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SUMS OF DOUBLE SYSTEMS OF PARTIALLY ORDERED SETS 

Suds of doable systems of a b s t r a c t algebras and l a t t i c e s 
were f i r s t introduced in [1] and [2] r e s p e c t i v e l y . They are 
derived from Plonka.systems and t h e i r sums as defined in [ 5 J , 
in f a c t , Plonka systems of a b s t r a c t algebras are spec ia l doub-
le systems. In [3 ] the concept of a double system of l a t t i c e s 
i s reexamined and with a change in the o r i g i n a l d e f i n i t i o n 
of such a system i t becomes possible t o represent any l a t t i c e 
in a very natura l way as the sum of the double system of i t s 
congruence c l a s s e s with r e s p e c t to a given congruence r e l a -
t i o n (Theorem I and II of [ 3 j ) . The approach in [3] i s a l g e b r a -
i c r a t h e r than o r d e r - t h e o r e t i c . This paper focuses on the o r -
d e r - t h e o r e t i c propert ies of double systems of l a t t i c e s and 
extends the concept of a double system to a r b i t r a r y p a r t i a l l y 
ordered s e t s . The main r e s u l t here i s s imi lar to the one f o r 
l a t t i c e s in [ 3 j . I t w i l l be possible to repres-ent a p a r t i a l l y 
ordered set as the sum of the double system of i t s equivalen-
ce c l a s s e s with respect to a given a c y c l i c equivalence r e l a -
t i o n (Theorem 2 .1 and Theorem 2 . 2 ) . The r e s u l t s of [3] fo r 
l a t t i c e s w i l l be discussed as s p e c i a l cases of the r e s u l t s 
f o r p a r t i a l l y ordered s e t s ( s e c t i o n 3 ) . 

1. Acyclic equivalence r e l a t i o n s on p a r t i a l l y ordered sets 

I f 1 i s a l a t t i c e and 6 a congruence r e l a t i o n on L, 
then the p a r t i a l order on the quotient l a t t i c e L / 6 , whose 
elements are the congruence c l a s s e s of L modulo 6 , can be 
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2 M.Hesse Höft 

described as follows: For a.,b 6 L the following conditions 
are equivalent. 
(1.1) 8(a) < 9(b) 

(1.2) 0(a) V 9(b) = 0(b) 

(1.3) 9(a) A 0(b) = 0(a) 
(1.4) For each x 6 0(a) there exists a ye 0(b) such that 

x < y and for each z e 0(b) there exists u e 0(a) 
such that u z. 

(1.5) There exists x e 0(a) and y 60(b) such that x < y. 
If P is a partially ordered set and 6 an equivalence 

relation then there is of course no algebraic quotient struc-
ture that induces an order relation on the equivalence classes 
es in (1.2) and (1.3) for lattices. But condition (1.5) can 
be used to define an order relation on the equivalence clas-
ses. 

An equivalence relation 9 on P is acyclic if and only 
if the following is true for all e P: 

(1.6) If there are x1,...,xn, ¡^''"'^n+l 6 P sucla 

x i - yi+1' x i » 7 i c ® ( a i ) a n d 7 n + 1
 6 , ( a i l i t h e n 

0(3^ = ô(a.,) for 1 < i < n. 
For a,b é P we now define a binary relation ^ on P/0 

by 

(1.7) 0(a) ¿S 6(b) iff (1.5) is fulfilled. 

The transitive closure R of this relation is sf partial 
order on P/0. It is obviously reflexive and transitive by 
definition. The antisymmetry is a consequence of the fact 
that 0 is acyclic. 

This relation fi will be called the 0-induced partial 
order on P/8. Note that if P is a lattice and G a con-
gruence relation, then :S is already a partial order on 
P/0 , XD IS ct, the usual order of" the quotient lattice. 
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Sums of double systems 3 

Let L(?) be the lat t ice of lower ends of a part ia l ly 
ordered set P, U(F) the la t t ice of uppc-r ends, where 3 c P 
is a lower (upper) end i f fo r x € 3 and y à x (x & .y ) 
slso y e 3. ( x j (Cx) ) i s the principal lower (upper) end 

P P 
in L(P) (U(F)J generated by x fe P. 

