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EXISTENCE OF OPTIMAL CONTROLS 
FOR PARTIALLY OBSERVED GENERAL SOLUTIONS 

OF STOCHASTIC DIFFERENTIAL EQUATIONS 

In t h i s paper we are concerned with the existence of op-
timal contro ls for problems of the following kind. 

l e t thsre be given s tochas t i c one dimensional d i f f e r e n -
t i a l equations 

( 1 ) 

( 2 ) 

where 

dXt = f ( t ,X,u(Y) )dt + <j(t ,X,u(Y))dW t 

X, 

dY+ = h ( t , X t ) d t + dWt 

0 D ^ t j? t , 

and W are independent Brownian motions, 
h : <0 ,1> x R — - R . 

Let U be a compact metric space and ^(U) denote the 
space of a l l probabi l i ty measures defined on the 6 - f i e l d 
of Borel subsets of U. Let if be the space of a l l func-
t ions V : < 0 , 1 > —"-^(U) such that for every Borel subset 
A c U the function i s measurable with respect to 
t <0 , 1> . 

•The r e a l functions f , 0 are defined on < 0 , 1>xC«0,1>)xiT 
where C ( < 0 , 1 > ) denotes the space of a l l r e a l , continuous 
functions defined on < 0 , 1 > . A contro l function 
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2 J.Dqbrowski 

u : C ( < 0 , 1 > )—— tf i s measurable. More precise de f in i t ions 
wi l l be given in the sequel . 

The functions u seem to be general izat ions of usually 
applied control functions uQ : <0,1> x C ( < 0 , 1 > ) — f i . E'a-
mely for every uQ we can defina u as follows 

(u(sp)) t = 6 a4^>\iQ{t ,<p) = u 

where C(<0,1>) and 5U denotes Dirac measure concentrat-
ed at u e U. One can ident i fy uQ with u. 

The problem i s to minimize a c r i ter ion of the form 

j [ u ] = E 
1 

J *P(t ,X,u(Y))dt + G(X) 
0 

where P : <0,1> x C « 0 , 1 » x — R and G : C(<0,1>J —— R. 
In th i s paper we sha l l show that under certain assumptions 

there e x i s t s an admissible control u * such that j [ u * ] < 
4 j [ u ] for a l l admissible u. We formulate f i r s t the con-
t ro l problem on the canonical sample space using the Fle-
ming's and Pardoux's construction [l] . Next we sha l l show 
that the system (1) , (2) has the unique weak solution X, Y. 
Therefore we sha l l be able to formulate the control probls.n 
on any probability space. 

To make assumptions about the functions appearing in (1) , 
(2) we must endow the space tf with a topology as fol lows. 
An element V e we sha l l ident i fy with the probability 
measure (defined on Borel subsets of < 0 , 1 > x U ) by the f o r -
mula 

V(dt, du) = V t (du)dt . 

We can endow & with Prohorov metric (see [ 7 ] ) . The space 
becomes a separable complete space. Moreover i s a compact 
space. 

We make the following assumptions about the functions 
appearing in (1 ) , (2 ) . 
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j o i s t s nee of o; ti.'/.s! controls 

(3J ihe -unctions f ,G, ? : <'J ,1> * C<J,1> x tf — - K pre , 
continuous with |G(i,g>, v j | > A > 0 , such that for -,vc 
t e < 0 , 1 > we have x ( t , y , v ) - f ( t , j p ' , v ' ) , 6 ( t . p , v; = 
= © ( u, sp', v ' ) and F( t ,<p,v) = F( t , $p',v ' ) i f <p s = (p'r 

for a l l s ^ t and v0 = v' for almost a l l s ^ t ; c- S 
cp, <p'e C(<0,1>) , v , v'e i f . 

(* ) There e x i s t s a constant L > 0 such that we heve 

|f(t t i p,v) - f ( t , y ' , v ) | 2 + |ff(t,sP,v) - <5(t, y?', v) | 

t 
< L J | 9>q"SPb l2<l3 + L l ^ t " ? ) t l 2 for a11 V61j' ' t£ 

0 

(5 ) h : < 0 , 1 > x R — » - R i s a bounded function whose .cerotial 
der ivat ives of orders ^ 2 are bounded and continuous; 
G : C(<0,1>) —^R i s bounded and continuous function. 
D e f i n i t i o n 1. An admissible control u i s 

a measurable function u : C ( < 0 , 1 » t f . 
Let U denote the set of a l l admissible controls u. 
i»e shal l prove now the following theorem. 
T h e o r e m 1. Let u e It be f ixed. Let (X , I ) and 

( X ' , Y ' ) be solutions of the system ( 1 ) , ( 2 ) (not necessary 
defined on the same probability space) . Then under (3)', ( 4 ) , 
(5) the jo int dis t r ibut ions of (X,Y) and ( X ' , Y ' ) a re . the 
same (uniqueness of the weak solution (X,Y) i f i t e x i s t s ) . 

