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EXISTENCE OF OPTIMAL CONTROLS
FOR PARTIALLY OBSERVED GENERAL SOLUTIONS
OF STOCHASTIC DIFFERENTIAL EQUATIONS

In this paper we are concerned with the existence of op-
timal controls for problems of the following kind,

Let there be given stochestic one dimensional differen-
tial equations

£(%,X,u(Y))dt + 6 (%,X,(Y))dW,

t=
{1)
1(0 = Xo
dY, = h(t,X.)dt + dif,
(2)
Yo=0 OD<ct<t,

where % end W are independent Brownian motions,
n : <0,>xR—R, _

Let U be a compact metric space and P(U) denote the
spece of all probability measures defined on the 6 ~field
of Borel subsets of U, Let Vv Dbe the space of all func-
tions V 3 <0,1> —=P(U) such that for every Borel subset
A c U the function Vt(A) is measurable with respect to
t <0,1> .

The real functions £, 6 are defined on <0,1>xC(<0,1>)xv
wiere C(<0,1> ) denotes the space of all real, continuons
functions defined on <0,1> . & control function
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2 J«Dgbrowski

d: C(<0,1> ) —=V 1is measurable, More precise definitions
will be given in the sequsl,

The functions 4 seem to be generalizations of ususlly
applied control functions u  : <0,1> x C(<0,1> })—=R. Ha~-
mely for every u, we can defins U as follows

(3(9’)1; = 6u®u0(t,¢) =

where ¢ e C(<0,1>) and 6, denotes Dirac measure concentrat-
ed at u e U, One can identify n, with T
The problem is to minimize a criterion of the form

1
Jla} = B I.F(t,X,E(YHdt + G(X)
0

where F : <0,1> xC(<0,1>)x v —=R and G : C(L0,1>)—=R,

In this paper we shall show that under certain asssumptions
there exists an admissible control u* such that J[E*]aé
<J[m] for all admissible ©. We formulate first the con-
trol problem on the canonical sample space using the Fle-
ming's and Pardoux’s construction [1]. Next we shall show
that the system (1), (2) has the unigue weak solution X, Y.
Therefore we shall be able to formulate the control problsm
on any probability space.

To make assumptions about the functions appearing in (1),
(2} we must endow the space ¢ with a topology as follows.
An element Ve we shall identify with the probability
measure (defined on Borel subsets of <0,1>xU) by the for-
nula

V(dt, du) = V,(du)dt.

We can endow \ with Prohorov metric (see [7]). The space ¥
becomes a separable complete space. Loreover ¥ 1is a compact
space;

We make the following assumptions about the functions
sppearing in (1), (2).



sxistence of o-tizsl controls

—
(WY
—

The functions £,6, F : <2,1>xCLO,D x ¥ —= R are sinds.,
continuous with IG(t,qa, V)|>A>O, guch that for cven;
te <0,1> we have ©(t,p,v) = £(t,¢',v'), 6(t,p, v; =
=6(c,9,v') and Plt,p,v)] = F(t,e,v") if p_ = ¢/

for all s<t and v, = v’s for almost all s < ‘c;h

¢, P'eC{<U,1>), v, VeV,

There existe a2 constant 1L > 0 such thet we hevs

——
s
~——

If(‘ﬂ,gp,'v'} - £(t, (P,’v)lz + l@(t,q:,v) -6(%, 50"'\’)'d$
t .
< Lf |¢s-p'5|2ds + L|¢t-¢t|2 for all vev , te <C,1>.
o
{5) h : <0,1>xR —=R 1is a bounded function whose nz-tial

derivatives of orders < 2 are bounded and continunus;

G : C(<0,1>) —=R 1is bounded and continuous function,

Definition 1, 4n admissible control W is
a measurable function U : C(<0,1>)—V,

Let U denote the set of all admissible controls i,

We shall prove now the following theorem.