For T = ?/S with the ©-induced order and t e i , l e t 
denote the corresponding equivalence class as a part ia l ly 

ordered subset of P. I f now s ^ t in T, then there are 
two natural maps: 

defined as 

and 

defined as 

« L { P t ) I ( P B ) 

*J(B) = ( 3 ] p n Pg for 3 € L ( P t ) , 

,t 
K « — C ( P t l 

"Cg(S) = [3 ) n P t f o r E 6 U (P S ) . 

The part ia l order on P can now be described in terms 
of these mappings. Por x,y e P, x 6 P s , y e P t we have 

(1 .8 ) x < y in P i f f s ^ t in T and x e ^ l j ] , 

i f f s «= t in T and y e / . f x ) , . 

Note that 0*3 = U j 0 g ( x ] | x e 3 } ana VgB = U.j [x) | x e e) . 

I f s < t < r in T, then 2 and i|ig 2 

and equality does, in general, not hold he-re. I t does, i f P 

i s a la t t ice and 6 i s a congruence re la t ion . 
T h e o r e m 1.1. Let P be a lattice,- 6 an acy-

c l ic equivalence re lat ion . The fol lowing are equivalent. 
(1) fi i s a congruenoe re l a t ion 

(2) Pt i s a sublattice òf P f o r a l l t e T, and fo r 

s < t < r in T, = and = »J . 
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4 M.Hesse Höft 

P r o o f . ( 1 ) = « * ( 2 ) : The ©-induced order on T i s 
the order of the quotient l a t t i c e T = P/6 and the congru-
ence c lasses P^ are sub la t t i ces of P. To show <J>gC 

Let x € = (E ] p Pi P g . Then x < z e E c P r , but also 
by (1 .4 ) x < y 6 P t . Now zA y e P t and x £ z A y e (3 ] pnP t . 

Hence x e ( ( B j p n P^ n P s = <*>g^E. Dually, Vg £ v f v g . 
(2 ) =Z> (1 ) : Suppose x • y ( 0 ) , a t P , to show x V a ss 

= y V a (6 ) and x A a = y v a ( 0 ) . Let x ,y £ P S , x v a e i y y v a e P . ^ , 

x V y V a e P r . Then s < t^ < r and s < t 2 < r and by 
t . 

assumption 0 f ( x V y . V a ] x > = 0 + ( x v y v a ] p and also 
s * r 1 r 

^ ( n y v a ] p = </>B2^ ( x v y v a ] p . This implies ( x v y v a ] n P g = o Xr̂p o w 2' 

= ( ( x v y v a] O P t ] n Pq = ( ( x v y v a ] n P t ] D P g . But then 
P u -j P i' 2 

y £ u.j f o r some u1 e P t , and x < u2 f o r some u2 e P^ 

and x v y v a < x v u 1 v a e P t and i v y v a < i ^ v y v a e P t . 

This impl ies r < t ^ and r < t 2 hence r = t 1 = t 2 and 
x v a = y v a ( e ) . Dually x A a s y A a ( f l ) . 

2. Double systems of pa r t i a l l y ordered sets 
Let T be a par t i a l l y ordered set and l e t { p j t e T j 

be a set of pairwise d i s j o in t pa r t i a l l y ordered se ts . For 
s < t in T l e t 

t*B : L ( P t J — L (P S ) 

and 

Vg « U ( P S ) — U (P t ) 

be mappings with the f o l l ow ing propert ies : 

(2 .1 ) 4>gE = u ( ^ ( x ] p |X E E} 
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Sums _ of dcu'cle systems 

and 

= U {^[X) P |X 6 B), 

(2.2) and are the identity maps on P„, S S o 

(2.3) (x]p £ 0g(?]p iff [j)p , 
S "t t s 

(2.4) <t>J, and ii/̂  are order-preserving, S B 

(2.5) for s < t < r in T, o c <f>* end 

(2.6) there is a chain a^,...fsn in T, s < s1 < ... ̂  s n < t , 
o g 

such that either all of <f> 1, , for 1 < i < n-1, 
'i n 

S1 si+1 t or all of j iPq > Vo f°r 1 < i < n - 1 are non-s ! Ts. ' ̂ s x n 
-trivial. 

A mapping <j>J, is considered non-trivial if there is at least 
t 

one non-empty lower end E in P t such that 0 S E is non-
empty . 

