

(2.11) Dco(e) = dto(e) + 0(e)Aco(e) - ( -1 )kio(e) A 0 ( e ) . 

Analogically as in the theory of manifolds we prove 
L e m m a 2 .2 . I f to e A k (x (M), «C (ai(M), tt(M))) and e 

as wel l as eg, where g e GL(n, fy(U}), are two l o c a l 
r j f lV)-bases on U of the ^ (M) -module «l(M), then 

Dw(eg) = g"1Dco(e)g, 
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where co(e) and w (eg) a re the m a t r i c e s of the k-form co 
wi th r e s p e c t t o ^ ( U ) - b a s e s e and eg r e s p e c t i v e l y . 

Prom the above lemma and from Theorem 2.1 t h e r e r e s u l t s 
C o r o l l a r y 2 . 2 . For an a r b i t r a r y k - form 

coe Ak(3t(M), oC(?i(M), w(M))) t h e r e e x i s t s e x a c t l y one k+1-form 
Deo e A k + 1 (x(M), o£(tt(M), 3l(M))) such t h a t i t s l o c a l decompo-
s i t i o n wi th r e s p e c t t o the 7^,(U)-base e on U h a s the 
form 

/ W | ( e ) . . . Dco^(e) 

\Dw^(e) . . . D"¡¡(el/ 

where Dco^(e), f o r = 1 , 2 f . . . , n , are d e f i n e d by formu-
l a ( 2 . 1 1 ) . 

The ( |k+1)-form Du i s c a l l e d a c o v a r i a n t d e r i v a t i v e of 
the k - form co . 

Let 3t(M) be an n -d imens iona l l o c a l l y f r e e fy(M)-module. 
7/e w i l l prove 

L e m m a 2 . 3 . I f X« A k (X(M), oC(llt (M), il(M))) and 
V € A2(3£(M), oc(*i(L:), Ji(M))) a re any k- form and 1 - fo rm r e s -
p e c t i v e l y w i t h v a l u e s i n the l o c a l l y f r e e .fy(M)-module 
cf(3t(M), Tt(M)) whi le X(e ) and v ( e ) a re the m a t r i c e s of 
t hese forms w i t h r e s p e c t to an a r b i t r a r y 7^(U)-base e on 
U, t hen t h e r e e x i s t s e x a c t l y one k+ l - fo rm X A FT 

Ak+1(3E(M), oC(w(M), tt(M))) such t h a t 

(XA v ) ( e ) = x(e ) A 4>Ce) 

f o r any i ^ (U) -base e on U of the ^ ( U ) - m o d u l e 3i(U). 
P r o o f . Let us assume t h a t f u l f i l l e d the assump-

t i o n s of Lemma 2 .3 and l e t .3 be such an open cover ing of M 
t h a t f o r each t h e r e e x i s t s a ^ ( U ) - b a s e e^ on U 
of the ^ (U) -module w(U). 

\ 
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As a result for each ^(Uj-base e^ on U given are the 

matrices X(e U ) and i|/(eU) of k-form X and 1-form vj> r e s -
pectively as well as the matrix X (e^) a (fi(e^). Now, we will 
show'that the family (x(e U ) 0 ^ exterior k+1 -forms 
with values in the fy(M)-module eC(jl(M), Jl(M)), determine 
exactly one k+l-form X a y t Ak+1(3E(M), o£(ll(M), il (M))). 

In order to end, let us take two sets u,u'e 3J such that 
unu ' i 0 and le t g e GL(n, ^ ( U O U ' ) J be a matrix of chan-
ge from j/f(unu' ) -basis e u |unu' to u ' ) -bas is 
e u | u n u ' . By virtue of (2 .10) we have 

X(eu ' ) j|unu' = g"1 X ( e U ) | u n u ' g 

y(e U ) | unu' = g~1 y ( e U ) | u n u ' g . 

Hence 

(2 .12) X(e U ) | Unu'A <fi(eU)|UnU' = (X(eU') A Y(eU'))|unu' = 

= g"1X(eU)|unu'gAg~V(eU)|unU'g = 

= g" 1 (X(e U ) A V(eU))|UnU'g. 
Prom (1 .2 ) and from theorem 2.1 i t result the existence of 
exactly one k+l-form X A v 6 Ak+1(3£(M), oC{Ti(U), 11 (M))), such 
that i t ' s matrix (XAy)(e U ) with respect to ?^(U)-base e U , 
virherc Ue.8 , has the form 

(XAi|i)(eU) = X(eU) A if>(eU). 

Defined in Lemma 2.3 k+l-form XAy is called an exte-
r i o r product of the k-form X and 1-form y . 