Theorem 1., Let WeU be fixede Let (X,Z) 2nd
(x',¥') be solutions of the system (1), (2} (not necessery
defined on the same probsbility space). Then under (2), (4),
(5) the joint distributions of (X,Y) end (X',Y') are.the
same (unigueness of the wesk solution (X,Y) if it exists).

We shall consider the following system of stochastic ejua-
tions:

f dx, = 6(t,X,u(Y))aB,
(6) 4
Ly = X5
( ~
dYt = dBt
(7) « |
Y, =0, aelU is fixed,

whers B 2nd B sre independent Brownian motions.
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4 J«Dzbrowski

To prove Theorem 1 we shsll need the following lzmmas.

Lemma 1. Let (Z,Y) =end {X',Y’) be solutions
of (6), {7) defined on probability spaces (Q 5’(5%),?,3,@)
e (Q',fﬂ(?é),?',B',ﬁ') respectively, where (B,B) and
(B',3") are systems of independent RBrownian motions. We
escune thet 6 satisfies (3), (4) with € = 0. Then the
joint distributions of (X,Y,3,B} en¢ (Xx',Y',B',B') are
the csne.

Lemaa 24 Let OeU be fixed. We assume that
(%,¥) and (X',Y') are solutions of (1!, (2) defined on pro-
bubilitd Spaces (Q,,.’r",(?’t)ost“,l?a,y,ﬁ) and (Q', ,(7, togterr
PE" ,0') ‘respectively, where (W,W) and (W', ¥') sre sys-
tems of independent Brownian motions, Let Py and Pé ke
the probability measures on (£,#) and (Q', F) respecti~
vely defined by the formula

[oF

i 1
f
o £t,%,u(Y)) aw, - | h(t,X )W, -
Py - oFP J‘G(t Z,u(¥)) ‘[ T

1
- .;_f <l—f“ £(t,X,0(¥)) “(Y”] + h(t,Xt)2>dt with P! defined
: o] (t,%,a(¥)) . analogously.
Then under (3), (4), (5) there sxists two couples (B,B) end
(B',%’) of independent Brownian motions such that the two-
-dimensional processes (X,Y) and (X',Y’) satisfy (6), (7)
under P snd P; respectively.

FProof of Lemma 1. Using (3) there exists the uni-
cue strong solution of (6), (7). The assertion of Lemma 1
is now evident., Q.E.D.

Proof of ILemma 2, The ascertion of Lemma 2 is
the consequence of Lemma 6.4.1, Theorem 4.5.1, of [2] and
Lemma 1. G.E.D.

Remark. liore precisely to prove Lemma 2 we muct
apply the follcwing generalization of Lemma 6.4.1 of [2].

- 192 -



N
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lemma 3. Let (9,.?,(.71:)0‘1:51,}?,?]) be any pro=-
bavility space. where W 1is d-dimensional Wiener process,
Let b :<C.1>xR2—R, ¢ :<0,>xQ—3% and a:
<0,1>x @ — 8% (S{ 1s the set of strictly positive defi-
nite dxd-syumetric matrices) be progressivsly measurable
functiona sucr that a, b, c®ac are bounded. Let § be
er Ito process defined by the formula

% t
Et = x +fb(s)ds +J6(B)dws for xeRd,
-0 (¢ '

where e <O,1>x Q ——Rded is progressively measurable
function such that ee.e™ = '@, Let us define a new probability
measure 9 on (9Q,7) asing the following Camsron-Martin-
~Girsenov formula

1 1
g—% = exp L!: <:"(1:)e(1=)dWt -‘%.!c*(t)-a(t)oc(t)dt].

Then there exists a d-dimensionsl Q-Wiener process B such
that

{ t
Et = x +f(b(s) + a(Bs)c(s))ds +fe(s)d Bge
0 0

Froof of Lemma 3. Using Theoreoms 4.3.7 aind 4.5.1
of [2] the prooves of Lamma 3 and Lemma 6.4.1 of [2] ere the
same., Q.B.D.

We shall also need the following lemma,

Lenma 4. Under the assumptions of ILemma 2 we
have

1 1 -

dp.. : — .