We shal l consider the following system of s tochas t i c equa-
t i o n s : 

( 6 ) 
dXt = ff(t,X,u(Y))dBt 

7 -0 0 ! 

(7) 
dYt = dBt 

Y0 - 0 , u fe U i s f ixed , 

where B and 3 are independent Brownian motions. 
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4 J.Dqbrowski 

To prove Theorem 1 ws sha l l need the f o l l ow ing lemmas. 
L e m m a 1 . Let (X , Y ) end [iJ , y ' ) be so lut ions 

of ( 6 ) , (7 ) def ined on probabi l i ty spaces ( i 3 , F , ) ,P,B,B) 
and (52', l ' , ) ,? ' ,B' ,B' ) respectively, where (B,B) and ^ (j 
( B ' , 3 ' ) are systems of independent Brownian motions. We 
assume that 6" s a t i s f i e s ( 3 ) , ( 4 ) with f = 0. Then the 
j o i n t d i s t r ibut i ons of (X ,Y ,B,B) 8 n d ( X ' , Y ' , B ' , B ' ) are 
un same. 

L e m m a 2. Let ue U be f i x e d . We assume that 
(X,Y ) and ( X ' , Y ' ) are so lut ions of (1^, (2 ) def ined on pro-
bab i l i t y spaces and ( Q ' , ? , . 

' ' ,W ' ) r e s p e c t i v e l y , where (W,W) and (W' ,W' ) are sys-u' 
terns of independent Brownian motions. Let P and P be 

the probability measures on 
vely defined by the formula 

(Q,? ) and (£2', r e spec t i 

dP, 
dp- • = exp 

i 

- i S 
o 

1 

J f ( t , X , u ( Y ) ) 

J ff(t,X,u(Y)) 
dWA - j h ( t , x t ) d w t -

Y f ( t , I , 5 ( Y ) ) 

,L® ( t , X , u ( Y ) )J 
+ h ( t , X t ) ^ ) d t with t'q def ined 

analogously. 

Then under ( 3 ) , ( 4 ) , (5 ) there e x i s t s two couples (B,B) and 

(31 ,B ) of independent Brownian motions such that the two-
-d iaensional processes (x ' ,Y') and ( X ' , y ' ) s a t i s f y ( 6 ) , (71 
under PQ and P^ r e s p e c t i v e l y . 

P r o o f of Lemma 1i. Using (3 ) there e x i s t s the uni-
que strong so lut ion of ( 6 ) , ( 7 ) . The assert ion of Lemma 1 
i s now ev ident . Q . E . D . 

P r o o f of Lemma 2. The assert ion of Lemma 2 i s 
the consequence of Lemma 6 .4 .1 , Theorem 4.5.1, of [2] and 

Lemma 1. Q.3.D. 
R e m a r k . More prec ise ly to prove Lemma 2 we must 

apply the f o l l ow ing genera l i za t i on of Lemma 6.4.1 of [ 2 ] . 
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Existenoa. of optimal controls 5 

l e m m a 3. lot (O»*» ) 0 < t < 1 »FfW) be any pro-
bability space., where W is d-dimensional Wiener proccae. 
Let d : <C,1> x ¿2 — Rd, c :<0,1>xfl—~Rd and a: 
<0,1> x S2 — S j (Sj ia the set of strictly positive defi-
nite d*d-symmetric matrices) be progressively measurable 
functions such that a, b, c*ac are bounded. Let 5 bo 
ar. Ito process defined by the formula 

x t 
= x + J b(s)ds + J e(s)dWg for xeR d, 

0 

where e : <0,1>x £ —-R xR is progressively measurable 
function such that e»e* a. Let us define a new probability 
measure Q on using the following Cameron-Martin-
-Girsanov formula 

"1 1 
J c*(t)e(t)dWt - \ J c*(t).a(t).c(tjdt 
LO 0 

al = 

Then there exists a d-dimensional Q-Wiener process B such 
that \ t 

= x + f (b(s) + a(s)c(s))ds + J e(a)d Bs. 
0 0 

B r o o f of Lemma 3. Using Theorems 4.3.7 and 4.5.1 
of [2] the prooves of Lamma 3 and Lo«mma 6.4.1 of [2] are the 
same. Q.B.D. 

