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ON SOME BOUNDARY VALUE PROBLEMS FOR THE EQUATION 
( A - C 2 ) p U = 0 IN A HALF-SPACE 

Let • 

X = ( x 1 , x 2 , . . . , x n ) , Y = ( y 1 , y 2 , . . . , y n J , 

n n-1 
p2 - L ( x ± r i 2 = L ( x i - + 

i=1 i=1 
n-1 

r o 2 = H ( x i - 7 i ) 2 + x n 2 ' 
i=1 

Bn = o® » i = 1 , 2 , x f l > o j . 

In the present paper we s h a l l solve of the Riquier, Neu-
mann and mixed problems f o r the equation 

(1) ( A - c 2 ) p u(X) = 0 

in the domain B ^ where c i s a posi t ive-constant , .p and 
n i s a positive integer and n ^ 2. 

We need two lemmas: 
L e m| m a 1. (see [ l ] ) . The function ( c r ) s K g (cr ) i s 

the fundamental solution of the equation ( 1 ) , where K^(cr) 
i s MacDonald function and s = p - -iy-. 
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L e m m a 2. (ses [ l ] ) . I f o i s an arbitrary real 

number, p i s an arbitrary nonnegative integer and "o i s 

an arbitrary positive r ea l , then 

P 
¿P((cr)G- ^ ( cr) j = c 2 p ( - i ) k ( g ) ak( cr)q _ k ( c r ) , 

K = 0 
Xi. 

where s = 1 , a, = PI (n+2q-2j), k = 1 , 2 , . . . , p . 
0 -3 = 1 

By iiemmas 1 , 2 we have 

L e m m a 3. ïne function 

G(X,Y) = ( c r ) s K s (cr) - (cr^) 8 Kgicr.,), 

where s = p - ^ i s Green function with a pole at the point X 

in the domain E* for the equation (1) s a t i s fy ing the f o l -

lowing boundary conditions (Riquier 's conditions). 

( 2 ) ¿ h G(X,Y) 
1 7 = 0 

= 0 for i = 0 , 1 , . . . , p - 1 , 

We shal l prove 

L e m m a 4. "'e have 

l in F D A * G(X,Y) 
Ï — 0 J * 

N J I „ -

dY' = 

N - 1 
7 =0 

0 for i = 0 , 1 , p - 2 

P + I - 1 
J r 2 ( - l ) P - 1 0 2 P - n ( p - D l 2 H 2 

for i = p-1 and where Y' = (y., , y 2 , . . . »7n_-| ) • 

P r o o f . By the formulas ( [2] p.79, 417) 

(3) ^ K ( Z ) ) = - J K ( Z ) , K Q ( Z ) = K ( a ) . 

(4 ) 
2

+z2l 

0 {ij^y 
U 2 q + 1 d u _ 2 q r ( q + 1 ) , . 
u d u ' „ q + v - q - 1 V q - i l a z ) -9 ZI 
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On some boundary value problema 3 

where a >0, q> -1; and by Lemma 2 we have 

(5) D_ AJG(X,Y)| 
a Y I7n=0 

£ <-1)k (i) 
k=0 

Let 

ck<*> = / K s - k - 1 ^ o > d y ' -
Bn-1 

Using the polar coordinates and the formulas (3), (4) we 
have 

s-k-1 
Ck<X> " "n-1 / x n Xs-k-1 ( c 9n'2 d9 -

f i a i i l S l ^ - ^ i ifl = wn-1xn J / n 5>\k+1-8 * = 

22 2 r ( | - l ) 
= — i — „ -, K „ . (cx ), n-1 n n 1 _ n l_ n 1 n'' -̂ --j- K+i K+l ~s—5'+"2 

c xn 
where denotes the surface area of the unit sphere in 

Since s = p - , then 

n-3 -n+1 
V » - < W n i T f a j i ) . - ! - ^p-,-3/2 K p. t. 3 / 2u I o). 

Hence, by formula K-fz) s» z~v 2V_1 T(v) we ob-
. v z-O, v>0 tain 
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(6) liDi G..(.:) = 0 for k=9,1,2,...,p-2. 
-

I f !c = i = p - 1 , then %ve have 

(7; lira C U ) 2 ^ r ( - l ) r ( l ) c - ^ . 

