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ON SOME BOUNDARY VALUE PROBLEMS FOR THE EQUATION
(A-c*)Pu=0 IN A HALF-SPACE

Let
L= (X1,x2,a'0,xn), Y = (319y2v'°"yn)'
n n-1
2 = 2:; (xi - yi)z, r12 = 2:; (xi - yi)2-+(xn-+yn)2,
i=1 i=1
n-1
2 2 2
2= ) txyp- 3% x,

i=1

E:; = {X: -M<xi<w, i=1,2,...,n-1, xn> 0}0
In the present paper we shall solve of the Riguier, Neu~
mann and mixed problems for the equation

(1) (a-~c?)Pu(x) =0

in the domain E;, where ¢ 1is a positiver constant, .p and
n 1is a positive integer and n > 2,

We need two lemmas:

Lenlma 1.- (see [1]). The function (cr)® K (cr) is
the fundamental solution of the equation (1), wherse Kﬁ(cr)
is MacDonald function and s = p = é}.
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JeGSrowski

Lenma 2. (ses [1]). If ¢ is an arbitrary real
number, p 4is an arbitrary nonnegative integer and ¢ is
an arvitrary positive reazl, then i

D .
P G AV . A2D _ k (p) - 1r1-q--k.',

AY((cr) Kq(Cf,} = C (=1) i & (er) Aq_k(cr),

k=0
where &, = 1, @ = ]_1 (ne20=23), %=1,2,000,De
5=

By Lemmas 1, 2 we have

T

Lemnmna 3. The function
6(%,Y) = (er)S K (cr) - (er, )" K (ce,l,
S | 5 1

where s = p - %- is Green function with a pols at the point X

in the domain E; for the equation (1) satisfying the fol~
lowing boundary conditions (Riquier’s conditions).

(2) 431{ G(X,Y) = 0 for i=0,1,e0e,p=1.
In=
We shall prove
Lemnma 4, We have
0 fOI‘ i=0,1,oo-,p"'2
1im f D 2l a(x,1) ay’ =
0w Tnd T gy 2. p-1,20mn p+5-1
n-1 o (=-1)"" "¢ (p=1)12

for i = p~1 and where Y = (y1,yg,...,yn_1).
Proof. By the formulas ([2] p.79, 417)

(3) 9 (29 x (z)) = -29 K

dz q q_1(Z), Kq(Z) = K_q(z),

—_—_— = K {xz),
M q+1 p-q_1 =3 -1
( u2+22).... 2

F iyl Ylea? , .
) fKﬂ‘“ W27 2qet 4, 2% r(g+1)
0
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On some boundary value problems

where o >0, g> =1; and by Lemma 2 we have
i .
(5) g D, AYG(X,Y)I =
n yn=0

i
= 2(.-21"'2::n Z (-1)k (i) ak(cro)s'k'12{s_k_1(cro).‘
=0

23

Let

. 8=-k=-1 P
ck(x) = f X, (ro) Ks-k-1(°ro)dY .
#n-‘l

Using the polar coordinates and the formulas (3), (4) we

have
o 8~K~1
2.2 2,,. 2\ n=2
Cp(X) = wy 4 fxn< Q +xn) Xy e (c 9 +x, )9 dg =
0
£ Vi 2) 2(8-3
x 'kaH--s(c 9 +xy q2(2"2)+1 do =
“n-1*n > 2)k+1-s R =
0 \ Ve +x,
a_3
22 2 /"(5‘. - l)
“ne1*n T_1 ; 121 TK n 1 (cxn),
- k+1-8=-5+75 k+l-8-%+=
c x 272 2772
n
where W1 denotes the surface area of the unit sphere in
En-1’ n
Since 8 = p -?-‘ s then
352 -n+1 y
——_ N n-1 2 p-k=-3/2
Ck(x) = Un_1xn 2 F(——Q—)C Xn Kp_k_3/2.(cxn)-
Hence, by formula Ig,(z) ~ 2™V 2V P(v) we ob-

tain 2=0, v>0
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(&) iim Co.{X) = 0 for k=0,1,2,6ee,0=24
;e;:n—-u
If ©=141=p -1, then we have
n=4 /
) 2 .. : _ z Nne=1 l_ -n/e
(7i *cl:u() Cp-’\(“) = Wha c P(T) P(Z) ¢ ¢

In views of (5), (&), {7) we cen write

l (/’ - (A,Y)
-__ j,,]
ﬂ

ay!
=0

a

l

O for ‘i=0,1,00-,p-2,

- n
20 p=1 T2 4. y
2e“7(=1) 8,9 © xll—-mocp‘1m |
n for i=p=1.
n=1 -1 1 .
Since Wy 4= 2Jr2 [r‘(ig_")] ’ P(g) =\/J?. then
1im D, AXG(X,Y) ay’ =
x -0 B yn Y yn=

0 for i=0,1,..a,p-2,

n
2 p+5-1
(g)“/ (~1)P=162PA(pmq)y 27 2

for i=p=1
which completes the proof of Lemma 4,
Let

n
2 p+z-1
atnyp) = (F) (-11P71 2P R(puyr 2" 2,
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On some boundary value problems 5

In virtue of Lemma 4 we obtain
Lemma 5. Let f(Y')e L1(En_1). If the function
£{Y') is continuous at the point X e E,_,, then

1,

C1im (aln,p))”? f £(1' )0 Au(x Y)l a1’ =
X—=(%,0) B q 1 7,=0

0 fOI‘ i=o,1,..0’p-2’
f(xo) for i=p-1.