We shall also need the following lemma. 
L e m m a A. Under the assumptions of Lemma 2 we 

have 

dP-u w e x p 
o 

|f(t,X,u(Y)) d B + K(t,Z1:)dBt -

- "I f 2 J v 0 'iiiiiiimif ^(hft.x,))5 
V«(t,X,u(Y))/ ^ 

dt 
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J.D^browaki 

where B, B are independent Wiener proceeses appearing in 
the a s s e r t i o n of Lemma 2. 

P r o o f of Lemma 4. 'We have to show t h a t 

h u . x . u U ) ) ¿B + 

i 6(t,X,S(Y)) 11 
mi) w)) + ( h u . x J ) ' dt = 

- f'iww) d w . - f h ( t t x j d i ? - j fl(m^miY+(h{t,x )f J 0(t,X,u(Y)) * JQ t 4 2{l\0(t,X,m))J t . 
P0 a . a . (almost su r e ) . 

Using the elementary computation and the f a c t t h a t 
s 

d X - J* f ( r ,X,u(Y)dr 
8 0 

dt 

Wt t 
_ r 

0 " 1 ( x , X , u ( D ) , 0 

J 
0 0 , 1 n . - J h ( r , X f ) d r 

under P u 

and 
V t 

. f 
- V 

j 0 

V 1 ( s , X , u ( Y ) ) , o" 

0 » 1. - « a -

under PQ, 

one can eas i ly complete the proof . The technique of t h i s com-
puta t ion i s very s imi l a r to the one given in the proof of 
Theorem 6 .4 .2 of [ 2 ] . We omit the d e t a i l s . Q.E.D. 

P r o o f of Theorem 1. Let (X,Y) and (X' ,Y' ) be 
so lu t ions of (1 ) , (2) defined on t^jjiW»^) and 
(52', ^ ' . ( ^ J ^ ^ ^ P j . W ' . W ' ) r e s p e c t i v e l y . L e t # : C(<0 ,1»* 
* C ( < 0 t 1 > ) — b e a bounded, measurable f u n c t i o n . To comple-
t e the proof we have to show t h a t 

J f § (X,Y)dP- = J i (X ' ,Y' )dP^. 
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Existence of optimal controla 7 

Namely, wa have 

Prom the very definition of stochastic integral and Lemma 1 
we see that the joint distribution of (X,Y,B,B,/ f(ttx»11^) 

0 (t>X,u(Y) " 
^ h(t,X+).dB+} (under P 1 is determined by u e U . Therefo-
0 * * ° 
re, using Lemma 4, there exists a measurable function 
V s C(<0,1>) x C(<0,1>)*R*R — R such that 

dP-
and analogously ^p^- = i(/ (x' ,y' ,...}. 

o 
Finally we have 

j§ (X,Y)dP5 = J #(X,Y) Y(X,Y,...)d?0 = 

= /i(X',Y'i V(X',Y',...)dP; = f i(X',Y')dP'-. 

This ends the proof. Q.iS.D. 
We can formulate, now, the control problem on the canoni-

cal sample space 

«2° = C(<0,1>) * l> * C(<0,1>) 

whicn will be endowed with an increasing family of c-fields 
snd probability measure. Becauee of Theorem 1, if we show 
that there exists an optimal control u* e U for the control 
problem formulated on then we shall prove the existence 
of optimal control for the control problem formulated on eny 
probability space. Our construction of the probability space 
is very similar to the one given in [l]. I'o define precisely 
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? the new probabil ity space, l e t tf denote the space of a l l 

measures V defined on Borel subsets of < t . . , t 2 > x U such 
that V ( < s 1 , s 2 > x U ) = s 2 - s.j, f o r a l l 0 < t1 < s^ < Bg < t 1 < 1. 

