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LOWER AND UPPER QUASI-CONTINUOUS FUNCTIONS 

I . I f A i s a subset of a t o p o l o g i c a l space X, then 
by A, I n t A, Fr A we w i l l denote the c l o s u r e , the i n t e r i o r 
and the boundary of A r e s p e c t i v e l y . 

A s e t A i s said to b e : 
- semi-open, i f there i s an open s e t U such that U c A c U , 
- s e m i - c l o s e d , i f i t s complementary X\A i s semi-open. 

Any semi-open s e t A such t h a t x e A we w i l l c a l l e s e -
mi-neighbourhood of a point x ( s h o r t l y we s h a l l wri te 
s -neighbourhood) . A i n t e r s e c t i o n of a l l ' s e m i - c l o s e d s e t s con-
t a i n i n g 3 s e t A . i s sa id to be a s e s i - c l o s u r e of A and we 
denote i t by A. [ l ] . 

Let X,Y be two t o p o l o g i c a l s p a c e s . A man f s X —^Y 
i s said to be [ "2 ,4 , ¿1 : 

* 

- q u a s i - c o n t i n u o u s , i f f o r any open s e t V c Y a s e t f (V) 
i s semi-open; 

- semi-open (pre -semi -open) , i f f o r any open (semi-open) s e t 
U c x a e s t f (U) i s semi-open. 

Let R be the space of re2l numbers .with the n a t u r a l 
topology. For any a ,b e R, a < b , we denote ( a , b ) = 
= { x 6 R : a < x < b j . 

D e f i n i t i o n 1 . 1 . A f u n c t i o n f : X —*-R i s 
s s i d to be lower-q uas i -cont ini ious ( upper-qua3i-cont inuous) 
at s point xQ e X, i f f o r any number a e R such t h a t 
a < f ( x Q ) (a > f ( x Q ) ) there e x i s t s s-neighbolurhood U of 
the point xQ such t h a t f(!u) c (3,0®); ( f ( U ) c ( - 0 0 , a ) ) . 
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(Shortly we shall write 1-quasi-continuous and u-quasi-
-continuous). A function f is said to be 1-quasi-conti-
nuous (u-quasi-continuous) in X, i f . i t is 1-quasi-conti-
nuous (u-quasi-continuous) at every point. 

Erom the definition there immediately followss 
C o r o l l a r y 1.2. The following conditions are 

eq uivalent s 
1) a function f is 1-quasi-continuous (u-quasi-con-

tinuous) at a point xQ; 
2) for any neighbourhood U of a point xQ and a real 

number a e B such that a < f (x„) ( f (x„) < a) holds 

3) for any neighbourhood U of a point :: ajad a real 
number a. e R such that a < f (x 0 ) ( f (x0 ) < a) there 
edicts an o.pen set U', 0 4 U 'cU such that f ( U ' ) c (a,oo) 
( f (U ' ) c (-<*>,a}). 

C o r o l l a r y 1.3. The following conditions are 
ec. rivelent : 

1} a function f is 1-quasi-continuous (u-quasi-conti-
nuous) in 2; 

2) for ar^ real number a e R the set <x e X: a < f (x ) 

I I . T h e o r e m 2.1. let J) be a dense subset 
of X. If a function f s X —•»R is 1-quasi-continuous 
snt: u-qussi-continuous at every point of D simultaneously 
-¿hen f is 1-quasi-continuous or u-quasi-continuous at evsry 
point of X. 

P r o o f . Let xQ e X\D. Assume that for every 
neighbourhood U of the point xQ there is a point x e U n D 
such that f (xQ ) < f ( x ) . Then for any a e R such that 
a < f {xQ ) there exists an open set U', 0 ^ U'c U such that 
a < f ( x ' ) for each x'e U'. Hence f is 1-quasi-continuoas 
st xQ. In the other case, i .e . if there exists a neighbour-

e X: f (x ) < aj ) is semiropen; 
3) for any real number a e R the set 

is semi-closed. 
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hood UQ of the point xQ such that f ( x ) < f ( x Q ) for an-j 
x e U0 n D, then every neighbourhood U of xQ contains 
a point x e UOD such that f ( x ) < f ( x Q ) . 