= exp fi(_:_:___" X,u(¥)) aB, +jh'(t,xt)d3t
° 4] 0

6(t,X,a(Y))

]
RN A NG +:(h(t,x,))%at }
2 6(t,X,a(Y)) '

- 193 =



6 J.Dabrowski

wiere B, B are independent Wiener procegses appearing in
the assertion of Lemma 2.
Proof of Lemma 4., 'We have to show that

1 v\ 2
0

] 1
£(4,%,3(Y)) dB, +fh(t'xt)d§t B 6 ))
(t,%,8(Y

6( t,X su(Y)) 0

noj-A

1 1
- 2
-fi(_tlllu_(m dw fh(t,xt)dw "fli(ﬂb!.n.‘.’&ﬂl) +(h(t’xt))2Jdt]

G 6(t,X,u(Y)) t72 O(t,x,i('f))

Pg 8.8, {almost surse).
Using the elementary computation and the fact that

o= Js‘ — 1
W, i (x,X,q(Y)), O d X, -J f£lr,x,a(y)dr
=f . 0 under Pu
[ T 0 [ , 1 d Tg -Z h(r,x,)dr
2, ] t[e s,x,a(1)), 0] [ax,
and =f under Po’
5y 0 0 y 1] [9Yg

one can easily complete the proof., The technique of this som-
putation is very similar to the one given in the proof of
Theoram 6.4.2 of [2]. We omit the detsils. Q.E.D.

Proof of Theorem 9. Let (X,Y) and (X',Y’) be
solutions of (1), {2) defined on (%, .r,(:rt o<t P ,W,W) and
(@, 7 (’t)0<ts1'P"W .W ) respectively. Let §: C(<0,1>)x
xC(<0,1>) —=R be a boundsd, measurable function. To comple-
te the proof ws have to show that

}[ﬂx,’f)dPﬁ =}[§(x' ¥’ )dPg.
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Existence of cptimal controls 7

Namely, wa have

. dp-
Jé(x.r)drﬁ =!¢(X.n 35 dP
o

From the very definition of etochastic integral and Lemma 1

we see that the joint distribution of (X,Y,B,B J t, X, 0(Y d3,,
c (% yX,a(Y)

} h(t,xtydﬁt) (under P ) is determined by ielW, Therefo-

0

rg, using Lemma 4, there exists a measurable function
y ¢ C(<0,1>) x C(<0,1>)xRxR —= R such that

1
dP-
£(t,X,u(¥)) =
IF= &1, dB,, | h(t,x,)dB
@, f (t,4,8(Y)) { k “)

H

dpb-
and anslogously H§¥-= wi{x ¥ el
0

Finally we have

Jo xmap; -fEn v e, -
Q

=f¢(x’,Y’)w(x' 1Y yees}dBy =J $(x',Y")ar;.
2 '

This ends the proof. G.E.D.

We can formulate, now, the control problem oin the caaoni-
cal sample space

Q° = C(<0,1>) x ¥ x C(<0,1>)

which will be endowed with ar increasing family of 0-fields
end probavility measure. Because of Theorem 1, if we show
that there exists an optimal control T* el for the control
oreblem formulated on Qo, then we shall prove tne existence
of optimal control for the control problem formulated on zny
probability space. Our construction of the grobebility space
is very similar %o the one given in [1]. Qo define precisely
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8 Je.Dabrowski

4
the new probability spacs, let v,h? denote the space of all
1
measuree V defined on Borel subsets of (t.',t2>xU such
that V(<s1,sz>xU) = 8, = 84, for all O<t,€8,88,8t, €1,

Obviously we have 1}8 =V, The spece "1;2 is also endowed
’ 1

with Proliorov meitric. The elements w-= (wo,w1,w2) of «°
satisfy

for =11 O<t<l. Let F (W) = 0(W s G<ss<t) be the 6-field
aenerated by the random veriables (W : O<ss< t}, with ft(Y}
define¢ similarly., We can regard ¥.(W) and #.(Y) as

