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LOWER AND UPPER QUASI-CONTINUOUS FUNCTIONS

I. If A 1is a subset of a topological space X, then
vy 4, Int A&, Fr A we will denote the closure, the interior
and the boundary of A Tespectively.

A set A is said to be:

- semi-open, if thers is an open set U such that UcacU,
- seni-closed, if its complementary XN\A 1is semi-opsn,

Any semi-open set A such taat x e 4 we will call & se-
mi-peighbourhood of a point x (shortly we shall write
s-neighbourhood). 4 intersection of all semi-closed sets con-
taining 3 set 4 . is said to be a semi-closure of A4 and we
denote it by 4. [1].

Let A,Y be two topological spaces. & nap f 3 X —=Y
is said to be [2,4,6]:

- guasi~-continuous, if for any open set VC I a set f'1(V)
is semi~open;

- semi-open (pre-semi-open), if for any open (semi-open) set
UC X 2 gcet £(U) is semi-open.

Let R be the space of reai numbers with the natural
topology. For any =2,b € R, a < b, we denote (a,b) =
={xeR : a<x<b}.

Definition Tele & funetion £ ¢+ X —R is
ssid to be lower=-guasi-continious (upper-quazi-continuous)
at o poirt X, € X, if for any number a € R such that
a <f(xo) {a > f(xo)) -there exists s-neipghbourhood U of
the point x, such that (L) € (a,00); (£f(U)C (=00,a)).

-85 -



2 J.Bwert, T.Lipski

(Shortly we shall write l-guasi-continuous and u-quasi-
~continuous). & function £ is said to be l~quasi-conti-
nuous {u-quasi-continuouns) in X, if it is l-guasi~-conti=-
nuous (u-guasi~continuous) at every point.

From the definition there immedietely follows:

Corollary 1.2, The following conditions are
eqguivalent:

1) a function £ is 1l~guasi-continuous (u~quasi-cone
tinuons) at a point X3

2) for any ne}ighbourhood U of a point X, and a real
number s e R such that a < f(xo) (£{z,) < a) holds
Un Int{xe X: a <2(x)} #0 (UA Intfx ex: £(x)< a} # ¢);

3) for any nelighbourhood U of a point =, end a real
nnmber a e R guch that a < f(xo) (f(xo) < a) ‘there
exists an open get U', ¢ # U'CU such that £{(U')c (a,00)
(£(t’) © (~o0,al}).

Corollary 1.3. The following conditions are
ecrivelent:

1} e function £ is l-guasi-continuous (u-guasi-conti=-
nuong) in X

2) for ar, real number g ¢ R the set {x € X:s a< f(x)}
e Xt f(x) < a}) is semi-open;

3) for any real number a e R the set {x e X: f(x)< a}
€ L3 2 < f(x)}) is semi-closed,

IT. Theoren 2.1, Iet D be @ dense subsetd
of Z. If a function £ : X —R is l-quasi~-continuons
shd  u~guasi-confinuous at every point of D simultansously
sasn £ is l-guasi-continuous or u-quasi-continuous at evary
point of X,

Proof. Iet x e X\D. A4ssums that for every
neighbourhood U of the point X, there is a point x e UND
such that f(x,) < £(x). Then for any e ¢ R such that
o < #(x,) theve exists an open set U', § # v'c U such that
e < f(x') for each % e U . Hence £ is l~quasi~continuoas

2t Xge In the other case, i.e., if there exists a neighbour-



.Quasi-continuous functions 3

hood U, of the point x/ such that f(x) <.f(x°) for any
X € Uo N D, then every neighbourhood U of X, contains
a point x e UND such that f£(x) < f(xo).

From this there follows u=-quasi-continuity of £ at ths
point Xge

Theorewn 2,2 If f +: X —=R is a l-quasi~con-
tinuous (u~quasi-continuous) function, then the set 1II of
all points at which f is not lower semi-continuous (upper
gemi-continuous) is of the first category.