Prom this there follows u-q uasi-continuity of f at tii-3 
point xQ. 

T h e o r e m 2.2. I f f : X —»-R is a 1-quasi-con-
tinuous (u-quasi-continuous) function, then the set M of 
a l l points at which f is not lower semi-continuous (upper 
ssmi-continuous) is of the f i r s t category. 

P r o o f . Let ' xQ e M. Then there exists a number 
a e R such that a < f ( x 0 ) , the set A = j x : a < f (x)J 
is semi-open and xQ e Pr A. 

Let Q = |q„]„ „ be the set of a l l rational numbers and 
( I nJA=1 

An = 1 X : % ^ • f o T any number q n such that 
a < q f l < f ( x Q ) we have xQ €. An c A. Hence xQ e Pr An and 

oo 

M c U Pr A . 
n=1 n 

Because the boundary of a semi-open set is nowhere dense, 
M is of the f i r s t category. For u-quasi-continuous function 
the proof i s analogous. 

R e m a r k 2.3. Let f te a 1-quasi-continuous 
function. Prom the proof of Theorem 2.2 i t easy follows that 
the set of a l l lowe^ semi-continuity points of f is equal 
to X\ Q U n n x \ I n ) , where An = [ x : q < f (x )J. I f f 

i s u-quasi-continuous, then the set of a l l upper semi-conti-
OO 

nuity points i s equal to X \ L j (BnH X \ B n ) , where 

Bn = { x : f ( x ) < q f l } . 
n=1 

I I I . T h e o r e m 3.1. A function f : X —— R is 
1-quasi-continuous (u-quasi-continuous) i f and only i f for 
every open set U c X and dense D c X the condition 
f (U ) fl implies f (UCI D) fl ( a, oo ) + 0 (the condi-
tion f (U ) 0 (-00 ,a) i 0 implies f (UO D) H ( -oo , a) t 0 ) . 
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P r o o f * Assume that f i s 1-quasi-continuous. Let 
U be an open set, and let D be dense in X. Let us put 
xQ e U, and a < f ( x Q ) . There exists an s-neighbourhood V 
of such that f ( V ) c ( a ,oo ) . Because V1 = U tfv i s 
non-empty, semi-open set and D i s dense, there exists a 
point x1 € Int V^fl D. Then f (x . j ) e f (UD D) and a < f ( x . , ) . 

Let us assume now that the condition f(U) H (a,oo) 4 0 
implies f ( u n D) n (a,oo) 4 0 f o r every open set U and 
dense D. On the contrary let f be not 1-quasi-continuous 
at a point xQ. Then there exists a number a < f ( x Q ) and 
a neighbourhood U of xQ such that for every open set 
U'c U we have f (U ' ) $ (a,c*»). The set D1 = |x€lU: f (x) ^ a ] 
i s dense in U, so D = (X\U )UD 1 i s dense in X.. But 
f (U ) 0 (a,oo) 4 0 and f ( U f l D ) n (a, <*») = 0 . For u-quasi-
-continuous function the proof is similar. 

T h e o r e m 3.2. Let f : X — R be an arbitrary 
function. I f there exists a dense set D c X such that: 

1) the function f ^ i s upper semi-continuous (lower 
semi-continuous), 

2) for every open set U c X the condition f (U ) f l (-oo,a]|^ 
4 0' implies f(unD) fl {-oo , a ) 4 0, 

3) f o r every open set U c X the condition f (U ) f l (a,oo) 4 
4 0 implies f ( u n D) D (a ,oo) 4 0J then f is u-quasi-con-
tinuous (1-qjuasi-continuous). 

P r o o f . Let U be an open set, xQ e U and 
a > f ( x Q ) . Let us choose a number b such that f ( x ) - < b < a j 
then we have f (U f lD ) 0 ( -oo ,b ) 4 0. 