Such a system of partially ordered sets {Pt|t6 T| 
with the mappings and qig will be called a double system 
of partially ordered sets. Por a double system we define 
an order relation on P = U|P T|T e. T| as follows: Por X E P G , 
y e P^ e let 

(2.7) x < y in P iff s < t in T and xe0^(yj p . 
f a  rt 

By (2.5) this is equivalent to 

2.8) x < y in P iff s «s t in T and y e ^ [ z ) p . 
s 

As a consequence of (2.3)» ^ is reflexive and antisymme-
tric. (2.4) and (2.5) imply the' transitivity of < . 

(P,<), where < is the orders-relation of (2.7), is cal-
led the sum of the double system . Note that for x,y e P, 
x < y in P^ iff x < y in P. 
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Let now 8 be the natural equivalence re l a t ion on '£ 
defined as x = y(e) i f f x,y t P^ f o r some t e T. Then 8 
i s acycl ic and the ©-induced order £ of the equivalence c l e s -

6 
ses P^, t c T, i s order-isomorphic to the given order of T. 

We mast showj 

(2.9) F a < P+ i f f s < t in T. 
S f l 1/ 

Let P s ^ P t , then there are e T such that 

P0 < P„ < . . . < P Q But then there are x e PQ, 5 S w S 
x i » 6 P s . ' y € P t s u c h t h a t x - 71» x i - 7 i + 1 ' x n & 7 

therefore s s . . . . < s „ < t in T. Let s t in T. 1 n 
By (2.6) there i s a chain in T, s <. . . . 
• • • < s n ^ t , where either a l l the <p's or a l l the (j/'s are 
non-tr iv ia l . Suppose the 0 ' s are non-t r iv ia l . There i s 
then a lower end E in P+ with E 4 0 > i«e« there 

n 
i s x n e P s such that xR e (B) and by (2.1) th i s means 

n n 
6 <f>t (y] for some y t E. This implies x < ;y in P. 

n n 

Similarly we can find x n _. e Pg and e Pg where 
n-1 n 

xn-1 — i n C0ivt :i-ni : i9 "this for decreasing indices 
and get that P0 < P < . . . < p < p hence PQ $ P + . B 64 o _ u 0 6 v 1 n 
Should the ip a be non-tr iv ia l then ( 2 . 1 ) , ( 2 . 5 ) , (2 .6) and 
(2.8) allow a s imilar argument. 

Hex, we claim that the and y/g of the double sys-
tem OP are the concrete ones discussed in sec.tion 1: 

(2.10) = (B] p f) P s and = [aj)_p D p t . 

Let x e (E]_ fi P„, then x e P_ and x < y e E, therefore p 0 s 
x e ^ ( y ] p c by ( 2 . 2 ) . Let x e then by (2.1) 

x 6 so^e y 6 E. This implies x < y in P, s 
hence x e (El and x e (E] f) P_. p p a 
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Sums of double systems 7 

Note t h a t c o n d i t i o n ( 2 . 1 ) f o r the mappings i s not n e e d e d 
i o r the r e p r e s e n t a t i o n of P as sum of the double system . 
I t i s a l s o not e s s e n t i a l t o e s t a b l i s h the order-isomorphism 
between the order of T and the 8 - induced order of the e q u i -
va lence c l a s s e s ^ s ince we could simply r e s t a t e ( 2 . 6 ) f o r 
p r i n c i p a l ends r a t h e r than arbi t r iary ends and would not have 
t o use ( 2 . 1 ) . Howev.er the e q u a t i o n s ( 2 . 1 0 ) w i l l no l o n g e r 
hold , i f we drop c o n d i t i o n ( 2 . 1 ) : 

E x a m p l e : Let T = 2 , P1 = = ii u { w } . We de-

f ine 4>\\ L ( P 2 ) — ! ( ? . , ) by <¡>^0 = 0 , n] = ( 1 ] f o r a l l 

n e I., = ( 2 J , <t>\P2 = P v and U(P.,) — U ( P 2 ) by 

V * 0 = f * i 3 > = ¥ * [ 2 ) = [ w ) , = P 2 . I f we l e t 
i = 1 , 2 , be the i d e n t i t y maps, then the and ip's f u l -
f i l l ( 2 . 2 ) - ( 2 . 6 ) but v i o l a t e ( 2 . 1 ) s i n c e d> i U [<* n] | neN] . 