In via*.7 of (5) , (6) , (?) '.ve can write 

l i o f Dt A*G(X,Y) 
«/ Jn L 
n-1 

dY'- = 
y =0 

0 for i=0,1, . . . ,p-2, 

_n 
2C2P(-1)P-1 . c~2 lim C_ -(X) 

iJ~ 1 - —-0 

Since to n-1 
2jr2 r ( l ) -_VF, then 

lim f D A*G(X,Y) 
0 J«7 yn Y 

for i=p-1, 

n B n-1 

dY' = 
7 =0 •'n 

0 for i=0,1, . . . ,p-2, 

^ n / 2 ( . l ) P - 1 0 2 p - n ( p . 1 ) I 2P+§-1 

for i=p-1 
which completes the proof of Lemma 4. 

Let 

— n 
a(n,p) = ( f f ( -DP" 1 c2P-n (p-1) ! 2 P + 5 " 1 . 
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I n v i r t u e of Lemma 4 we o b t a i n 

L e m m a 5. L e t f ( Y ' ) € L ^ E ^ ) . I f the f u n c t i o n 
f ( Y ' ) i s c o n t i n u o u s at the po int XQ e B

n_-j» t h e n 

l i n ( a ( n , p ) ) ~ 1 f f ( Y ' ¿ ¿ ( i ( X , Y ) l dY' = 
X - ( X Q , 0 ) / 7 n Y \ j =0 

0 *n-1 n 

0 f o r i = 0 , 1 , . . . , p - 2 , 

f ( X Q ) f o r i = p - 1 . 

We s h a l l prove 
T h e o r e m 1. L e t f ^ Y ' ) e L ^ E ^ . , ) , 1=U, 1 p - 1 . 

I f the f u n c t i o n s f ^ ( Y ' ) a r s cont inuous at xhe point x
0

e B
n _ i » 

then the f u n c t i o n 

p-1 p-1 

U(X) = ( a ( n , p ) ) - 1 ] T / í i ( Y ' ) £ e j D A ^ G f X . Y ) 
i - 0 E„ , k = i n 

n-1 
S =0 

p-1-k . 
where e^ = ( k + i ) ( - c 2 ) i s a s o l u t i o n of the problem 
( R i q u i e r s problem) 

1° ( A - c 2 ) p U(X) = 0 f o r X 6 8*, 

2° l i m A^lX) = f j (X_) f o r i - 0 , 1 . . . . , p - 1 . 
_ / nrf r\\ X U 

¿ r o o f . Observe, t h a t the f u n c t i o n U(X) be longs 
+ 
n to the c l a s s C ° ° i n B* and 

DJU(X) = 

P-1 p-1 p-1 
= (cin.p))-1 J^ J f^(Y') ePj)jDy aJ_íG(X,Y) 

k = i n 
ôl' 

v =0 " n 
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w h e r e « = (a^ . o t g i . • . t « n ) i s t h e m u l t i i n d e x . H e n c e by Lem-n 
ma 3 t h e f u n c t i o n U(X) s a t i s f i e s 1 . 

We s h a l l p r o v e 2 ° . L e t 

P - 1 
P j U ) = ( a ( n , p ) ) - 1 J f±(Y') £ «¡JUL A^GU,!) 

S n - 1 ' k - 1 n 

Vfe r e m a r k t h a t 

( 8 ) A y G ( X , Y ) = A X G(X,Y) f o r X t Y. 

Hence by Lemma 5 we g e t 

J =0 • 'n 
dY ' . 

( 9 ) 

4 P i ( X ) ~ ~ ' ~ f i ( X o J a s X — ( X o , 0 ) 

— - 0 a s X — ( X o , 0 ) f o r 0 « 3 < i . 