Let x1 6 UHD and f ( x^ ) < b. There exists an opep set 
G such that x1 € GcU and f ( x ' ) < b for every x 'eGDD. 
We shall show that f ( x ) < a for every x e G. On the con-
trary let therei be a point x2 such that f ( x2 ) > a and 
x2 e G. Then f ( x 2 ) > b and f (GD D) fl ( b , °o ) 4 0 in view 
of the assumption 3) of the theorem. This means that there 
exists a point x ' s GflD such that f ( x ' ) > b; i t is the 
contradiction. Proof of the 1-qua si-continuity is similar. 
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IV. Prom the d e f i n i t i o n o f 1 - q u a s i - c o n t i n u o u s and u-qua-
£ i - c o n t i n u o u s f u n c t i o n s t h e r e immediately f o l l o w s : 

d e m a r lc 4 . 1 . 
1j livery lower (upper) semi-cont inuous f u n c t i o n i s 1 - q u e s i -

- cont inuous ( u - q u s s i - c o n t i n u o u s ) . 
2) Any q u a s i - c o n t i n u o u s f u n c t i o n i s 1 - q u a s i - c o n t i n u o u s and 

u- i juas i - cont inuous s i m u l t a n e o u s l y . 
3) *ny 1 - q u a s i - c o n t i n u o u s and upper semi-continuouc-- ( u - q u a s i -

- cont inuous and lower semi-cont inuous) f u n c t i o n i s q u a s i -
- c o n t i n u o u s . 

Simple examples show t h a t a f u n c t i o n which i s 1 - q u a s i - c o n -
t inuous srd u - q u a s i - c o n t i n u o u s s imul taneous ly neec not be 
e i t h e r q u a s i - c o n t i n u o u s lower s e ^ i - c o n t i n u o u s or upper semi-
-c ont inuous. 

T h e o r e m 4 . 2 . Ary pre-e ;mi~apen and u - q u a s i - c o n -
t inuous (1-q u a s i - c ontinuoi;.3} f u n c t i o n —•» H ' i s lower s e -
mi-cont inuous (upper semi-conTinuour 1 * 

P r o o f . On ti:-. c o n t r a r y l e e us assume t h a t f i s 
not lower! semi -cont inuous . Then f o r some number a the s e t 
A = j x £ X: a < f ( x ) j i s not open, thus A ^ X. There e x i s t s 
a point xQ e A such t h a t xQ i I n t A. Let e > 0 be a num-
ber such t h a t a < f ( x Q ) - e and l e t us put B= j f ( x Q ) - £ , oo). 
The s e t s B and f ~ ' ' ( B ) are s e m i - c l o s e d . Because x 0 6 f " 1 ( B f c A 
we have xQ e P r [ f " 1 ( B ) ] . The s e t X \ f " ' ( B ) i s semi-open, 
x Q e F r [ x \ f " 1 ( B ) ] GO U = [ x \ f " 1 ( B ) j U {xQ| i s semi-open. 
There fore f (U) and f (U) n ( f ( x 0 ) - 6 , o o ) are semi-open s e t s . 
On the o t h e r hand f ( U ) D ( f ( x 0 ) - e , o o ) = [ ( R \ B ) U j f ( x 0 ) } ] !~! 
n ( f f j x o ) - c , oo) = | f ( x Q ) | and the s e t | x r Q ) | has the empty 
i n t e r i o r ; t h i s c o n t r a d i c t i o n f i n i s h e s the p r o o f . 

Prom the above t h e r e f o l l o w s : 

C o r o l l a r y 4 .3» Any pre-semi-open and u - q u a s i -
- cont inuous ( 1 - q u a s i - c o n t i n u o u s ) f u n c t i o n i s q u a s i - c o n t i n u o u s . 

C o r o l l a r y 4 . 4 . Any pra-semi-open , u - q u a s i - c o n -
t inuous and 1 - q u a s i - c o n t i n u o u s f u n c t i o n i s cont inuous . 

R e m a r k 4 . 5 . The f o l l o w i n g example shows t h a t the 
assumption of pre -semi-openess i s e s s e n t i a l . 