We shall prove

Theorem 1., Let fl(Y') € L1(En_1), 120,1,000y P=1a
If the functions f£,(Y’) are continuous at the point Z € E
then the function

n=1?*

p=1 p=1
u() = (aln,o)™' ) f (¥ }: k'ie( Y] | o
I.=
0 B,_, 190
p=1=k
where eP = (kg1) (-02) is a solution of the proovlen
{Rigquier s problem)
1° (a-c?)Pu(x) =0 for Xe s},
2° 1w A'u(x) = £,(X)  for 1=0,1,...,p-1.

.ﬂ"( 0,0)

rroo0f . Observe, that the function U(X) belongs

%0 the class C* in E;‘ and
o
£U(x) =
ve=1 p-1
= (eln,op )12 f fi(Y o D30, Aé‘ic(x,z) a1’
T oo k=1 ¥p=C
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6 J.GSrowski

where o= (a1,q2,...,un) is the multiindex., Hence by Lem-
me 3 the function U(X) satisfies 1%,
We shall prove 2%, Let

By (X) = (a(n,p))”" f £,(1') Z ofD AY'iG(X,Y) ay’,

B y =

n

Vie remasrk that

(8) ALG(X,T) = 8,6(X,Y) for X# Y.

Hence by Lemma 5 we get

AYR (X) —=£,(X ) a8 X —=(X,,0)
(9)
A%Pi(x)—--o as X-—-(XO,O) for O<i<i.

In sequel we prove that
AYR;(X) —=0 as X —=(X,0) for §>1i.

Prom (8) it follows that

i+1

(10) alle (x) -
p-1

= (e(n,p))"" f £,01) ) kny afttexy| er -

1 =1 Iy=0
1 - k

- (etmyon™ g0 )Z_‘_ ofyy pye(x)| et 4
=1 1f1 n

+ (e(n,p)"" f 2, (112, afa(, nl or’.

n=1
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On some boundary value problems 7

Since
(dy - ¢®)Pa(X,Y) = 0 for X #7¥,
then p-1 | X
p-
AYPG(XQY) = - Z (ﬁ) (-cz) A%G(X,Y).
k=0

Thus, by (10) we have

141
Ax Pi(x) =

-1 , p _ 2 p-k k ']
- —{a(n,p)) J‘ £,(7') Z (k) (=c?) DynAYG(X,Y) S daY’.
En-1 k=0 i

Since i < p-1, then by Lemma 5

Ag‘[”Pi(X) —0 as X—=—(X,,0).

Similarly we have

i+1+1 _

= -(a(n,p))"] f £5(Y) Z () (=?) s 4§+IG(X,Y) dy’
k=0 Ip=0

If Jj < p-1, then i+14l < p=-1 and 1 < p-2-i,
Hence, by Lemma 5 we have

(1) a}*"p () —0 a8 X—=(X,,0) for lgp-2-i.

Finally in view of (9), (10), (11) we have

p=1
a3 g P (X) = Adu(x) —2,(X)) a8 X —=(X,0)

for j=0,1,e¢eyp-1, which completes the proof of Thsoram 1.
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8 J.G6rowski

Let
Gy (X,Y) = (cr)® Kgler) + (ch)sKs(cr1), where & =p - 7% .

Observe that

Dxne1(x,r) = -D7nG(x’n'

Hence by Theorem 1 we obtain the following .
Theorem 2, Let fi(Y ) e L (En 1), 120,1500eyp~1e

If the functions £,(Y’) are continuous at the point

X,€ B, 4, then the function

u(x) = -(a(n,p))'1 f £,(¥’) Z easte, (x,1) ax’
3,=0
is a solution of the problem (Neumann problem)
P
1° (a-¢c?)u(x) =0 for XeE,
20 D, A U(x) —~£,(X_) as X—= (X ,0) for 1=0,1,ss.,p=1.

Let

=]
1
ary

2

_ 2
I‘2 = (xi'yi)

2
+ (x +7,4v)<

P
L}
-

and let
G, (%,Y) = h~N G, (X,7) + 2fehs(cr )® K_(cr,)av)
24 1'% 4 2! RglCraldvi,

where 8 =p - % s, h< 0O and v 1is non-negative real num-
ber,

Observe that

(12) D_ G,(X,Y) + h G,(X,Y) = -h~Tp_ G(x,Y) .
xn 27 N yn=0 yn ! yn=0
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Cn some deundery value problens 9

Irom (12) and Theores 1 it follows
YT heoren 3. Let fi(Y') € L1(3n_1), 1=0,%ee0 yP=1e
If the functions fi(Y‘) ere continuous at the point

xoe un_1, tlien the function

'

p-1 p=1
U(x) = ~(e(n,00)7 ) - f 2,000 ) efagray (x| e’
= = 3 ;=0

is e solution of the problem (mixed problem)
p
1° (a-¢?)U(x) =0 for XeE}
0 1074, igfwry o
2 DXAAXU(A) +haU(X) —1,(X) as X —=(X,,0)

for \i=0,1’.oc,p"1-
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