6-fields of subsets of C(<0,1>). Let #.(V) =B ,xV] where
v

o]
B, denotes the Borel 6-field of 03 Let us define the
W
0

family of 6-fields (¥7) as follows

We put &Y !?. Let W bYe the Wiensr measure defined on

the Borel subsets of C(<0,1>). Let w4 be fixed. Under
_W,
the conditions {3), {4} there =xists a process X 1

defined

on the probability space (C(<0,7>), 51(@, ’t(w’oqsvw’

—w =
such that X 1 is the unique strong solution of the following
equation

71 =1 =1 W
(8) d¥, ' = £f(t, X ', w1)dt +6{t, X', («)1)dwt

where Wt(wo) = wo(t) is the canonical Wiener process de-

fined on C(<0,1>). Obviously we have W l(w,,wy,w,) = Ty lw,)
for 211 (coo,m1 ,mg) e 2°,
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“xistence of optimal controls

o

Let e U be fixed. We define the probability measure

'i"a on 70 as follows

?E(dwo,dw1,dw2) = Wldw,) 6 (dwy) W(dw,),

ﬁ(uz)
where Gﬁ(w ) denotes Dirac measure on 1V concentrated at
2

Blw,).  Let X* be the function dafined on <0,1> x @° =s

follows.

w
Xplw) = Zhlw,pwqs0p) = X w)) for all (w,,w,w,) ¢ 2°.

The following lemma shows that X”* hess messurable modifica-
tion X under 'f—‘:—l. In other words we shall show that X is

ngasurable, ?E - adapted procaesg -defined on (Qo, .9’0, ).

u
&

Begides, Lemma 5 will be necvessary o provs the existence of
ar optimal control function. N
- 1) R . n n, {d—
Lemmna 5. Let (w{,w?)e ¥ x C(<0,1>} and (w“wz,)

——-(w?,wg)e ¥x (0(<0,1>), n = 1,2,ses « Then we have

2
- »* N
1im f sup IXt(wo,w?,wg) - Xt(wo,w$,wg)| ’W’(dmo) = (.
n‘“C((O,1>) 0<tg

Proof. We have to show that

__wf]l __w%’ -
lim f sup | X “(w,) - X
n—-mc(<o,1>) 0€t<1

The proof is standard. Namely using (3, (4), (8) and =av-
tingele’s inequality we have
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10 J.Dabrowski

n o 2
supl s(w)—x 'w'(dw)
) o >
g2 f sup j If(r X ((.) ),w ) - £(7,X (wo)’w?l)l~ daT) w(dwo} +
c(<0,1>) \ 0¢5<t
s Wl o 2
+ 2 f sup f(ﬁ(t,i 1(w°).w,‘;) -6(r,% 1(oo ), 9&4 Wale, ) <
Ogsst
C(<0,1>) 0
P » o° 2
€2 f 'f(s,f 1((%),(02) - f(s,i(_ 1((%),(»:)' ds‘llf(d.wo) +
C(<0,1>) 0
t n 0 2
) w,
+ 4 f f lG(s,x 1((.)0)&):) - 6(5,1' l(wo)’w:) dsW(dwo) <
c(<0,1>) 0 "

w, ),w ) - f(s X 1(w )8 )|2 dsu!(dw) +

o+
Eay
0%3"
H;
/—\
Nue
A’

t o° «° -2
+f4 f lf(s,’i 1((.) ),co1)-f( )—(1(&) )46 )I ds‘u)'(dwo) +
0 C(o,1>)
Wt w° 2
+ 8 6<s,i 1(w ),w,l) - 6(5,5(' 1((.) ),w)l dswW(de ) +
C(0,1>) © ’

o o 2

+ f Bj.lﬁ(s X (w ),w“) - 6(5 bd (w )W )l dsw'(dw)
o}

t o o° 2 %

=1 5 1. - 1 )