89 -



6 J . 3 w e r t , T . L i p s k i 

X f o r x ^ 1 
x+1 f o r 1 < x < 2 
x+2 f o r 2 ^ X 

The f u n c t i o n f : R —»-R g iven by; 

r(x) = 

i s 1 - q u a 3 i - c o n t i n u o u s , u - q u a s i - c o n t i n u o u s and i s not p r e - s e -
mi-open. This f u n c t i o n i s n e i t h e r lower semi-con t inuous nor 
upper semi -con t inuous . 

V. Let n = 1 , 2 . . . j be a sequence of 1-q u a s i - c o n t i n u o u s 
( u - q u a s i - c o n t i n u o u s ) f u n c t i o n s de f ined on the space X. I n 
g e n e r a l the f u n c t i o n f g iven by f ( x ) = l im f"n(x) need not 

n—oo 
be 1 - q u a s i - c o n t i n u o u s ( u - q u a s i - c o n t i n u o u s ) as shows the f o l -
lowing example. 

E x a m p l e 5 . 1 . Let : [ o , l ] - — R , f n ( x ) = x 2 n " 1 

f o r n = 1 , 2 , . . . j a l l of f are con t inuous . The f u n c t i o n f 
g iven by: 

f ( x ) = 
-1 f o r x = -1 

0 f o r -1 < x < 1 
1 f o r x = 1 

i s a l i m i t of the sequence j f n s but i t i s 
n e i t h e r 1 - q u a s i - c o n t i n u o u s nor u - q u a s i - c o n t i n u o u s . 

T h e o r e m 5 . 2 . Let j f : n = 1 , 2 , . . . j be a sequen-
ce of 1 - q u a s i - c o n t i n u o u s ( u - q u a s i - c o n t i n u o u s ) f u n c t i o n s . I f 
t h i s sequence converges t o the f u n c t i o n f un i fo rmly , then f 
i s 1 - q u a s i - c o n t i n u o u s ( u - q u a s i - c o n t i n u o u s ) . 

L e m m a 5 . 3 . I f { f ^ s o c e a j i s a fami ly of 1-q ua-
s i - c o n t i n u o u s ( u - q u a s i - c o n t i n u o u s ) f u n c t i o n s de f ined on a s p a -
ce X, then t h e f u n c t i o n g(x) = sup f ^ i x ) (g(x) = i n f f ^ i x ) ) at(x a e a 
i s 1 - q u a s i - c o n t i n u o u s ( u - q u a s i - c o n t i n u o u s ) . 

C o r o l l a r y 5 . 4 . I f j f " n : n = 1 , 2 , . . . | i s an i n -
c r e a s i n g ( d e c r e a s i n g ) sequence of 1-q u a s i - c o n t i n u o u s ( u - q u a s i -
- c o n t i n u o u s ) f u n c t i o n s , t hen the f u n c t i o n f ( x ) = l im f Q ( x ) n-—oo 
i s 1 - q u a s i - c o n t i n u o u s ( u - q u a s i - c o n t i n u o u s ) . 

- 90 -
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Let £2 be the f i r s t uncountable ordinal number. The t rans -
f i n i t e sequence f -^ - f i j of r e a l numbers i s said to be 
convergent to a number a e R i f for every t > 0 there i s 
an ordinal number fx <Q such that for every £ , the 
inequality | a ^ - a | < 6 holds. 

A t r a n s f i n i t e sequence j f ^ : of functions defined 
on the space X i s called convergent to a function f , i f 

f^ (x ) : § < £ 2 J i s convergent to f ( x ) for every x £ X. 
T h e o r e m 5 . 5 . Let j f ^ : $ < q | be a t r a n s f i n i t e 

sequence of functions defined on a separable space X, con-
vergent to a function f . I f every function fg i s 1 -quasi -
-continuous (u-quasi-continuous), then f i s 1-qus s i - c o n t i -
nuous (u-quasi-continuous). 

The proof of the above f a c t s i s omitted here because i t 
i s analogous to the proofs f o r quasi-continuous, "".ower and 
upper semi-continuous funct ions, respectively (sea [ 3 , 4 , 5 3 ) . 

