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CAUCHVS PROBLEM FOR A CERTAIN SYSTEM 
OF INTEGRO-DIFFERENTIAL EQUATIONS OF ORDER 2p 

1. The Problem 
Let B be a non-empty set of r e a l numbers and R^ the 

zone Rn*(;0,T > ( n > 2 , 0 < T < o ° ) . Let us denote by uB a set 

of r e a l funct ions u^, with £ e B , and Damu.B the set of 
|ocl+mu 

the der iva t ives D°"nufl = - ^ (>fleB), where 
" a * o(M _ 

3x.. . . i3x 9t 
n 

| oc | = X L « j and m 0 i s an i n t e g e r . The domain of the 
i=1 

parameters a and m w i l l be given in the sequel . 
In t h i s paper we s h a l l prove the ex is tence of a so lut ion 

of the following system of i n t e g r o - d i f f e r e n t i a l equations 

( £ e 5 , ( X . t j 6 R j , k=2( p - j ) , U«|oc| +2m«2p-1, 0 « | V | + 2 k * 2 p , 

P >1) , 
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2 P.Olszewski 

where 

i r . . i k i ^ g J-k-^k 
~ a/i • • • afi » 

";ith the in i t i a l conditions 

a3u f l (x,t) . 
(1.2) lim - 3 = f j { (X) {/JeB; 3=0,1, . . . , p-1; X 6 H ) . 

t — 0 8tJ p 

Applying the potential method we shall reduce the above 
Cauchy problem to a system of integral eqnations-and then 
prove the existence of a solution of this system basing on 
the Schauaer-fikhonov fixed-point theorem. 

Let us note that a similar Cauchy problem for a linear 
d i f ferent ia l equation of order 2p was solved by A.Borzymow-
ski in [ l ] and that M. Tryjarska have examined in [8] a Cauchy 
problem with one homogeneous in i t i a l condition for quasi- l i -
near parabolic system of order 2p. Systems of an arbitrary 
power have been already considered in connection with other 
kinds of problems (see [4] and [ 7 ] ) . 

2. As.?iiraptj ons 
We ms'ce the following assumptions: 

I . ajg3 ( i , ; j = 1 , n ; j0«B) with = a£X are bounded 

and continuous functions of (X,t ) e and real 
( jreB; 0«|a| +2ai<2p-i; such that sup Is*12 !"^00 and f u l f i l 

x) ¡reK the .i'older inequalities ' 0 

(2.1) |aJ'1 (X ft,4a ) - a j ^ z j . z j ^ l ^ const||XX|h + lt-t|h" + 
0 n * it 

+ sap _ [exp(-b'|OX|) | z f - z™|] * ' 
y € B |<x|+2m=0 

where I OX I >|OZ|j h , la , h* e (0,1> snC 0 > c:. 

* ' z"m denotes the set of z*m with frfi!: 0«J<x| +2ii.sS2r-1. 
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n . . 
I I . The c h a r a c t e r i s t i c forms > a ^ ' M X . t j Z g 1 1 1 ) * ^ (/9 6 B) 

a r e p o s i t i v e - d e f i n i t e and t h e i n e q u a l i t y 

n n 
( 2 . 2 ) Y L V j ^ o L *k ( C o > 

i , 3 = 1 k=1 

h o l d s t r u e . 
I I I . The f u n c t i o n s f ^ ( X ) ( j3 e B; j = 0 , . . . , p - 1 ) be long 

t o the c l a s s c 2 p "" 2 3" 1 (Rn) and s a t i s f y the c o n d i t i o n s 

( 2 . 3 ) l l f f J U ) ! « M.exp(b f lOXl), 

( 2 . 4 ) | D ? f j ( X ) - D ' f ^ ( X ) ! « S f e x p ( b J O X l ) I X X Ì f 

where D* = D a ° , 0 « | a | < 2 p - Z j - 1 , --2p-2j - 1 ; ! OX i 5s- I OX I ; 
h f * ( 0 , 1 > , b f £ <0 ,b ' ) , ^ > 0 , M f > 0 . 