+ 
1 Obviously wo have tfg The space 0" t i s also endowed 

with Proliorov metric. The elements u>= (QpjW^.cOg) of SZ° 

sat i s fy 

w ( t ) = ( » 0 ( t ) f « i 1 ( t ) f « 2 ( t ) ) = (W t (co),V t (co),Y t (w)) 

f o r ,-11 0=st4£l. Let = o(W j O ^ s ^ t ) be t h e S - f i e l d 
generated by the random variables iw s : 0 < s « t | , with ^ ( Y ) 
defined s imi lar ly . We can regard and as 

« - f i e l d s of subsets of C(<0,1>) . Let s r t (V) = 3 where 

t 

3 + denotes the Borel ff-field of 0-.,. Let us define the 

family of 6 - f i e l d s as fol lows 
= ^ t (W )x ^ t ( V ) x * t ( Y ) . 

We put SF° = Let W be the Wiener measure defined on 
the Borel subsets of C(<0,1>) . Let co1 be f ixed . Under 

- U 1 the conditions ( 3 ) , (4) there exists a process X defined 

on the probability space ( C K O , ' ; » , ^ ( W ) , (W)0it i$1,11/) 

such That X i s the unique strong solution of the fol lowing 
equation 

(8) dXtn = f ( t , X \ M^dt + ff{t, X \ w1)dWt 

where W+(m ) = oo ( t ) is the canonical Wiener process de-u 0 0 
fined on C(<0,1>) . Obviously we have Wt ( go^co j ,o>2) = ^ " o ^ 
f o r a l l (w0,co1fo>2) e 2 ° . 



iüyis te ne e of optimal controls 

Let ti £ 11 be f ixed. We define the probability measure 
P- on as follows 

F-(dw0,dco1,da>2) =U/(dco0) 6S (u 2 ) (dw 1 )^ (dco 2 ) , 

where 6 , denotes Dirac measure on tf concentrated at U(u>2) 
ujo^)« Let X* be the function defined on <0 ,1>x as 
fol lows. 

X * M = X*(q0,cj1 ,w2) = Xt (coQ) for a l l (co0,w1 ,o>2) 6 52°. 

The following lemma shows that X* has measurable modifica-
tion X under In other words we shall show that X is 
. T i sasurab l e , - adapted process defined on (Q°, , P - ) . 
Besides, Lemma 5 w i l l be nsje.;.sary to prove the existence of 
ar. optimal control function. 

L e m m a 5. Let (cj^Wg) e $ * C(<0,i>) and ——" 
o o —- ( co^WgU \>*C(<0,1>), n = 1,2 Then we have 

l i f t / sup |xj'(w - X*(w0,co°,co°}| VJ(àu0) = 0. 
n ^ ° ° C « 0 , 1 > ) 0 < t < 1 

P r o o f . We have to show that 

« I _o>? jo? 
lim I sup I ' ( « „ ) - X ' ( ioJ " UTd (GO J = 0. 

n — C « ü , 1 » ° 

2he proof is standard. Namely using (3 ) , (4 ) , (8) and msr-
l e ' s inequality we have 
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10 J . D a b r o w a k i 

,,n o 2 
(j3 CO-

X V ) - X ) 
s ^ o' s o W(d<0o) « J sup 

C(<0,1>) °«s<t 

sup Í | f ^ r , x - f ( r , X 1 ( w ) , « ° ) | 2 d T , ) W d U ) + 

0 < s < t o ' 

r sup I f (ff (r,x"1 (co ) ,co") - e (r,x"1 (co ) ,co° j) dw 

/ Í i s u r ( d % ) * C(<0,1>) 0 

t n o 2 

+ 4 / / h ^ . ^ K K ) - ff(s,A«0),«°)| d s W ( d « ) ^ 
C(<0,1>) 0 

m ( u o ) é 

4Í 2 

• 4 / / | f ( s , x " 1 ( c o o ) , ^ ) - f ( s , x " 1 ( c o o ) , C ^ ) | d s l i / ( d u ) 

C(<0,1>) 0 

11 o ° w° 2 
+ / I f ( s ' X - f ( s , X \ w o ) , ( o ° ) | dsU/(dcoo ) 

0 C(<0,1>) 

. t n co0 2 

+ / 8 / - dsu r (d to 0 ) 

C(<0,1>) 0 

' to 
J 8 J ^ s . x " 1 ^ ) ^ 1 ) - e ( s , x V 0 ) , « ; ) | d s u r ( d c o ) 

C(<0,1>) 0 

¿BL 
n o 2 to. 