< 8L f | %, (wo)_"s \mo)l W’\dwo}as+pn(t) é&Lf ocn(s)aapn(t,,
D C(LC,1>) 0
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sxistence of optimal conirols

where
wl o
dn(t) = ,‘Ellp 251 \'wa)
C(<0,1>) U<e<t
and
1 0 o
@ W
ﬁn(“= 4 f . If(s,x 1((00),0{:)-1’(5,21 1
.-

o]

Therefnre we have

t

fotn(s)ds + Bult),
0

(=4

n(t) < 5L

n—oco
where f n(’c) ——— 0

Very easy compntstion shows that,

2

=91 '
- Xy (ooo) 'Uf(dwo)-

2

()| 95 W sasy) +

2

w
. ,m;‘) - G(S,X 1(&)0},(.)?), dsw(dwo).

uniformly with respect to te <0,D.

t
- n
a (t) < b‘uf,sn(s) exp[BL(t—s)_J ds + B (t)  (see [4] .368),
G
N —=o0b . :
Pinally we obtein o (1) O G.E.D.
Corollary 1e

rable process

EVET) Wg, W, W have
A w0, ,w,) = Xolw W)
Lt\ 0, 1’ 2 - -: 0’&)1’ 2
W45 W, W,
for w, € i ' fCe(<o,1>) with W {a ~)
211 t e <0,D.

O

0

There exists 32-adapted e asu=-
X dofined on (Q°, #°, f’ﬁ) such that for

1 and for
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ro ool . Pivst we shall show that there exisis a
szaslrable nrocess X such that for every 1, Wy W, WE

Xt(wo,w1,w ) = z( (w, Wy 40 w, )

W, Wsyt
Tor ell @ € 4 “1 “or with W(a 12 ) = 1.
It cuffices to show (see [4]) that for every €& >0 we

nave

e
lim w’w:lX.-. {w ) -Xt {w ),>e = O
n o ° ‘n © o ©
(tn9w1)*(t°9w1)

0
[A)
Th: processes X 1, 1 have continuous trajectories and
02
th: family “Xt _ X 1, s te <0,1>} is uniformly integrab-
le with respect to w. (see for example [5]). Therefore

using Lemma 5 we have

Wy @) 1 2y @
Udw 1L, =X >t — X, =X Jw<
of |4t "% 2 t T4

c{<u, 1>)

n 0,2 o}

2 1 1 2 ) o .
< 2 !xt %, I qw+ 25 f ,xt X, | JWw<
€7 cco,1>) RO €7 ¢(<0,1>) 0

I —= 0o

o] (o}

(4] @

2 2 1 51 ¢
<z % 7 IIREAE A 0.

€% c<w,1>) B °

Tinally we put

Wa s Wy syt
s 172 . m a1te

terstional numbers n <0,1>
and we obtain the assertion of Cornllary 1 because of conti-

_01
nuity of I '« G.LeDe
- 200 -



sxistence of optimal controls 13

e ghall need the following lemma.

Lemmna 6. Let T elU be fixed. The processes W,Y
are ?2-adapted independent Wiener processes and the procass
X setisfies (1) under §E'

rroo0f., From the definition of ?ﬁ we obtain thet
W, ¥ ere independent Wiener processes., To prove the second
pert of the zssertion of Lemma 6 let us note that, using
Lemme 5, for every fixed (w1,w2) e Ux((<0,1>) we can find
g version # of stochastic integral with respect to 7 =such
thet we have

t
(3) Xt("“1’“b) = an+£f f(s,X(-,w1,w2),w1)ds +
0

4
+f6(s,x(-,w1,w2),w1) * dﬁs for all woeC(<O,1>),te<O,1>.
¢] )
What we need is to show that

t
(10) fﬂ(s,X(wo,w1,w2),w1) * dws(wo) =
0

]
= J‘G(S,X(wo,w1,wz),w1)dws&oo,w1,w2) a.8. under §ﬁ.
0

Let Hs(wo,m1,u2) = G(S,X(wo,w1g»2),w1). We have to show
thet

1 .
fH‘ * dW =j'H,, dWs 8+.8. under “153 for all t e <0,1>,
4]
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From the definition of stochastic integral we have

