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SUMS OF DOUBLE SYSTEMS OF PARTIALLY ORDERED SETS

Sudds of double systems of absiract algebras and lattices
were first introduced in [1] and [2] respectively. They are
derived from Plonka systems and their sums as defined in [5],
in fact, Plonka systems of abstract algebras are special doub-
le systems. In [3] the concept of a double system of lattices
is recxamined and with a change in the original definition
of such a system it becomes possible to represent any lattice
in a very natural way as the sum of the double system of its
congruehce classes with respect to a given congruence rela-
tion (Theorem I and II of [3]). The approach in [3] is algebra-
ic rather than order-theoretic. This paper focuses on the or=-
der-theoretic properties of double systems of lattices and
extends the concept of a double system to arbitrary partially
ordered sets. The main result here is similar to the one for
lattices in [3]. It will be possible to represent a partially
ordered set as the sum of the double system of its equivalsn-
ce classes with respect to a given acyclic equivalences rela-
tion (Theorem 2.1 end Thsorem 2.2). The results of [3] for
lattices will be discussed as special cases of the results
for partially ordered cets (section 3).

1. Acyclic eguivalence relations on partially ordered sects

If L is a lettice and @ a congrusnce relation on L,
then the partial order on the quotient lettice L/8, whose
elements are the congruence classes of L @modulo 8, can be
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described as follows: For a,b ¢ L the following couditions
are equivalent.

(1.1) @(a) < 8(b)

(1.2) o(a) V 8(b) = 8(b)

(1.3) 6(a) A 6(b) = 6(a)

(1e4) Por esch x € §(a) there exists a ye8(b) such that
x <y and for each 2z e 8(b) there exists u e 6(a)

such that u < z.

(1.5) There exists x ¢ 8(a) and yeB(b) such that x< y.

If P is a partially ordered set and & an equivalence
relation then there is of course no algebraic gquotient struc-
ture that induces an order relstion on the egquivalence classes
es in (1.2) and (1.3) for lettices. But condition (1.5) can
be used to define an order relation on the equivalence clas-
ses,

4n equivalence relation ® on P is acyclic if and only

if the following is true for all 8900098 € P:

(1.6) If there are KiseeosXys JpreessIp,q € P such that
Xy S Ji4q0 Xyr Iy € e(ai) and y,. 4 € 0(a1), then
o(a;) = 9(&1) for 1< i< n.

For a,be P we now define a binary relation =< on P/
by

(1.7) o(a) < 6(b) iff (1.5) is fulfilled.

The transitive closure R of this relation is d partial
order on P/6. It is obviously reflexive and transitivs by
definition., The antisymmetry is a consequence of the Tact
thet 6 1is acyclic.

This relation R will be called the & -induced partial
order on P/§. Note that if P is a lattice and 8 =2 con-

gruence relation, then =2 is glready a partial order on
P/8, 1in fact, the usual order of the quotient lattice.
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Let L(P) be the lettice of lower ends of a partially
ordered set P, U(F) the lattice of upper ends, where E ¢ P
iz & lower {upper) end if for x € B and y< zx (x<3)
slso y € B, (x] ([x)_ ) is the principal lower (upper) end
in L(P) (U(P)) senerated by x ¢ P,

For T = P/6 with the @-induced order and +t ¢ T, 1let
Et denote the corresponding equivelence c¢lass as a partially
ordered subset of P, If now s <t in T, +then there are
twe natural maps:

t
$. = L(P;) — L(B)
defined as

¢5(5) = (8] )n By for e L(R),

and
vi: u(p)) —U(Ry)
defined as

€

m <t
[=5]
!

= [E)pn P, for Ee U(PR).

The partial order on P can now be described in terms
of these mappings. For x,y€ F, X € Pgy ¥ e Py we have

(1.8) x<3y in P iff s<t in T and xe¢;(‘y]P
iff s=<t in T and yeyo[x), .
g Ps

Note that ¢°5 = U {¢Z(x]| xe€ E} ana ylB = U.{ap;[x)ler}.

If s<t<r in T, then ¢52 6% ¢F and wE 2yl o}

and equality does, in general, not hold here., It does, if P

is 8 lattice and 6 1is . a congruence relation. -
Theorem 1.1 Let P be a lattice, & an acy-

clic eguivalence relation. The following are equivalent.

{1) 6 is a congruence relation

(2) P, is a sublattice of P for all t e T, and for

s<ts<r in T, 4367 = 6L and wivl = vi.
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Eroof. (1)=>(2): The 6-induced order on T is
the order of the quotient lattice T = P/8 snd the congru-
ence classes P17 are sublattices of P. To show ¢gg ¢;¢:§.

_ » _
Let x € ¢ _F = (n]p N P;. Then x<zeECP, butalso

by (1.4) Xx<ye€eP,. Now zAy ¢eP, and x=2A ye(E]pnPt.
t,.r
Hence x e ((B] n P NP, = ¢o43E. Dually, wi ¢ pivl.