Proof., Let X, € M. Then there exists a number
a€ R such that a <.f(xo), the set & = {x: a < f(x)}
is semi-open and‘”x0 e PFr A.

Lot Q = {a,},_, be the set of all rational numbers and
A = {x: 9, < f(x)} + Then for any number g, such that

n

a<q, < f(xo) we have x € A C 4, Hence x e Fr A, and

-
ie U Proa.

n=1 a

Because the boundary of a semi-open set is nowhere dense,
M is of the first category. For u-guasi-confinuous function
the proof is analogous.

Remark 2¢3e Let f &©Te a l-guasi~continuous
function, From the proof of Theorem 2.2 it easy follows that

the set of a8ll lower semi-continuity points of f 1is equal

to X\ LJ (Ann X\s,), where A, = {x: 9, < f(x)}. If f
n=1 -

is u-quasi-continuous, then the set of all upper semi-conti-
nuity points is equal to X\\J (BN X\B ), where

n=1
Bn = {X: f(X) < qn}'

III, Theore m 3.1, A function f : X -—=R is
l-guasi-continuous (u-quasi-continuous) if and only if for
every cpen set Uc X and dense Dc X the condition
f(U)N (a,) # ¢ implies £(UND)N (a,e0) # ¥ (the condi-
tion f(U)N (~e0,a) # ¢§ implies £(UND)N (~e0,a) £ #).
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Proof., dssume that f 1is l-quasi-continuous. Let
U be an open set, and let D be demse in X. Let us put
x € U, and a <f(x°). There sxists an s-neighbourhood V

o e
of x_ such that f£(V)c (a,e). Because v, = URYV is

non—egpty, semi~open set and D 1a dense, there exists a
point ’x.' ¢ Int V1ﬂ D. Then f(x1) e £(UND) and a<f(x1).

Let us sssume now that the condition f£(U) N (a,e0) # ¢
implies f£{UND) N (a,c0) £ § for every open set U and
dense D, On the contrary let f be not l-quasi-continuous
at a point x,. Then there exists a number a < f(xo) and
a neighbourhood U of X, such that for every open set
U'c U we have f(U')¢ (a,0o). The set D, = {xelU: 'f(x)sa}
is dense in U, so D = (X\U)U D, 4is dense in X. But
f(U)N (a,00) # ¢ and £(UND)N (a,00) = §. For u-guasi-
~continuous function the proof is similar,

Theorem 3,2 Let £ : X—R Dbe an arbitrary
function, If there exists a dense set DC X such that:

1) the function f/D is upper ssmi-continuous (lower
semi~continuous),

2) for every open set U c X the condition £(U)N (-o0,a)#
# ¢ implies f£(UND) N (-0 ,8) # @,

3) for every open set U < X the condition £(U)N (a,00) #
# ¢ implies f(UND) N (a,o00) # ¢§; then f 1is u-quasi-con-
tinuous (l-quasi-continuous).

Proof. Let U be an opsn set, xer and
a> f(xo). Let us choose a number b such that f(.x_o)-<b<a;
then we have f£(UND) N (-0 ,b) # #.

Let x, € UND and f(x1) < b, There exists an opepn set
G such that x, € GCU and f(x’)< b for every x'¢GN D,
We shall show that f(x)< a for every x ¢ G. On the con-
trary let there be a point X, such that f(xz) >a eand
X, € G. Then f(x2) >b and f£{GND) N (b,ee) # ¢ in view
of the assumption 3) of the theorem. This means that there
exists a point x'e GND such that £(x’) > b; it is the
contradiction. Proof of the l-guasi-continuity is similar,
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I¥. PFronm tie definition of l-quasi-continuous and u-qua-
ci-continvous functions there immediately rollows:

Remearlk 4a1e
1) wvery lower {upper) semi-continuous function is l-quesi=-

~continnots {u-quassi~-coniinuous).

2, iny guesi-continuous function is i~-quasi-contirnuous and
u=;uasi-continuous simultaneously.

3) any l-guasi-continuous and upper semi-continuous (u-guasi-
-continuous and lower semi-continuous) function is quasi-
~continuous.