jﬂ
0

Using {(11) we can find a subsequence {Hr} c {Hn}i such that

53

6
LdT =J"H5G‘dws for all weQ%, t e <0,
0

: ¥ : n 2
lim J .”Ht("“v“’z’ - HByls,0,0,)] Zat ) awr= o
R g(<0,1>)\ 0

for slmost all (oo1 ""2) € xC(<0,1>) with respect to
Gﬁ(wQ)(dw1)W(dw2). Therefore we have

t
Hg(oo,w1 ,az)dws(wo) -
0

(12) ¢n.(’c,w1,w2) =
C(<0,1>)

1]
- 2
-IHS(wD,w1,w2) * dWs(wo)’ ‘w'(dwo) —0
0

for Ga(wz)(dw,l)w‘(dmgl ~ alaost all (w.l ,wz).

From the definition of the version » the pnrocess
t
Zt = f HS * d\'V!3
6]
iy measureble as a process defined on (Qo, 3’0, fﬁ). It is
evident thet {gon.} are uniformly bounded functions (Hg, Hg
ere boundzd)! and integreting ¢, Wwe obtain

t % ;
1% How W |2 4B ey
g8 's T gy * dilg [l .
Qo 0 0
On the other hand we have
% . B : p . D——oe
f jdsdws 'stdWs 'dPﬁ 0.
0 0

QO
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Pinally

t $
stdWs =stdWS vP&- - 8.8,
0 0

This ernds the proof of {10). But the equation (9) is equiva-
lent to (1) for we have

§E{(wo’“1""2) e @° : E(wz) = a)1} = 1. Q.B.Ds

Now, following the Fleming and Pardoux paper [1] we define
the new probability measure Pl'i on (520, 59) by the formu-
las

aP 1 1
—% . exp fh(t,xt)dYt - %j [n(t,x,c)]'2 at}.
dP-=
u 0 0

It is well known that in this case W and W are independent
Brownian motions defined on (g°, #°, Pz) (see [1]).

We chell siow the following lemma.

Lemma 7. The processes X, Y satisfy (1), (2)
under 'Pﬁ' '

Proof. From the Martin Girsanov formula we see that

%t = Y, +‘}h(s,xs)ds and (2) ia evident. To prove (1) it
0

suffice to show that

t t*
0 &

»
where f,f denote the stcchastic¢ integrale under Pz aind

‘1\5&- respectively. We 313;!: Hy = 6(s,X,0(Y)). There cxists
n

bounded seguence {Hs}n—1 of step processes such thet we
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% on L. n ' .

It is evident that J' HgdWg = J HgdW,e One can choose a
-0

(- -

n
}n=1 such that we have

subsequence {Hn}n=1 “'of {He

1 .
. p, Rre=e %
fl HY - H|%ds ———=0 B - a.s.
6]
The »135 - null sets and P-li -~ null sets are the same so we
have

1 '
n' 2, BTm=
f]Hs - 1 |%as 0 Py - a.s.
0
) N~=oo
Therefore, using the Lebesque Theorem (}'IHH-H l ds|dPz—=0
o

and consequently we obtain 2

andw f H dW,

n —eoo

’d!
=i

and

n-——-—@
2dP —

0.

%
f ngdWs -!H dw
‘20 O

We can choose & further subseguencs {Hn'} of {Hn} such
that

1 " % % "
. e PR e D f
f IISU']“' —_— ! HSOWS and HSdWS H dWS
0 0 6] 0
'ﬁ P— - 8¢S QoEl Dc

We can now formulate the main result of this paper.
Theorem 2. Unden (3}, (4), (5) for every Tel
there exists the unique weak solution X, ¥ (it may be de-
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‘Bxistence of optimal controls 17

fined on any probaktility space (Q, F, P)) of (1), {2}. ko=
roever there sxists T*e U such thal we have

s[a*] <3fa] for 511 Teu.