IV. The f u n c t i o n s Hy.(X, t ;Y,rfZgL) ( f t B) a r e c o n t i n u o u s 

f o r ( X , t ) , (Y,c) e and r e a l z ( <5 e B; 0 « | » | + 2 k « 2 p ) , 

such t h a t sup I 0 0 ( 0 ^ | v | + 2 k « 2 p ) , and s a t i s f y the 
«eB 

i n e q u a l i t i e s 

( 2 . 5 ) J Hy(Xf t }Y , r ,Zg^ ) | l l^r H expCb^OXl ) + sup ) | zg m j 
L 5 e B l a l 4 2n=0 

+ H L K"fH. 0 f e f l loci+2m=2p 

( 2 . 6 ) | H y ( X , t ; Y , r , z J k ) - H r ( X , t ; Y , r , z £ k ) 

* % r ^ [ e x p f b j j I O X l ) ( I X X | h H + I t - t l 2 ^ ) * 

|«|+2m=0 lot | +2m=2p 
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where |OX|>|OX|, | | X ï | , t < 0 , hg, r H « ( 0 , 1 > , 
h e. Vl' 1 an>i "F ?JT m in «T»» t»» « „ a + .•> k. •<• a °H 6 <0,b ) and Li^, M ,̂ my, m̂  are posi t ive constants , 

V. The func t ions I^X^t.Zg^.Zg) (>3€ B) are continuous 

f o r (X,t) e and r e a l z£ , z£ ( y c B ; 0 ^ | V| +2ks£ 2d) , such 

tha t sup I z l ^ i c o o ( o ^ | v | +2k«2p) , sup I z ï l c o o and f u l -
areB * . yeB 7 

f i l the i n s q u a l i t i e c 

(2.7) |F0(X, t , z2 k , z* ) | i£M F t F j exp(bp |OX| ) + 

• * i p + ) I4mlp + ®up 141' 
Ï 6 B («1+221=0 * 6 B 

+ my sup ) I«»"!» 
2reB |a|+2m=2p 

(2.3) - P j ( X f t f ï J k , ï J ) | « 

^ M p t _ / i p { exp( bpI OXl ) { IXX| h * + I t - t I ^ + 

+ "ï i f l 14m - *?°|hp • ; 3 14 - "4!lip} 7 6 a I oe | +2m=0 * e a ' 

^ m „„„ > I „ofm -ami + °f ® L I zt - H I 
|oc|+2m=2p 

t 

where |0X| ^ | 0 X | , t « t , / i f e <0, ; r p , h p , h'p e (0,1> , 
b p 6 <o ,b ' ) and M_,, Mp> mp, mp are pos i t ive constant^ . 

H e m a r k . I f b f = bH = bp = 0 then we can set 
b' = 0 in ( 2 . 1 ) . 

3. Solut ion cf the problem 
We assume the existence of the de r iva t ives Dc"nUy9(X,t) 

( f l t B , 0<.|oc|+2m«2p-1; (X f t ) e r£ ) s a t i s f y i n g the following 
condi t ions (comp. (2.1) and (2.2) in [5]) 
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Csuchy's problem '5 

h 
(3.1) I ^ U p U . t j ' I ^ R exp(b|OX|), 

(3.2) l ^ u ^ X . t ) - i f ^ X j ) ) ^ R exp(b |OX| ) ( |ZX| h + | t - t | 2 " ) 

whers |OX|>|CX| , h e (0 ,1> , R > 0, b = a a x ( b f l bH, b ? ) . 
In order to prove the existence of the solutions of the 

problem ( 1 . 1 ) , (1.2) let us consider the re l a t ions 
t ! . -, P P I U-n) > ¿»f 