The sum of t h i s double system i s 

end ^ E = ( 2 ] p ¿ ( 1 ] = ( N ] p 0 P r 

*7e c o l l e c t our r e s u l t s i n the f o l l o w i n g theorem. 
T h e o r e m 2 . 1 . The sum P of a double system 9 

of p a r t i a l l y ordered s e t s {j ' -j ' 1 ' e i s a p a r t i a l l y ordered 
s e t where the order on the p a r t s P^ i s p r e s e r v e d . The e q u i -
valence r e l a t i o n 6 on P, where x = y ( e ) i f f x , y e P^ 
f o r some t e T, i s a c y c l i c and the ©-induced order on the 
equivalence c l a s s e s i s o r d e r - i s o o o r p h i c t o the i n d e x - s e t T. 
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8 M.Hesse Höft 

Moreover, the mappings and are the natural ones: s s 
0gli = (E] pO P s and >*E = [B) pn Pt. 

On the other hand, if we start out with a partially or-
dered set P and an acyclic equivalence relation B on P, 
we have shown that we can order the equivalence classes with 
the $ -induced order. The natural mappings and as 
defined in section 1 fulfill (2.1)-(2.6), so the equivalence 
classes, together with these mappings, form a double system 
of partially ordered sets and by (1.8) the order of P is 
precisely the order of the sum of this double system. 

T h e o r e m 2.2. Let P be a partially ordered set 
and let 8 be an acyclic equivalence relation on P. Then P 
is the sum of the double system 3? of equivalence classes 
for Q , where the index-set T is the set of equivalence 
classes with the ©-induced order and where the mappings 
•J, vt for s,t e T are defined as = (El n P a and S S , O P 8 

= [E) pn P t. 

3. Double systems of lattices 
Let 9? be a double system of lattices {Ptlt e T}, whe-

re T is also a lattice and the <p'a and v's fulfill 
(2.1)-(2.6). For the sum P of this system to be a lattice, 
we must impose some additional requirements on the mappings. 
(2.4) and (2.5) will have to be strengthened to: 

t t (3.1) and are meet-homcmorphisms. 

s s 

(3.2) for s < t < r in T, o = and o = 

Instead of (2.6) we reqaire 

(3.3) For s,t 6 T, x t Ps, y c Pt (X] n (y] is 

principal, and ifgV,|;[x) H 4^vtt[y) is principal. 
Note, that (3.3) implies (2.6) since principal lower ends 

are non-empty. Now suppose 9? is a double system of lattices, 
- 236 -



Sums of double systems 

T is a lattice, the 4>'a and y's f u l f i l l (2.1J-(2.3) and 
(3.1) - (3.3) . Let P be the sum of this system. 

T h e o r e m 3.1» F is a lattioe. 
F r o o f . For x a P_, y e F+, we have to show that 

xvy and XA y exist in P. By (3.3) we know 
t 3 

n^gA t (y ]p « (z]p . Obviously z is a lower bound of x 
t SAt ' 

and y. Suppose a is a lower bound of x and y and 
a e P r . Then r £ s A t and a t $£(x]p and a e 0*(y]p . 

s. 3 "t 
By (3 .2 ) , a e 0 j A t 0®At(xJp n ^ A t ( y ] p which equals 

3 t 

* ? A t [ C t < * J p ' n by (3.1). 

Hence a 6 0®At(z],> , i . e . a < z in P and z = 
r GAt 

= z A y in P. 

Similai'ly T/e use (3.1)-(3.3) for to chow that xvy = u 

where ?® v t [x ) p * v f v t [ y ) p = [u)p . 
E *S X 8ivt 

This la t t ioe P is the sum of the double system of l a t t i -
ces as defined in [ 3 ] . In fact, the two main theorems of [ 3 ] 
are now immediate consequenoes of Theorem 2.1 and Theorem 2.2. 
liote, however, that we are using a slightly and insigni f icant-
ly di f ferent def in i t ion r»f a double system since the <f>'a 
and tp's 'are defined on lower and upper ends whereas in [3 ] 
the:/ are defined on ideals end dual ideals respectively. 
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