The first part of the assertion of Theorem 2 is csasy conse=-
quence of Theorem 1 and Lemma 7. To prove sxistencs of opti-
mal strategy U"e U we shall nead the following tiwres lem-
me:,

Lemma 8. LetlFcvx C{<0,1>) be a Boral such
that we have prc(<0,1>)l" t= {m2 € C(<0,1>) 3 w, € Vv  such
that (w1, wg)er'} = C(<0,17). Then thers exists iz U =uch
that (E(wz),wz)e!‘} £52 W -almost all w, € C(<0,1>) where
‘W is Wiener measure dofined on 3orel subsets of C(<0U,1>).

Lemma 9. et §: ¥x C(<U,1>)—=R be a resl
nonnegative continuwous famction. Then theiw existe a*eu
such that we have

é(i*(wz),wz)sf(w,],oé) for all w,iel? and w, € A © C{<0,1>) with wWri)=1,

Lemma 10, Under the conditicne (3), (4), (5) tha-
Tre exists measursble function I:C(<0,1>)xV¥x(C(<0,1>)—R
such that the following conditions are satistied.
(13) For every sequencs (w?,wg) —-(w?,wg)e ¥ x C(<0,1>)

the family of random variables {exp I(-,w?,w;):(w‘?,wg)e
€Vx C(<0,1>)} defined on (C(40,1>), 51(w)) is uni=-
formly integrable under W,
(14) For every e U there sxists a version of the stocha-
1 . ~
stic integral .gh(t,xt)dYt under Py such that we

heve
1

I(wo,(d" ,(02) =Ih(t,Xt(mo,w1 ,U2)dYt(wo,m1 9(02)
0

for all w, € C(<0,1>) and for (w1 swyle T g with
Pylcl<o,1>)x Ty = 1.
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N —= oo

(15) If (w?,wg) (w?,wg)e ¥ x C(<0,1>) then there exists

R ' —e—oco
a subsequence {(co?,wg)} such that I(. ""n g)

— I(o,ws.’,mg) W- a.s.

The proof of Lemma 8 is given in the appendix of [6].

Proof, of lemma 9, Let[ = {(o.;1 ,wz)e ¥ x C(<0,1>) ¢
: Q(w1 »9,) @(w’ »w,) for all oo eV } The spacs V. 1is
compact and consequently prc(<0 1>) = C(<0,1>}). It is evi-
dent that I is closed subset of UxC(<0,>). Using Lemn-
ma 8 we obtain the assertion of Lemma 3,

Proof of Lemma 10, Since h satisfies (5) we can

integrate .}h(t,xt)dYt by parts:
0

1 1
3n(t,X
(1€) fh(t,f(t)d‘ft = Y,h(1,X,) -fzt —5-—— dt +
0 0

1 ah(t xt Lo oen(t,x,
- [, £(6,%,0)0t - f ¥, —y2 - 605, 7,7)00, +
O Id
]
-3 ) f [O'(t x,v)] %4t a.s. under By, for Fell.

Lat us define

. 1 an(t, Xt
I (wo,w1,w2) =w2(1)h(1,x1(wo,m1,02)) -.{02(1‘-) —3— dt +

} an(t, Xy (@0, ,w,) )
_fwz t ax -2 f(t,X(wo,w1,w2),w1)dt +
‘ 0
! n(t,X, (0 ,w,,0,)) _
..fwz(t) i1 gx 1 21 G(t’X(wo,gﬁ,wz)’w1)dwt(wo) +
0

2 .

°h({t, X (W _,w,,w,)] -

- %fwz(t) 7t :; 12 [G(t,x(wo,w1,wz)w1)] 231,
X
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Uslng Lzuma 5, and tas assumption (3) we sez thet {15} is sa=

tisfizd for 1%, The above construction of the ~rocese X
shewe that we can _ind a measurshle version I of 1% such
that I{e )0, o) = ™ (-,u 90z W(dw,} - s.s. for ell
(w1,02)e080(< Cy1>) and I satisfies (15}, Let E be
zny sdamiesible controcl function., We can also fird = measn-

reble version of the Stochestic integral

! ah(t )
f L G(t,X,V)th under §E sueh thset we heve

1 ) an(t,xt) dnit,X,) (e o wias
J‘ '{‘S T c(t,X,V)th = f Yt “‘Tx_"‘ G\t’*{’\‘ ,‘0"-‘45
0 0

fo\r all w, & C(<0,1>) an¢ for &y, )(du,')‘w'(dug) - alnost

ell (w,,w,). This ends ths proof ol {14],
To prove {13 note that for cvery € >0 we have