(3.3) u ^ U . t > = J J «ô ( X ^ t j Y t D ^ d . D d Y d r + 
0 Rn 

P 
+ f J v . U f t ; Y ) y ( Y ) d Y = 

1=1 

(aw) P , 
= v^ d U , t ) + « ¿ ( x , t ) i >ô e 3 ) , 

i= i 
where 

1° . are tha solution of the integra l equations 

(u.q) « « (u,J 
(3.4) = Gjj (X,t) + J J * (X, t ;Y,r i^ iY,T)dYdr 

0 Hn 

with 

U B ) 
13.5) % * (X.t j ï .r) = 

[detla^U.t.D^UgU.t)) !] 2 4 U B ) [ ^ " 3 ) ' Y , r ( X , t ; Y , r ) ] 

and 

(3.6J Ĝa * (X,t) = 

t 
- J J HB(X,t;y,r,DtfkuB(.Y, r))dïdr) 

0 Rn 
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where a^(X lt ,D0 i muB (X,t ) ) ( j » e B j i , 3=1 , . . , ,n ) denote the 

elements of the inverse matrix of [ a ^ ( X , t ,DamuB(X, t ) ) ] . 

2°. gg(X) [ f i e B; j =1 , . . . , p ) are defined by the formula 

D-1 
(3.7) g j ( x ) = -3 r ( - i ) i ( j r 1 ) A l f j - 1 - : L ( x ) f 

where A"*" is the i - th i terate of Laplace operator, 
n (U-n ) , Y, r 

3 . coa (X,t jY,r ) ( fi e B) are quasi-solutions of 
(Or , 

the eqstions Lp [v (X , t )J = 0 (comp. (2.3)-and (2.5) in [ 5 ] ) » 

4°. v ^ X j t j Y ) ( i =1 , . . . , p ) are given by the formula 

v i (X , t ; Y ) = t " 2 " exp L I g l J. 

In virtue of the estimate (72) in [1] , the singularit ies 
of the kernels (3.5) of equation (3.4) are weak. 

In order to examine the system of integro-di f ferent ia l 
equations (3 .3 ) , (3.4) with the unknown functions u^iX.t) , 
fy(X,t) ( p € B) le t us consider the following system of 
integral equations 

(u ) p 

(3.8) ujj^(X,t) = B (X,t ) + D6 l3^(X,t) 
i=1 

(UrJ J» a (u^) 
(3.9) Sfctt.t) " Gjb (X,t ) + J J (X , t ;Y , r ) ^ (Y , r )dYdr 

0 Rn 

in which the functions ujjk (X,t ) , ^ ( X , t ) (0 as |v| +2k< 2p) 
are unknown. 

We shall prove the existence of the solution of the sys-
tem (3.8 ) , (3.9) using s topological method based on the 
following Schauder-Tikhonov theorem (see e.g. [2 ] , p.227): 

"In a locally convex Hausdorff space, every continuous 
transformation of a non-empty, convex and compact set into 
i t s e l f possesses at least one fixed point". 
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Cauchy 'a problem 7 

Let us consider the family of spaces A^iySeB), con-
sisting of a l l systems Up = ju^ k (X , t ) , fy (X,t)| 
(0« | V| +2k^ 2p) of real functions defined and continuous 
in Hj (functions u^k for 0« | + 2 k « 2p-1) arc 

(functions <ffi and u^k for |v|+2k = 2p) respectively, 
s-.d satisfying the conditions 

(3.10) 

max sup exp (,-fc'I OX ! ) ¡u« (,X>t)[< 
CX|*|+2k«2p-1 U ( t ) i 5 j 

:= max sup t"+ t ejro(-b' |0Xl ) | u^U.t)| • p !V!+2k=2p (X.t)eRÇ 

j t ^ := sup ex?(-b'IOXI) | ça(X,t)|«=oo , 
lX,t)*«f 

where b' i s the number appear!-g ir» (2.1) sad the jar masters 
I 1"eh iA M and t satisfy the inequalities max — ) < . p < j , 

0<t < \ -/u , e e(0,1). 
I f we define in A^ in the usual manner linear opsro'iions, 

norm by the formula || UA|| = Jf'y * + Ji^ + and mstrix of 
difference Û  - Û  (U^, tfe e ), then i t can be shown that 
the spaces A/j{ fleU) are l inear, metric and complete (ccmj. 
[6] , p. 144). 