/ / K V j - C V ; S v O s o' 
0 C(<C ,1» 

•c• 
m\dcoo)¿s+y3n(t) ^ ÖL J otn(B)ds+)Sn(t;, 

- 19o 



¿x i s t snce of optimal controls 11 

where 

of ( t ) = / cap 
C(<0,1>) 

n o 2 

and 

C « - J , 1 > ) ' o 

t wo u 0 2 
+ 8 J J *|o(s ,Z - a ( e , X 1(co 0 i ,coj)| d s W ( a u 0 ) . 

C « 0 , 1 > ) 0 

Therefore we have 

t 
* n ( t ) < 6L J * o£n( s)ds + J 3 n ( i ) , 

0 

n — oo 
where J3 ( t j — 0 uniformly with respect to t € < 0 , 1 > . 
Very easy compunction shows that . 

t 
a n ( t ) < B l J * y3n(s) e x p [ 8 L ( t - a j ] ds + ^ n ( t ) (see [4] p.368) 

0 
n—*<>6 

F ina l ly we obtcin oc (1} —0. Q.E.D. n 
C o r o l l a r y 1. There e x i s t s J^-adapted measu-

rable process X defined on (S2°, , P- ) such that f o r 
every co^, a>0 we have 

X t (u 0 , c J 1 ,co2) = X*(w0 ,tt,,&)2) 

CO-iCOn 
f o r coQ 6 à C c(<ü,1>) with U'(A ' = 1 and f o r 
a l l t e < 0 , 1 > . 
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r r o o f . First we shall show that there exists a 
:.3 at urable process X such that for every t, , «g w e 

neve 

x t ( c V a V w 2 ) = V ' W ' V 

w^o»"6 co^cdp.t for all coq € A ' ̂  with Vf(A 1 ^ ) = 1. 
It suffices to show (see [4]) that for every e >0 we 

nave 

lim W< -to1 V I i 
I 

0 | 0 tQ 0 - = 0. 

The processes X f X have continuous trajectories and 
| : t e <0 

" At 
is uniformly integrab-fl ,-n --°i2 I ̂  th; family 

le with respect"to Vf". (see for example [5]). Therefore 
using Lemma 5 we have 

,1>} i 

• n o * / 
C(<0,1>) 

x t - x t ' d n 
n 0 » 

/ s 
£ C«0,1>) n 0 1 C«0,1>) 

« f ? « ^ » ' f ? / | X ^ | 2 

6 6 C(<0,1>) n 0 

X t
1-X t

1| dUTsg. 
n 0 

dlir- •0. 

rinally we put 

"1 '"2 n t 

térational numbersn <0,1> 
and we obtain the assertion of Corollary 1 because- of conti-

- W 1 nuity of X '. Q.E.D. 
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ex is tence of optimal cont ro l s 13 

'"e sha l l need the f o l l o w i n g lemma. 

L e m m a 6. Let u e 11 be f i x e d . The processes. 'Y,Y 
are ^ - a d a p t e d independent Wiener processes and the process 
X s a t i s f i e s (1 ) under P - . 

r r o o f . Prom the d e f i n i t i o n of P - we obtain that 
\'i, Y are independent Wiener processes. To prove the second 
part of the asser t i on of Lemma 6 l e t us note tha t , using 
Lemma 5, f o r every f i x ed (co^fa^) 6 tf*Ci(<0,1>) we can f ind 
a ve rs i on * of s tochast ic i n t e g r a l with respect to such 
that we have 

( 9 ) X t ( ' , w 1 , c o 2 ) = Z0- + f f(s,X(',u1,o>2),u1)ds + 

0 
t_ 

+ 
0 

What we need i s to show that 

J 6(s,X(',u1tu2) f^) * dWg f o r a l l co0 fe C(<0,1>) ,te<0,1>. 

( 1 0 ) J 0(B,X(u)0,Ù>vU2) ,«.,) * dWg(w0) = 

0 
t 

= J*0(s,X((oo ,to1 ,co2 ) ,a>1 )dWQ (wo ,w1 ,6o2 ) a . s . under P - . 