I n s e q u e l we p r o v e t h a t 

A X P i { X ) a s X ( X o ' 0 ) f o r i > i # 

Prom ( 6 ) i t f o l l o w s t h a t 

( 1 0 ) 

P - 1 
= ( a ( n , p ) ) - 1 f t±(r) £ ePDy 4+1q(X»Y) 

p - 1 

= ( a ( n , p ) ) " 1 f ^ ( Y ' ) ^ e ^ D y 

V l k = i + 1 

+ ( e ( n l P ) ) - 1 J ^ ( Y ' j D y APG(X,Y) 

d Y ' 3 "0 

dY' + j =0 

dY . 

n - 1 
y =o 
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CTn some b o u n d a r y v a l u e p r o b l e m s 7 

S i n c e 

( A Y - o 2 ) p G ( X , Y ) = 0 f o r X 4 Y , 

t h e n „ . 
P - 1 p ^ 

a P q ( X . Y ) ( - c 2 ) A J G ( X , Y ) . 

k=0 

T h u s , by ( 1 0 ) we h a v e 

A x + 1 p i ( x ) B 

i ^ D»lc 
= - ( a ( n , p ) ) - 1 J f ± ( Y ' ) £ ( g ) ( - c 2 ) " D A * G ( X , Y ) 

B n - 1 k = 0 

S i n c e i < p - 1 , t h e n by Lemma 5 

— 0 as X — ~ ( X o , 0 ) . 

d Y ' . 

S i m i l a r l y we h a v e 

= - ( a ( n , p ) ) " 1 / f ^ Y ' J ] P ( g ) ( - c 2 ) P " k D A ^ + 1 G ( X , Y j | d Y ' 

B f l _ 1 k=0 n ' ^ r f 0 

I f j < p - 1 , t h e n i + 1 + 1 < p - 1 and 1 < p - 2 - i . 

H e n o e , by Lemma 5 we h a v e 

( 1 1 ) a | + 1 + 1 P I ( X ) — a s X - ~ ( X O , 0 ) f o r l < p - 2 - i . 

F i n a l l y i n v i e w o f ( 9 ) , ( 1 0 ) , ( 1 1 ) we h a v e 

P - 1 

a £ ^ P k ( X ) « A« ju (X) — f . j ( X 0 ) as X — ( X o , 0 ) 

f o r j = 0 , 1 , . . . , p - 1 , w h i c h c o m p l e t e s t h e p r o o f o f T h e o r e m 1 . 
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Let 

G.,(X,Y) = (cr)s KQ(cr) + (crJ)
sK8(crr), where s - p - £ . 

Observe that 

D G1(X,Y) = -D G(X,Y). 

Henoe by Theorem 1 we obtain the following 

T h e o r e m 2. Let fj(Y') e L ^ B ^ ) , i = O t 1 , p - 1 . 

If the functions f ^ * ' ) are continuous at the point 
6 B„ ii then the function o n-1' 

p-1 p-1 

U(X) = -(a(n,p))-1 f f±(Y') £ e j ^ G . , ( X , Y ) dY' 

i=0 k=i 7 n = 0 

is a solution of the problem (Neumann problem) 

1° (A - c2)PU(X) = 0 for X 6 Ej, 

2° DxA,^U(X) — « a s X — (Xo,0) for i=0,1 p-1. 
n 

Let 

n-1 

r 2 2 = H , (xi-7iJ2 + ( xn +7n + v ) 2' 
i=1 

and let 
oo 

G2(XfY) = (G^ (X,Y) + 2 / e h s ( c r 2 )
s Ks(cr2)dv), 

0 

where s = p - , h < 0 and v is non-negative real nurn- . 

ber. 

Observe that 

(12) D G„(X,Y) + h G?(X,Y)| = GUtY)| 
n * l y = 0 n U = 0 
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P r o a ( 1 2 ; a n a T h e o r e m 1 i t f o l l o \ 7 S 

T h e o r e m 3 . L e t f ^ T ' ) 6 U ^ } , i = O f 1 , . . . , p - 1 , 

I f t h e f u n c t i o n s f ^ ( Y ' ) e r e c o n t i n u o u s a t t h e p o i n t 

X 6 Lj .a* t h e n t h a f u n c t i o n 
o n - 1 ' 

p - 1 p - 1 

U ( X ) = - ( B ( n , p ) ) - 1 h ^ J f . ( Y ' ) J 2 , e 1 ? 4 " i ' G 2 ( X » y ) 
d Y ' 

i = 0 k = i ' ^ n " 0 

i s s s o l u t i o n o f t h e p r o b l e m ( m i x e d p r o b l e m ) 

1 ° ( A - c 2 ) P U U ) = D f o r X e B j 

2 ° D x A ^ U ( X ) + h A ^ U ( X ) — f i ( X Q ) a s X — - ( X 0 , 0 ) 

n 

f o r i = 0 , 1 . . , p - 1 . 
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