Let Zjj, for each j ieB , denote the set of e l l points 
of A^ satisfying the conditions 

(3.11) exp(-b|QZ|) | u2m(X,t)|<R, 

1h 

(3.1?) exp(-blOXI) | u£m(X,t) - u2m(X,t)|«R(|x5lh + l t -t|2 ), 

where |«| +2ro«2p-1} (X , t ) , (X,t) e fij; I OXl » I OX I , 

(3.13) f exp(-blOXI ) |uJk(X,t)| < H V 
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h -*-h 

(3.14) t**exp(-b lOXl) |tt^(X ft)-a^(X,t)| < R (̂lXXl t- t| 2 1) , 

where |v|+2k = 2p; (X,t) ,« (X,t) e hJ ; lf)Xl»IOXl, t < t , 

(3.15) t * exp(-b|0X|)| ^ ( X . t J k * . 

(3.16) tM exp(-blOXl) I ?fi(X,t)- f/X,t)l < ^ ( i X S I ^ + lt-tl 2 

where (X,t), (X,t) e r£{ lOXl ^lOXI; t < t , 0 < h1 < 
<min(hQ, h^, hh'p, hHKp, (1-S)h f) (with h0=min(h ,2h" ,hh*) 
and 6 being the constant defined on the preceding page), 
b, h and m are the constants appearing in (3.2) and (3.10) 
and R, R^, Z , are positive parameters. 

It i s easi ly seen that the sets Ẑ  {ft t B) are non-emptj 
and convex and their compactness can be proved by an argument 
similar to that in paper [6] (see p.147). 

Further, we shall consider the space A*= X Afl with the /3eB " 
Tikhonov topology (see e.g. [3 ] , p.252). As i t i s known (see 
e .g . [2], p.31 and 116) this space i s a locally convex Haus-
dorff space. 

The set Z* = X ZA of the elements of A* i s non-empty 
/5eB p 

and compact as a cartesian product of non-empty, convex and 
compact sets . 

In view of the system (3.8) , (3.9), we map Z* by the 
transformation 

(u ) p 

(3.17) v ' ^X . t ) = B (X,t) + £ D6 l9$(X,t) 
i=1 

(3.18) ^(X,t) - J J N^UB,(X,tjy,r)^(Y,r)dYdr = G ^ f X . t ) , 
0 Rn 

where /JeB} 0< lei+21«£ 2p, 0^|v|+2k<2p, OsSlocl +2m^2p-1. 
We shall denote by V = X V̂  the image of an arbitrary 

/3eB t v k 1 
choosen element U = X Ua (where V* = t» (X,t), %{X,t) f , 

y3 6 B p I 
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Cauchy"b probleo 9 

Uy3 = ju£ ' (X , t ) , ^ ( X , t ) J , +2k«2p) of Z* and by Z' 
tiie image of the whole set Z*. 

Uow v;e are going to obtain some auxiliary estimates. 
Let 8 * b 13 a positive number satisfying the inequality 

a * . , ( 1-ehp h f h 1-h 1 u \ 6 < min [m-Mj?, fi ' —¿- J L , i h l j * 

By Theorems 2 and 4 in [5], the functions v£m(X,t) 
(/3tB; 0<|« |+2m<2p-l) sa t i s fy the following relations 

|vJ m (X, t ) |< C1 T®*( * + + gf) exp(b lOXl), 
1 

|^rtx.t) - ^ ( i , t ) | < C l T®#(*^Mf • Mf) exp(b(QXl )(l XX lh+1t-tl 

where (X,t) , (X,t) € S j ; IOXI > |oX| . Making use of theorems 1 
and 3 in [5] we obtain the inequalities' 

| v j k ( X , t ) | < C2 T®*(* + * 1 +M f + l i f ) exp(bIOXI), 

h lb 
K(X,t)-vJklX,t)|«C2[at+i1+T®*(H f4i f)] exp(b|Ol|)(|XX| \ | t - t | 2 1 ) 

where |v|+2k = 2pj (X,t) f (X,?) e Rj, |OX|>|OXl, t 

The corresponding conditions for ;^(X (t) { f i e B) can be 
obtained in virtue of formula (3 .6) , assumptions IV and Vt 