Simple examples show that a function which is l-quasi-con-
tinuous saré u~guasi-continuous simulteneously need not be
zither qussi-continuous lower sewi-continucus or upper semi-
~continuous.

The oren beZe Avy pre-ge<mi-~spen and u~quasi-con~
tinuous (l-ocussi~continuous} function I:I —= R ‘is lower se-
ai-continuous (upper semi-continnzur't,

Proof. On th= controry lew us assume that f is
not lower semi-contircous. Then for some number a the set
4 = {x e X: a< f(x)} is not open, thus 4 # X. There exists
a point X, € a such that X ¢ Iint 4, Let €> 0 be a num-
ber such that a < f(xo) ~ ¢ and let us put B= E(xo)-g,<»).
The sets B and £ 1(B) are ssmi-closed. Because X, € adv:y)=
we have x e F‘I‘[f'1(B)]. The set ZN\f~ ' (B) is semi~-open,
X, € Fr[X\f"l(B)] so U = [X\f'1(B)] u {xo} is semi=-open.
Therefore £(U) and f£(U) N (f(x )=-€, o) are semi-open sets.
On the other hand £(U) N (£(xy)=¢, ) = [(R\B)U {(x,)}] N
n (f(ko)—e,eo) = {f(xo)} and the set {f(xo)} has the empty
interior; this contradiction finishes the proof,

From the above there follows:

Corollary 4,3 Any pre~-semi-open and u-quasi-
~continuous (l-quesi-continuous) function is guasi-continuous.

Corocllacry 4.4, iny pre~semi~open, u=-quasi-con-
tinnous and 1l-quasi-continuous function is continuous.

Remark 4.5, The following example shows that the
assuzption of pre-semi-opsness is essential,
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The function f : R —=R given by:

b4 for ¥ < 1
f(x) ={x+1 for 1<x<?
X+2 for 2L x

is il-quasi~-continuous, u-quasi~-continuous and is not pre-se-
mi-open, This function is neither lower semi-continuous nor
upper semi-continuous,

V. Let {fn: n=1,2...J be a sequence of l-quasi-continuous
(u~quasi-continuous) functions defined on the space X In
general the function f given by f(x) = lim fn(x) need not

1 —eo0
be l-quasi~-continuous {u-quasi-continuous) as shows the fol~

lowing example,

Example 5.1, Let £ : [0,1]—R, £ (x) = x
for n=1,2,...; 2all of fn are continuous., The function f
given by:

2n-1

-1 for X = =1
f(x) =4 0 for -1< x< 1
1 for X =1

is a limit of the sequence {fn: n=1,2,...}, but it is
neither l-gquasi-continuous nor u-quasi-continuous.

Theorem 5.2 Let {f : n=1,2,...} be a ssquen~-
ce of l-quasi~continuwous (u-~quasi~-continuous) functions. If
this sequence converges to the function f uniformly, then f
is l-quasi-continuous {(u-guasi-continuous).

Lemma 53 If {f“ ! e a} is g family of l~qua.
si=continuous (u-quasi-continuous) functions defined on a spa~-
ce X, then the function g(x) = sup fo(x) (g(x) = inf fo(x))

xXEW xeq

ig l-gquasi-continuous {u-guasi-continuousj).

Corollary S5e4e It fn: n=1,2,...} is an in-

creasing (decreasing) sequence of l-quasi-continuous (u-gquasi-

~continuous) functions, then the function f(x) = lim fn(x)
: i 00

is l~quasi~continuous (u-guasi~continuous).
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Let S§2 be the first uncountable ordinal number., The trans-

finifte sequencs { ag: §<=SZ} of real numbers is said to be
convergent to a number a e R 1if for every & >0 there is
an ordinal number u<§ such that for every § , ,us,§<,52 the
inequality |a5-a|<:a holds,

4 transfinite sequence {fg : §<:£2} of functions defined
on ihe space X 1is called convergent fto a function £, if
fg(x) : §<:52} is convergent to f(x) for every x e 4.