Let Hs(co0,co1 ,u>2) = 0 (s ,X ( to o ,w 1 ka>2) ) . We have to show 
that 

I H- * dW_ = r K„ dW„ a . s . under P f t f o r a l l t e <0,1>. 
f j S S ¡J C 3 U 
0 0 

Let |HnJn_^ be a sequence of step processes such that 

1 

( 1 1 ) 
n l i m / / K - K t l 2 d t d ? u = n -»oo v ~ 

Q o 0 



14 J.D^browskl 

Prom the definition of stochastic integral we have 

t t 

/"2-W HjdW, for all co 6 Q°, t e <0,1> 
0 Ü 

Using (11) we can find a subsequence {h cJ c |Hn|. such that 

lim 
n -»oo 

) - Ht(.,o1,w2)|
 2dt j dJZT= 0 

for almost all (co^c^Je i>*C(<0,1>) with respect to 
j(d«1)UT(dw2). Therefore we have 

0 

for <5u(co2) ^ W(da2'/ - almost all (co^c^). 

?rom the definition of the version * the process 

t 
Zt = / Hs * d Ws 

0 

ia measurable as a process defined on ( 3 ^ ¡ j ) « I"6 

evident that {$Pn-j are uniformly bounded functions (Kg, H g 

are bounded) and integrating jĵ  we obtain 

0 

On the other hand we have r hand we have 

n — o o 
0. 
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Existence of optimal controls 15 

Finally 

Hsd Ws Pu - a - s -/ H e d W s = / H 

0 0 
This ends the proof of (10). But the equation (9) i s equiva-
lent to (1) for we have 

Pjj|(w0,w1tw2) e Q° : u(« 2) = co Ĵ = 1. Q.E.D. 

Eow, following the Fleming and Pardoux paper [l ] we define 
the new probability measure P- on (Si 0, by the formu-
las 

dP u 
- = — = e x P 
d P u 

i i 
J , h ( t , X t ) d Y t - I J [ h ( t , X t ) ] ' 2 dt 

I t i s well known that in this case W and W are independent 
Brownian motions defined on (S2°, J"0, P-J (see [1 ] ) . 

We shall siiow the following lemma. 
L e m m a 7. The processes X, Y satisfy (1J , (2) 

under P_. 
P r o o f . Prom the Martin Girsanov formula we see that 

Wt - Y t + M s , 
0 

X )ds and (2) i3 evident. To prove (1) i t 

suffice to show that 

t 
J 0(s,X,u(Y))dWfcf = j e ( s , X , ù ( Y ) ) d ' , 7 g . 
0 0 

where J * , J denote the stochastic integrals under P- and 

? - respectively. We put H = 6 (s ; ,X,u(Y)) . There exists 
f nl 00 

bounded sequence |H I ^ of step processes such that we 
hsve 

SCSK- ".I2-)^ 
O0 \0 / 

n —~oo 
•0. 
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16 J .D^browski 

I t i s ev iden t t h a t / HgdWs = / * H g d W s . One can choose a 
t s 

o ° ° o 
subsequence {He}n=a-j o f {He}n=1 s u c h t h a t w e h a v e 

/ K - H s P d s 
n t—00 

0 P s - a . s . 

The ? - - n u l l s e t s and PJJ - n u l l s e t s are the same so we 
have 

/ K -
0 

H | 2 d s 
n —oo 

0 P - - a . s . 

T h e r e f o r e , using the Lebesque Theorem 

and consequent ly we o b t a i n 

t t 

• H s | 2 d s ) d P u — ° ° 

0 
S2° 

0dWD s s 
2 dP-u 

n — oo 

and 

a 

t 

S 
p o 

X X 

J J H s k - | H . dV/ s s 
n —-<» 

dP-u 
0 . 

We can choose a f u r t h e r subsequence j Hn j of •[Hn | such 
t h a t 

/ '—̂  f and / dW_ and | HgdWg 

u 

/ s s 

P - , P s - a . s . Q.E.D. 

We can now formula te the main r e s u l t of t h i s paper . 
T h e o r e m 2. Under! ( 3 ) , ( 4 ) , (5) f o r every u e U 

t h e r e e x i s t s the unique weak s o l u t i o n X, Y ( i t may be de~ 
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f i n e d on -any p r o b a b i l i t y apace ^ , P ) ) o f ( 1 ) , ( 2 ) . Mo-
r o e v e r t h e r e e x i s t s u * 6 l l such t h a i we have 

J [a* ] ^ J [ a ] f o r 3 l l u t U . 

The f i r s t p a r t o f the a s s e r t i o n o f Theorem 2 i s easy c o n s e -

quence o f Theorem 1 and Lemma 7 . To prov9 e x i s t e n c e of o p t i -

mal s t r a t e g y u*€ U we s h a l l need the f o l l o w i n g t h r e e l e m -

mas . 