VI. Let X,Y be topological spaces. I f ± i s a function 
defined on the product space X* Y, we shal l c a l l an : : -sec-
t ion for a given x e X the f a c t i o n f defined on Y 
such that f x ( y ) - f ( x f y ) . The y-sec t ion f for a given 
y ^ Y i s defined by the same way. 

T h e o r e m 6 . 1 . Let X be a Baire space, Y a se -
cond countable space and l e t f : X x Y — R be any function. 
I f a l l of the sections f , f are 1-quasi-continuous and x y 
f i s u-quasi-continuous for every y e Y, then f i s 

V 

1-q uasi-continuous. 
P r o o f : Tie sha l l prove that for every number a e R 

such that | (x ,y) e X x Y : a < f ( x , y ) j i 0 we have 
Int j ( x , y ) : a < f ( x , y ) j ± 0 . On the contrary, we assume 
that there e x i s t s a point ( x Q , y 0 ) e XxY and a number a e R 
such that a < f ( x 0 , y 0 ) and I n t j ( x , y ) : a < f ( x , y ) } = 0 . 
Let a < a^ < f ( x 0 > 7 0 ) . Since f i s 1-q uasi-continuous, 
so U = Int I x 6 X : a. < f„ (x)f t 0. By 1-quasi-continuity i i j o J 
of f x and f- , (y 0 ) = ) for every x e U, we obtain 
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Let Gx = Int |y e Y : a ^ f ^ i y ) } t 0 for x e U. 
jV : n = 1 , 2 , . . . be a countable basis of the space Y. 

» oo 
V.'e denote An = • xe U s Vnc G l ; evidently U A n = U* L e * 

Û  be any open s e t , 0 £ Û  c U. Because Int j (x ,y) 6 X x Y : 
: 'a < f (x,y )J = 0 for every n there exists a point ( x n »y n ) £ 

€ U 1 x V n s u c h t h a t ^ a a n d f ( x n ' y J < a1* 
the u-quasi-continuity of f at the point x there exists 

7 n 
a non-empty open set U_ c U.. such that f ( x , y n ) < a- for H I f fl J V 
any x e Un. Thus yfl € Vn and y n ^ | y 6 Y : a1 < f x ( y ) J . 
This implies Vn<£ Henoe x £ AQ for any x e Un, so 

n A •= 0. This means that A„ i s nowhere denae for n n ^ n 
n = 1 , 2 , . . . , and U = LJ An i s the f i r s t category. I t i s a 

n=1 n 

contradiction finishing the f i r s t part of the proof. 
Wow let B e x be any open se t . For every x e B we 

have (f/S xy ) = ( f x )/v where f/Bxy denotes the partial 
n x n n 

function; f/Bxy ! BxV —»"E. I t i s easy to see that the 
n 

res t r i c t ion of a l-quasi-continuous (u-quasi-continuous) func-
tion to an open subspace i s l-quasi-continuous (u-q uasi-con-
tinuous). Thus functions (f/Bxy ) are l-quasi-continuous ' n x 
for every x 6 B and ( f / B x y ) = 3 1 8 1 - < 3 u a s i - c o n ' t i ~ 

nuous and u-quasi-continuous for every y e VQ. Therefore by 
the f i r s t part of the proof for every a e E such that 
[ (x ,y ) e BxV n : f ^ y (x,y) > a j i 0 we have 

In t { (x ,y) € BxVn : a < f/Bxy (x ,y ) j i 0. Let p € X* Y and 

a < f (p) . For any open neighbourhood' U of a point p there 
exists an open set B e X such that p € B * V f l c U. Then we 
have U' = Int{w e BxVfl : a < f(w)J i 0 and tfcU, so f 
is 1-rq uasi-continuous at the point p. 

T h e o r e m 6 .2 . Let X be a Baire space, Y a se-
cond; countable space and let f:XxY —»»R be any function. 
I f a l l of the sections f _ , ' f _ are u-quasi-continuous and * J 
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f is l-quesi-continuous for every y e Y, than f is 
u-q uas i - c o nt inuo us. 

Xroof of this theorem is similar as in Theorem 6.1 . 
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