Similarly we prove 
L e m m a 2 . 4 . For any k-form XeAk(X(I.:) ,oi(lt(LI) ,®(i.:))) 

fcnd any 1-form if/e A1 (3E (Li), oC ( H ( u ) , W(M))) thsre exis ts exac-
tly one k+l-form [x , if/] £ Ak + 1 (X(LI) , of («(:.:), K(i,:))) such that 
i t s matrix with respect to an arbitrary J^(U)-base eU c.1 
U is defined by the formula 
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( 2 . 1 3 ) [* , v ] ( e U ) [ X ( e U ) , y ( e U ) ] = 

= X ( e U ) A y ( e U ) - ( - 1 ) k l X { e U ) Ai|>(eU). 

The k+l - form d e f i n e d above [X, y ] i s c a l l e d the Lie brack-
e t of the g i v e n forms. Ecioui ( 2 . 1 3 ) i t r e s u l t as w e l l as tha t 

[ * » ¥ > ] = X / \ y - ( - 1 ) k l VAX. 

A n a l o g i c a l l y as i n the theory of mani fo lds one can prove 
L e m m a 2 . 4 . I f D i s a l i n e a r c o n n e c t i o n i n the 

?^(M)-module m(M) then f o r any forms X e Ak(X(M) ,oi(3l(M) ,H(M))) 
and i f /eA 1 (X(M),c / ( i t (H) t l l (M))) , there i s f u l f i l l e d the i d e n -
t i t y 

( 2 . 1 4 ) D(XAy) = D X A V + ( - 1 )KX A D ^ 

as ?;e l l as 
L e m m a 2 . 6 . I f 9 e A2(3C(M) ,'of (w(M) , « (M))) i s 

the curvature 2- form of the c o n n e c t i o n D i n a n - d i m e n s i o n a l 
l o c a l l y f r e e -module i l (M), then we have the i d e n t i t y 

d 9 ( e ) = [ 8 ( e ) , 9 ( e ) ] , 

where ©(e ) i s the curvature matrix of the c o n n e c t i o n D 
and 0 ( e ) i s the matrix of t h i s c o n n e c t i o n wi th r e s p e c t to 
an a r b i t r a r y J^(U)-base on U. 

Prom Lemma 2 . 6 there f o l l o w s immediately 
C o r o l l a r y 2 . 3 . (Bianchy i d e n t i t y ) 

D © = 0 . 

I t easy t o prove 
L e m m a 2 . 7 . Let ^ € A k ( x ( M ) , <£ (lt(M) , 3l(M))) be an 

a r b i t r a r y k-for.n and D a l i n e a r c o n n e c t i o n i n a n -d imenc io -
nal l o c a l l y f r e e (1.1)-module t t ( a ) . Then we have 

( 2 . 1 5 ) D 2 y := L(Difi) = [® , . 

S s a a r k. The proofs of a l l the p r o p o s i t i o n s of t h i s 
chcp":cr from ;/hich the g r e a t e r part was omitted may be proved 
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l o c a l l y . Of course, this i s a consequence of the assumption 
that the considered -modules are f i n i t e dimensional 
l oca l l y f ree modules. 

3. The loca l ly f ree sheaves of -modules and .the d i f -

f e r e n t i a l ^ -modu l e s over a d i f f e r e n t i a l space 
Let it be an arbitrary sheaf over the d i f f e r e n t i a l Haus-

dor f f space (M, 7 ) . As i t i s known, the elements ft (U) 
are said to be equivalent at the point p e U i f t} | V =p'|V 

f o r some open set V c U such that p e V ( [ 2 ] ) . 
The equivalence c lasses of this r e l a t i on in it (U} are 

cal led the germs of the element q e ft(U) at the point p e U. 
The set of a l l germs at the point p of the sheaf 71 i s de-
noted by flip and cal led the sta lk at p f o r the sheaf t l . 

Of course 7 = Tp and 7Q are the sheaves of smooth r e a l 
and complex functions on M respect ive ly . In those cases 3" 
and 7 r are the stalks at the point p e M of the germs of 

0 P 
smooth r e a l and complex functions on M respect ive ly . More-
over as i t i s easy to observe the stalks and have 
the natural structure of a r i ng . 

Now, l e t us denote by JU^ and <Mthe subsets of 
and ? r respect ive ly determined by the formulas 

CP 

(3 .1 ) 
= ( [ f ] P 6 r P ! = ° ) 

where stand f o r the germs of smooth functions on II 

at the point p. 
One can show that Ji^^ and J l ^ are the maximal i d e a l s 

of the r ings T and T r respectively and therefore the 
P P 

r ing J i s a l oca l r ing over k, where k = R or k = C. 
Hence Tkp^kp i s a n u m b e r which i s isomorphic to k . 