(2} =>(1): Suppose x = y’8), ae P, to show x Vas=
=yvalf) and xAa= yva(B). Let x,y€P,, xvaeI’t1, 7VaePt2’

XV yVaeP, Then sst1_<.r and sstzsr snd by

t
. T 1, .
essumption ¢ _{(xVvyVv al =¢_ ¢ (xvyval and also
8 Pr s t.] Pr

1
¢Is'(x vyval P, = ¢82¢§2‘ {xvyv a]Pr. This implies (xvyval p(’tPS=

= ((xv:yva]pnPt1]pn By = ((xvyva]pn Ptz] n P,. But then

NEES for some u, € Pt1’ and X £ U, for somse u, € Pt2
and xvyva s xvuy vaePt1 and xvvyvasuzvyvaePtz.
This implies r = t,, and r < t, hence r = ty = t, and

yaal8).

xva= yval(e). Dually xAa

2. Double systems of partially ordered sets

Let T be a parvially ordered set and lst {Ptlt € T}
be a set of pairwise disjoint partially ordered sets. For
s<t in T 1let

: L(P,) — L(B,)

and

€
@ ct
..

be mappings with the following properties:

o) o _ t
(2.1) ot U {sg(xdp | x ¢ 5}
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o

()

and
W:E = U {wg[x)P | x e E},
s
(2.2) ¢: and 'P: are ‘the identity maps on ¥,
(2.3) (x]p € ¢;(73P iff [:7)1; gwg[x)ll ,
S 1 £ S
(2.2) $° and wt are crder-preserving,
8 8
{2.5) for s<t<r in T, ¢;Q¢§g¢§ and wgowgcvg’

(2.6) there is a chain 8y1000yB

%1 in T, sgs.‘s'...ssnst,

[ Sl
cuch that either all of ¢ ', ¢.1*1, 6% for 121201,
. i n
51 5541t
or all of ¥y - wsi ’ wsn for 1=2ig<n-1 are non-

-trivial,

4 mapping ¢: is considered non-trivigl if there is at least
one non-empty lower end E 1in Py such that ¢:E is non=-
-enptye.

Such a system @ of partially ordered sets {Ptlt ¢ T}
with the mappings ¢Z and w; will be called a double system
of partially ordered sets. For a double system % we define
an order relation on P = U {Ptlt €, T} ag follows: For x ePS,
Je Pte let

. . ‘ : %
(27) x<y in P iff s <t in T and xe¢s(y]Pt.
By (2.5) this is equivalent to

(2.8) X<y in P iff s< t in T and yewg[x)P.
. *s

4s a consequence of (2.3), < is reflexive and antisymme-
tric, (2.4) and (2.5) imply the transitivity of < .

{Pp,<), where < is the ordererelation of (2.7), is cal-
led the gum of the double system P . Note that for x,y e P,
X<y 1in Ey iff x<y in P.

- 233 -




€ ' iil.Hesse H8Tt

Iet now 6 ©be the natural equivalence relation on
defined as x = y(8) iff x,y e P, for some t e T, Thend
is acyclic and the @ -induced order % of the csquivzslence cles-

ses Pt’ t ¢ Ty, is order-isomorphic to the given order of T,
We must show:
(2.9) Pgs Py iff s<t in T,

8

<
P, g Ps1 < ...ﬂPsn dP,. But then there are x e B,
€ Psi, y e Pt such thaﬁ_ X< Yqs X3 € Fi.q0 Xp ST,

Let P ':' Pt’ then there ars ByyeeesBy € T such that

Xy J4

therefore s < 89S ee0 g 8, < t in T, Let s8<t in T,
By (2.6) there is a chain SqseessBy in T, s<8< 4.0
+os£8 < t, where either all the ¢’s or all the y's are
non-trivial, Suppose the ¢'s are non-triv:.al. There is

then a lower end E in P, with ¢ BE#£F, i.e. there
Sn

is x_ ¢ P, such that x_ e ¢_ (E) and by (2.1) this means
n n

x, € ¢t (y] for some y e E. This implies x, <:3y in P.

Simi larJ.y we can firnd x € Ps and ?n e Pg where
n

n- 1
n-1
X, 157, in P. We continue this for decreasing indices

and get that PS _<_14ps1 ... 9 Psnﬂ Pt, hence Ps % Pt'
Should the y’s be non-trivial then (2.1), (2.5), (2.6) and
(2.8) allow a similar a.rgument. _ . ’

Nex, we claim that the ¢ and w: of the double sys-
tem 2 sre the concrete ones dlscussed in section 1:

% - S

(2.10) 9o = (-u,]p NPy and ygE = [51),;, n e
Let x ¢ (E]p n Py then x ¢ Py and <y ¢ E, therefore

x € 9503y © 5 b (2. 2). Iet xe ¢tE» then Ty (2.1

[l

X € ¢;(y] for some y ¢ B. This implies x <y in P,
hence x ¢ (13.‘]p and X € (E]pn Bge
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Kote that condition (2.,1) for the Qappinés is not needed
ror the representation of P a&as sum of the double system %,
It ie also not essential to establish the order-isomorphisn
between the order of T and the § -induced order of the equi-
valence classes, since we could simply restate {2.6] for
nrincipal ends rather than arbitrary ends and would not have
to use (2.,1). However the equations (2.10) will no longer
hold, if we drop condition (2.1):

Exemple: LetT=2, P =3,P =K vi{w}. We de-

fine ¢3: L(P,) —1L(P,) by $30=4, ¢$(n] = (1] for all
net, 58 = (2], g3p, =7, and vi: U(B,) — U(R,) by
5 ‘ 5 : .
w1¢= W$[3} =|p$[2) = [W), w1P1 = on If v‘ie let ¢;:: W;!
i=1,2, Dbe the identity maeps, then the ¢ﬂs ané y s ful=-
£3111 (2,2)-(2.6) but violate (2.1) since ¢;K #U {¢§(n]|neN}.
The sum of this deouble system is

and ¢$

N = (221}\1 £ (1] = (N]pn P,

7e collect our results in the following theorem.

Theoremn 21, The sum P of a double system %
of partially ordered sets {Ptlt € T} is a partially ordered
¢et where the order on the parts Py is preserved, The egqui-
valence relation & on P, where x = y{6) iff x,y € Pt
for some t e T, 1s acyclic and the 6-induced order on the
¢juivalence classes is order-isomorphic to the index-set T.
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Moreover, the mappings ¢: and lp; are the natiral ones:
oLy = (8],n B, and YiE = [B) N 2.

On the other hand, if we start out with a partially or-
dered cet P and an acyclic equivalence relation 6 on P,
we have shown that we can order the equivalence classes with
the @ ~induced order. The natural mappings ¢; and w; as
defined in section 1 fulfill (2.1)-(2.6), so the equivaience
classca, together with these mappings, form a double system
of partially ordered sets and by (1.8) the order of P 1is
precigely the order of the sum of this double system.

Theorem 2.2, Let P be a partially ordered set
and let 6 be an acyclic equivalence relation on P, Then P
is the sum of the doubls system ¥ of equivalence classes
for 6 , where the index-set T is the set of equivalence
classes with the 6 -induced order and where the mappings ’
¢;, W; for s,t ¢ T are defined as ¢:E = (E]pn P, and

"t-‘ _ .
Y E = [E)pﬂ Pye

3. Double systems of lattices

Let # Dbe a double system of lattices {Ptlt € T}, whe~
re T is also a lattice and the ¢'s and y's fulfill
(241)-(2.6). For the sum P of this system to be a lattice,
we must impose some additional requirements on the mappings.
(2.4) and (2.5) will have to be strengthened to:

(3.1) ¢; and w; ere meet-homcmorphisms,
(3.2) for s<tsr in T, #% o ¢% =T and vl o vl = T,

Instead of (2.6) we reguire
8 t .
(3.3) For s,te T, xe Py, ye Py ¢ .(xIng;, (5] is

principal, and w:vt [x) n w:vbt[y) is principal.

Note, that {3.3) implies (2.6) since principal lower ends
are non-empty. Now suppose ® 1is a double system of lattices,
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T is a )attice, tha ¢'s and y's fulfill (2.1)-(2.3) and
(3e¢1)-(3.3). Let P be the =um of this system,
Theorem 3.1 P is a lattice.
Froof., Por x = Pgy J ¢ Pt, we have to show that
‘zvy and XAy exist ;n P. By (3.3) we kaow ¢sm'(xJP N

n ¢2At(y]Pt - (Z]PsAt. Obvio?sly z is a lower bousd of x

and y., Suppose a 1s a lower bound of x and y and
3] t
ae P,. Then r<s At and ae ¢r(xJPs and & € ¢r(7]P .

~

By (3.2), a ¢ $2°*

m

r

¢g/\t[¢§,\t(x]1,sh ¢2M(33Pt1 by (3¢1).

8 sAt ¢ 0 equal
¢8At(xJPs n ¢ ¢8At(’]Pt whicn egua

Hence a € ¢:At(z]

s 1.6, a <2z in P and 2 =
cAt
=2Ay in P,

Similarly we uss (2.1)=-(3.3) for ve

g ‘Yo chow that xvy-u

svt svt
where [x)P n Wt [y)P = [u)Pavt
This lattice P is the sum of the double system of latti-

ces as defined in [3]. In fact, the two main theorems of [3]
ere now immediate consequences of Theorem 2.1 and Theorem 2.Z2.
Wote, however, that we are usinrg a slightly and insignificant-
ly diff'erent cefinition nf a double system since the ¢’s

and ¢'s ‘sre defined on lower and upper ends whereas in [3]
they sre defined on ideals and dual ideals respectivsly.
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