L e m m a 8 . L e t r c if * C ( < 0 , 1 > ) be a B o r e l such 

t h a t we have p r Q j < Q •)>)'" : = { « g e C ( < 0 , 1 > ) :3 co^ e such 

t h a t ( u ^ w 3 ) g r } = C ( < 0 , 1 > ) , Then t h e r e e x i s t s H e U such 

t h a t ( i i ( u 2 } , « 2 ) € r ] f \ s W - a l m o s t a l l cj2 £ C ! < 0 , 1 > ) whore 

.11/ i s 7/iener measure d o f i n e d on 3 o r e l s u b s e t s o f C ( < 0 , 1 > ) . 

L e m m a 9 . L e " ; 2 > : t f x C ( < G , 1 > ) — - R be a r e a l 

n o n n e g a t i v e c o n t i n u o u s f u n c t i o n . Then t h e r e e x i s t e u * i l / 

s u c h t h a t we have 

$ ( u * ( w 2 ) , w 2 ) , 0 1 , ) f o r a l l c^fctf and Wg 6 ( I cr C(<0,1>) with l i/ ( « )=1. 

L e m m a 10. Under the c o n d i t i o n s ( 3 ) , ( 4 ) , (5 ) t h e -
r e e x i s t s measurable f u n c t i o n I : C ( < 0 , 1 > ) * tf* C ( < 0 , 1 > ) — - R 
such t h a t t h e f o l l o w i n g c o n d i t i o n s are s a t i s f i e d . 

(13) F o r e v e r y sequence ( o j ^ . W g ) — * C ( < 0 , 1 > ) 

the f a m i l y o f random v a r i a b l e s { exp I (• : ( t o ^ j w ^ e 

6 t f * C ( < 0 , 1 > ) } d e f i n e d on ( C ( < 0 , 1 > J , . ^ ( V / j ) ~ i s u n i -
f o r m l y i n t e g r a b l e under W , 

(14) F o r e v e r y u e U t h e r e e x i s t s a v e r s i o n o f the s t o c h a -
1, 

s t i c i n t e g r a l J h ( t , X t ) d Y t under P - such t h a t we 
0 

have •1 1 

0 
f o r a l l goq 6 C ( < 0 , 1 > ) and f o r ( w 1 t u 2 ) e w i t h 
P 5 ( C « 0 , 1 » * £ - ) = 1. 
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n —̂oo (15) If (u?,«S) • (to?j e *̂ C(<0, 1>) then there exist3 

in' n'l n' n' —00 a subsequence j(cô  ,00̂) 1 such that Ii-,«^,«^ — 
— I ( • ,co° ,to2) Vf- a.s. 
The proof of Lemma 8 is given in the appendix of [6], 
Proof, of Lemma 9. Let r = {(wvw2)6 D-x C(<0,1>) : 

for all cô  e tf }. Th6 space ])• is 
compact and consequently pr̂ ŷ ^jT = C(<0,1>). It i3 evi-
dent that r is closed subset of lfxC(<0,1>). Using Lem-
ma 8 we obtain the assertion' of Lemma y. 

Proof of Lemma 10. Sinoe h satisfies (5) we can 
integrate / h(t,X+)dY+ by parte: 0 } h(t,: 0 
(16) J h(t,XjdYt = Y^d,!,) - J Yt ¿t dt + 

0 0 
i 3h(t ,X+) ]• 3h(t,Xt) 

-J Yt 3x f(t,x,v)dt - J Yt — + 

1- 1- 3h(t,xf 

1- a2h(t,xt) 
' i f Yt a's« under for "ell. % 

Let us define 
3h(t,xt) 

I*(w0,u1,w2) = co2(l)h(l,X1(co0,o1,«2)) - J co2(t) dt + 
0 

]» 3h(t,X+(co .to ,co_)) -J w2(t) X 1 f(t,X(coof«1f«2)tco1)dt + 
0 
\ 3h(t,Xt(co ,u1tuj) -J«2(t) -S—J—1—̂ -e(t,x(w0,«t,w2),«1)dw1.((o0) + 
0 x 