Let us observe that i f n i s sheaf of ^ -modules over 1 
then the sta lk ntp at p of the aerms of the sheaf 3t hss 
a structure of the s^ -module . 
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Now l e t 31 and TSl' be the sheaves of fy-modules over 
a d i f f e r e n t i a l space (M, 7 ) . I t i s known that the family 

hy, h v e Homy ( V j ( « (V) , K (V) ) , V e r , • 

i s ca l led a homomorphisms of the sheaf tf into the sheaf 
i f f 

PyO hy = hyO 

f o r any V , U e r 5 , where V C U and 9^ i s the r e s t r i c t i o r 
ms p. 

Kow, l e t as observe that instead of De f in i t ion 2.2 -ve csn 
squ iva l e r t ly give the fol lowing 

D e f i n i t i o n 3 .1 . A sheaf "K of -¡nodules 
over the d i f f e r e n t i a l space (Li, 7 ) i s said to be l o c a l l y 
f r ee of the rank n i f f o r any point p 6 Li there e x i s t s 
a neighbourhood U of p such that it r e s t r i c t e d to U 
i s isomorphic to the sheaf 

I t i s easy to prove ( [ 3 ] ) 
T h e o r e m 3 .1 . h sheaf it of fy-modules over 

the d i f f e r e n t i a l space (LI, 7 ) i s l o c a l l y f r ee of rani: n 
i f f f o r every point p e LI there e x i s t s a neighbourhood U 
of p end elements K(U) such that for any -n 

s e t V C U the e l ement s 9 1 ) , . . . , ? y ( ? n ) e ®(V) for .r ? 
base of 3t(V) over 

r r 0 0 f . In consequenc^ of D e f i n i t i o n 3 . 1 and l em-
ma 2 . 1 , i t i s e a s y t o see t h a t a l o c a l l y f r e e s h e a f ha s the 
property shown in Theorem 3 . 1 . Conversely-, i f elements 

over U e x i s t , then f o r every open s e t V c l 
the s a p hy of ( A ( V ) ) n i n t o W(V) d e f i n e d by 
h1?( f ^ , . . . , f n ) = + . . . + f n ? n i s b i j e c t i v e and the naps 
hy d e f i n e i somorphism of the s h e a f of smooth maps 
U — - kn onto the s h e a f 11 r e s t r i c t e d t o U. 

Now, l e t 31 be an n - d i m e n s i o n a l l o c a l l y f r e e s h e a f of 
fy-modules over (M, 7 ). S i m i l a r l y a s i n the t h e o r y of d i f f e -
r e n t i a l m a n i f o l d s one can show t h a t the s t a l k w over d 

P ^ 
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of gsr.-iis of the elements belonging to Zi have the structure 
of s free -module of rank 

Of course «^¡j-p'ttp i s an J^p-submodule of T^p-module 
Jtp, where M ^ is an ideal of' the ring defined in 
( 3 .1 ) , and denotes the set of a l l algebraic sums 
of the form r ot, where r e and a e ® p . 

Analogically as in the theory of a d i f f e r en t i a l manifolds 
v;s prove ( [ 3 ] ) the fol lowing theorem 

T h e o r e m 3.2. I f Zl i s an n-dimensional local ly 
f r e e sheaf of fy-modules over the d i f f e r en t i a l space (M, 7"), 
then fo r any point p e I'i, ^ p / ^ p ^ p a n ^-dimensional 
vec tor space over k . 

?rom thi3 Theorem there resu l ts 
C o r o l l a r y 3.1. Any local ly free sheaf M of 

fy-:;odules of the rank n over (M, in a natural way 
determine a function # on LI which assigns to each point 
p e il an n-dimensional vector space E^ := over k. 

moreover, as it is not d i f f i c u l t to prove, i f W(U) is 
a n-dimensional 7^(U)-module and e W(U) f o ra a 
3^(U)-base of at(U), then f o r every point p e U the e l e -
ments [î-i] p> • • • » [? c ] p 6 w p form the J^ - ba se of the 5^.p-mo-
dule atp. 

Similar ly, i f w(U) i s an ^-dimensional ^ (U) -module 
and e îl(U) form the 7^(U)-base of tt(U), then 
fo r every point p e U the elements £*( p) p) 

e W „/Jl. 'VL form a base of the vector space ftp/A. 
P ftp P P "P P 

over k. 
Let ti be a local ly f ree sheaf of fy -modules of the 

rank n over (Li, r ) . Then, according to Corollary 3.1, 
the sheaf n determines the function # on M which assigns 
to each point p e Li an n-dim9nsional vector space ^p/^p ' ^p 
over k. Now, let us denote by it (Li) the ^-module of a l l 
lineal' § - f i e l d s on Li in the following manner: $eW(M) i f 
and only i f f o r an arbitrary fy(U)-base of ®t(U) 

£|U = a + . . . + ccn?*, 
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where a 1 , . . . , a 1 1 e ^ ( U ) a n d ? )>•••>?*(P) fora 3 base 
of the vector space over k, fo r any point 
p e U, determined by the (U)-base of 3l(U). 