Theorem 5.5 Let {f : §<Q) be e transfinite
cseguence of functions defined on a separable space X, con-
vergent to a function f. If every function fg is 1-guasi-
-continuous {u-quasi-continuous), then £ is 1l-gussi-conti-
nuous (u=-quasi-continuous),.

The proof of the above facts is omitted here bscause it
is analogous tc the proofs Tor quasi-continuous, "ower and
upper semi-continuous functions, respectively (zeo [3,4,5]).

V. Let X,Y be tonclogical spaces., If i is-a function
defined on the product space Xx Y, we shall call an x-sec-
tion for a given x € X the function fx defined on Y
such that fx(y) = f(x,y). The y-section fy for z given
y & Y is defined by the same way.

Theorem 6.1, Let X be a Baire space, ¥ a se-
cond countable space and let f : XxY¥—R be any function.
If all of the sections fx’ fy are l-quasi~continuous and
fy is u-quesi-continuous for every y e Y, then f is
l-quasi-continuous,

Proof: We shall prove that for every number a € R
such that {(x,y) € ZxY¥ : a < f(x,y)} # ¥ we havs
Int {(x,y) t ac< f(x,y)} # #. On the contrary, we assume
that there exists s point (xo,yo) € XxY and a number a e R
such that a <uf(xo,yo) and Int{(x,y) t a< f(x,y)} = ¢.
Let a< ay< f(xo,yo). Zince f is l-gunasi-continuous,

. o] :
sc U = Int {x € XL:a, <1 (x)} # ¢. By l-quasi-continuity
of fo and 1 (y,) = (u,3

7, for every x e U, we obtain
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G, = Int {y €Y _a1<fx(y)} #¢ for xe U, Let

{V : n=1,2,...} be a countable basis of the space T,
o0

We denote A, {er s VG }, evidently (J &4y = U Let
n=1

U, be any open set, ¢ # U,c U. Becauss Int {(x,;y)e AxY ¢

t7a <f(x,y)} # for every n there exists a point (yn,yn)e

€ Uy xV, such that i’(xn,yn < a and f(x,y,) < a4+ By

the u=quasi-continuity of fy at the point X, there exists
n

a non-empty open set U, C U, such that f(x,yn) < ay for

any xe Uy Thus y e V, and yn¢{ yeY:a< fx(y)}.

This implies V ¢ G, Hence x ¢ A, for any xe Uy, so0

Un n d, = /B r‘h:n.s means that A is nowhers dense for

n=1,2y40ey and U = U &, 1s the first category. It is a

contradiction finishing the first part of the proof, .
Now let BC X be any open set, For every x € B we
have (f ) = (f ) whera £ denotes the partial
/Ban /V /Ban

function; f/BxV : van—- R. It is easy to see that the
n .

restriction of a l-quasi-continuous (u-quesi-continuous) func-
tion to an open subspace is l-quasi~continuous (u-quasi-con-
tinuous). Thus functions (f,’BxV ) are l-quasi-continuous

n

L

for every x € B and (f/BxV ) = (fy)/B are l-quasi-conti-
ny -

nucus and u-quasi-continuous for every y € Vn' Therefore by
the first part of the proof for every a € R such that '
{(x,y) e BxV, : f/va {x,5) > a] # § we have

Int{( sy ) € BxV, t a <i’/va (x,y)} # #. Let P € XxY and.

a < £(p). For any open neighbourhood U of & point p there
exists an open set BC X such that pe BxV cC U, Then we
have U = Int{we BxV, 1 a < f(w)} £¢ and UcCU, s0 ¢
is l-quasi-continuous at the point p. ,
Theorem 6.,2. Let X be a Baire space, Y a se-
cond; countable space and let f£:XxY —=R be any funotion.

If ail of the sections fx,'f’y are u-guesi-continuous and
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£

is l-guasi-continuous for every y e Y, then f 1is

u-guasi-continuous,

[]
[2]

[5]

[4]

oof of this theorem is similar as in Theorem 6.1.
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