{II( . 0§ 5} > c}

< e™2¢ j exp[ZI( o ,(.)2)] dW<L, -2¢
c(<0,1>)

because of the zssumptions (3), (5). The conctant LD does
nov depend on n. Thersfore we have

exp I(wo,w;l,wg) w’(duo) <
] n n
{wo.exp I(wo,w1 ,w2)>A}

< f xp I(wo,w1 ,wr)IU(dw
{wD:I(wo ,w?,w?))lnd}

< sup E w w k-1 < I(w ,w,,w,,) } . oK <

D wsina /
; . O—=00
<1, E el kT
k>1na :
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Phie spnde the proof of Lemma 10,
“e mark, Note tihiet I does not dencnd on del .
Tow we caun prove Theorsnm 2.
frcoccf of Theorem 2, It remaine to nprove that thers
¢ :n u.timel control T¥eU. Using the construction of
Q%, 3, Pr) ths cost function can b2 recressried as ifollows

a2 [q) =f }F(t,x,'ﬁ(Y))dt P +f a(x)ap; =
)

[ Q°
1 1 |
=f [f F(t,¥,3(Y))dt +‘G(X)]exp[f h(4,X,)a¥, - %}h(t,xt)zdt] af; =
QO [¢] O [}

1

- ”«')fd fﬂ f fr(t,x,a(v)dt + 6(X) exp[l -%}h(t,xt)%t] .
C{40,1>) ¥ CK0,) 0

. U\dw ) 6_(w )\mo )w’(duz) f fé(w,',m,.) 6'5(“ ) (de )W(dw?_) =
c{<c,1>) v

[ steewia),

c(<i.,1>)
vhere
1
§(‘*’1v‘~é) = [f Fli, 5w ow1»02/ 20y Jat + G(x(“’ r, y‘*’))J
¢l<c, 1>} (Lo

3V PN

1
oy L ~r 2
‘e ex;l}[\wo,w,l,(%) - Iugt,,.t(wo,u,i.wg)) d.t] w’(dwc).
0

From Lemma 5 and Lemme 10 we have that for every seqguence

l +
(w :,w ) —= (w1,w°) there exists subsequence {(u1 ,wg )t of

{(w1 ,wz)} such that
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1 -
n ny 0 n n !
l:fF(t,X(wo,w,l,wz).,w,])dt + G(X(wo,w,l,wz))J . exp[l(wo,wf;,wg) +
0

1 . 41
N 4 N—=00
1 n 0 :
- Ef h(t,xt(wo,(o,I,wz))dt:' —-—{fﬁ‘(t,-x(mo,w:,mg),w:)dt + -

0 o]
1 —
0,0 1 . 2
+ G(x(“’ov“’q""g))] * exp [I(wo,w:-,wg) - é-fh(t,z(t(wo,w:,wg)) dtJ,w'—a.s.
4]

The functions F, G are bounded and, according to Lemma 10,
the family 1 exp I(*,w?,wg) n='i,2,...} is wiforamly W -in-
tegrable. Therefore ¢ satisfies the assumptions of Lemmz 9
and consequently there exists d*el such that we have

s[w] = f ¢ (T%w, ) y0,)) W(dw,) ;fé:(ﬁ,(wz).ag))ur(dwz)s
c{<0,1>) o

éf¢(ﬁ((02),ﬁ)2))W(d02) = f é(ﬁ(wz)Duz)w(due) = J[ﬁ]
o C(<0,1>)

for 811 aelU . Q.E.D.
Random controls are considered also in [8] and [9].
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