. \ a2h( t, xt (to .CO. »CO,)) r ,12 - 1J «£(t) * 2 [eft,!^,«,,^)«,)]2«. 
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Using Lstaaa 5» and the assumption (3) we see thet ('¡5J is sa-

tisfisd for I*. The above construction of the .rocssE X 

ehcv.-s that we can find a ¡neasui'able version I of I * such, 

that I { • . « , , ) = I*( • U/(cJw i - a.s. for sli 
I £- I C O 

(co1 ,CJ2} e tf *C(<0,1>) and I satisfies (15). Let i. be 

-ny admissible control function, We can also find s nsssu-

rable version of "the stochastic integral 

\ 3h(t,X t) 
I Y t 5(t,X,V)d',7t under P - such that we have 

0 

]» 3h(t,X t) ]» 3h(t,X.J J "'t tx ®<W)dwt = J yt ff(t,zfT)dv;t 
0 0 

for ail toe 6 C(<0,1>) and for ffn( }
 ( d w 1 1 " a l a l o s t 

all (cJ1f6J2). This ends ths proof of (14). 

To prove (13) note that for every £ > 0 we have 

^ e~2c J exp[2I(*,u",w£)] e " ? t 

C(<0,1>) 

the assut 

not depend on n. Therefore we have 

because of the assumptions (3)» (5). The constant doss 

J exp I ( u 0 > w ^ ) ¥ ( d u 0 ) 

j w Q : e x p IÍu^co^w^J^-aJ 

; J exp i(«0ttoiftM^)ur(d«0) ^ 

é sup y Urjuo: fc-1 < I (w q « k) - e k 

E L * - 2 ! k - 1 i 

¿——oo 

— - 0. 

k > l n a 
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1 'kis ends the proof of Lemma 10. 
d s a a r k . Kote that I does not d spend on H e l l . 
liow v;e can prove The ore t. 2. 
f r o c f oi' Theorem 2. I t r e a a i n e to prove that t h s r e 

c ^ i s - i i ; n - j v c i a e l c o n t r o l u*«U . U s i n g the j o n s t r u e t i o n of 
( ft 0 , 3 , E - ) the- t o s t f u n c t i o n car. be r e p r e s e n t e d as f o l l o w s 

- IX ) = / ( / F(t,X,u(Y))dtJdP- + J G(X)dP- = 

= / [ / F ( t « - t ' i 5 ( Y ^ d t + 'G(X)jexp|jh (t ,X t )dY t - \ J* h ( t , X t ) 2 d t J dpi = 

/ S / (J * <*(*)) « p f 1 - J J h ( t , X t ) 2 d t j . 
C(<0,1>) C « 0 , 1 > ) \ 0 / L 0 

2 c(<0,1>) & 2 

where 

i ( w 1 f 6 ^ ) = J | J* F( t,:';(w0,w1,w2),«1)dt + GiXit^ffa^jWg)) 
C'<0,1>) ( 0 

I 
IVto^uyWj,) - J J lu;t fXt(wo,M1fco2))2dt u r ( d » ) . 

P r o a Lemma 5 and Lemma 10 we have t h a t f o r every sequence 
( « * , « * ) — — ((0°,«°) there e x i s t s subsequence J iu i^Wg ) j 0:!: 

lico^.cog)] such t h a t 
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T/ n ru Uco^ayug) + 
-1 , . , "I 
J ,p(t,X(Mo , »5 ' ,WG')^)dt + G ( X ( « O , » ° , « 5 ' ) ) | . exp 

'"0 

1 , 1 n • « r 1 

- lJh(t,Xt(wo/o!J,co^))dt jF(t,.X(coo,Q°,co°),£o°)dt +• 

• exp 
1 

l(coo,co°-,co°) - g- J* h(t,Xt(coo,w°,co°))2dt -a.s. 

The functions F, G are bounded and, according to Leama 10, 
the family j exp K » , « " , « " ) n=1,2, . . .J i s u:,iformly Uf - i n -
tegrable. Therefore í s a t i s f i e s the assumptions of Lemma 9 
and consequently there ex ists u*ell such that we have 

J [-U*] = J #(ü*(«2),e^)) U/(dca,) = J #ca,"(a2) ."2}} WC<^2
C ( < 0 , 1 > ) a 

J <f(U(u2),o2)) ur(du2) = f §(ü(u2),u2)W(du^) =
X C ( < 0 , 1 > ) 

f o r a l l u e 1/ . Q.E.D. 
Random controls are considered also in [s ] and [ 9 ] . 
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