One can show that the -module defined in such a way 
fll(M) is closed with respect to loca l i sat ion. Hence the 

-module R(M) i s a d i f f e r en t i a l module over a d i f f e r en -
t i a l space (M, 7 ) of l inear § - f i e l d s . 

I t is easy to prove 
T h e o r e m 3.3. A l inear § - f i e l d Q on L is 

an element of the fy(M)-module Jl(M) i f f fo r an sr-t'.'.trarj 
family , . . . £ £ ^ (B ) *base of ?k (B) -modules ^ ( 3 ) , 
where -8 is an open covering of M, there exists & decora-
position 

el® = « V ? + ••• 

where a 1 € Jk (B) f o r i = 1 , 2 , . . . , n and Be 3 . 
3 A . 

«n ^(M)-module <K(M) w i l l be called a d i f f e r en t i a l 
(M)-module of l inear $ - f i e l d s associated with the /^-mo-

dule R(M) or associated with the n-dimensional local ly free 
sheaf of .fy -modules over the d i f f e r en t i a l space (E, T ) . 

Hence we have 
C o r o l l a r y 3.2. Any n-dimensional local ly free 

sheaf Hi of fy -modules over (M, T ) determine, in the ca-
nonical way, an. n-dimensional d i f f e r en t i a l fy -module 3l(LI) 
of l inear § - f i e l d s on II. 

Of course, with the ^ -module il (M), tiiere i s associat-
ed, in the canonical way, 3 sheaf tt of d i f f e r e n t i a l fy -mo-
dules of the rank n over (LI, 7"). 

Let 31 be a local ly free sheaf of rank n over the d i f -
f e rent ia l space ( L i , T ) and ii a sheaf associated with 71. 
I t i s not d i f f i c u l t to observe i f is a local 
7(U)-base on U of the sheaf 31, or equivalently e local 
J^'Uj-base of the ^(U)-module 8t(U), then fl* is 
a local 3^(lT)-base on U of the sheaf it of d i f f e r en t i a l 
^ (U ) -aod 'a lss of lineal' $ - f i e l d s on II. 
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lie -//ill prove 
T h e o r e m 3.4. Any n-dimensional local ly free sheaf 

31 of fy -modules over the d i f f e r en t i a l space (H, t ) is ca-
A 

nonicelly isomorphic to the associated sheaf It of d i f f e ren-
t i a l ^ -aodules of l inear § - f i e l d s on M. 

P r o o f . Let be the J^(U)-base of the 
-module Jl (U). Let us consider the map hy:3t(U) —«-Jl(Uj 

defined by the formula 

f o r i = 1 ,2 , . . . , h , where is the 3^(U)-base of 
the fy('U)-module K{U) associated with ^ , . . . 

Nov/, we w i l l show that the map hy does not depend on 
the choice of a local ^ (U ) -base . Indeed, l e t bê  
another local fy(U)-base of Jl(U). Then we have 

= a h y 

f o r i , j = 1 ,2 , . . . , n , where (a^) is a matrix of change 
from one J^(U)-base to another, and for the associated 
fy(U)-base 

„On* 

Qi = 

Conseq uently 

V ? i > = h u ( a i ^ ) = a K ( ? 3 J = ah*i = Q±-

Next, l e t V be an arbitrary open set of M and £ and 
open covering of V such that f o r any B 6 J8 there exists 
a fy (B)-base of the ^(B)-module w(B) . Of course, a co-
vering A of V determines a family { ^b}B e3 o f i s o m o r l~ 
phismsi, Moreover, by the immediate calculus one can ve r i f y 
that f o r any hg, hg/ 6 {^b}B € J8' w e ^ a v e 

hBlBnB' = hB'l BnB' 
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Hence, by v i r tue of sheaf p r o p e r t i e s , there e x i s t s exact ly 
one isomorphism hy : Jl(V) — Jt(V) such t h a t 

N l B = hB 
f o r any B t 3 . 

Consequently, t h i s family {ky}v«Ty ' a S 111 i S 6 a S y t 0 

v e r i f y i s the canonical isomorphism ox' the sheaves 31 and U . 
This canonical isomorphism of sheaves 31 and n allows 

us to def ine some geometr ical s t r u c t u r e s on the sheaf tt 
through pul l ing back correspondent s t r u c t u r e s from the asso-
c ia ted sheaf W of d i f f e r e n t i a l fy -modules, f o r example 

D e f i n i t i o n 3 .2 . A func t ion g* i s said to 
be a hermit ian metric on a loca l ly f r e e sheaf Ji i f g* = 
= h g, where g i s a hermit ian metric on the sheaf 31 asso-
cia ted with 31 and h i s the canonical isomorphism of those 
sheaves. 
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