Theorem 3 in [5] and the Htilder oondition 

| a y ( x , t , u ; m ( X , t ) ) - a 1 3(X,t , i5 , I I {X,t ) ) |< 

< const (l+B^'jtllXl1 1 0 • I t - t l ^ 0 ) , 

where hQ = min(h' , 2h" , hh*) that results from (2.1) and 
(3.12). 
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ju's.Tiely we have 

|jfeU,t)| ^ C3(mFR1 + T8*•M*)t~'U exp(b|OX|j, 

I JfeU.t) - j[mp(1+Rh ) + Ip].^ + 

+'rS*[l»:*(l+Rh*J+Mp(1+Hh'iVM^P}J J 1r** exp(b |0X| ) (iXXl^ + lt-tl ^ , 

where /3eB; (X,t) , (X,t) £ l0Xl>l0Xl, t < t 
ana 

(3.19) LI* = lip + Hi> + Mj- 1 + / P + [mk( U R E ) + O y R ^ p j , 

C.., Cn, Ĉ  and C„ in the. above estimates are some positive 
constants. 

It i s easi ly seen that i f 

C2(X + Hv C y n ^ c * , ^[ittpd+H11*) +.SPJ< 

( i t suff ices to assume that and are small enough) 
and, moreover, the number T i s suff ic ient ly small, then the 
following system 

(3.20) 

c1T®iae+ Mf + Hf) < R, 

C2 [ae+j1+T®* I'̂ +WpJi] « V 

C^mpd+S^J+mp]^ + TA*[M*(1+Rh*) + Tfe (l+R^+F^)] 

implying the inclusion Z c Z*, i s val id . 
By an argument analogous to that in [4] and [7] one can 

prove that the transformation (3.17), (3.13) i s continuous. 
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Taking into account the r e s u l t s obtained in the present 
sect ion we can assert that a l l the assumptions of Schauder-
-Tikhonov theorem are s a t i s f i e d and therefore there ex i s t s 

in Z* at leas t one element U = X ÎL , where Û  = 

= j u J k ( X , t ) , fyUjtjj + 2 k « 2 p ) , being a fixed 

point of the transformation ( 3 . 1 7 ) , ( 3 . 1 8 ) . Hence, the 
functions u ^ k ( X , t ) , ^ ( X , t ) (yS e Bj OsiM +2k<2p) sa-
t i s f y the system of integral equations ( 3 . 8 ) , ( 3 . 9 ) . I t r e -
sul t s from the properties of the integrals appearing in (3 .3 ) 
(see [5 ] ) that the functions u|° (X , t ) , fyfX.t) ( f i e B; 

=0) sa t i s fy the system of in tegro -d i f fe rent ià l equations 
( 3 . 3 ) , (3»4) . I t i s easi ly seen that in virtue of Theorem 2 
in [5] (oomp. (3 .10 ) ) and formula (3 .7 ) in the present pa-
per, these functions f u l f i l (see ( 3 . 4 ) ) the i n i t i a l condi-
tions (1 .2 ) and sa t i s fy the system ( 1 . 1 ) . 

Thus, we have proved the following theorem. 
T h e o r e m . I f assumptions I - V are s a t i s f i e d and 

i f the c o e f f i c i e n t s flip, Sp and the number T are s u f f i -
c ient ly small, so that the system (3.20) i s val id , $hen the-
re ex i s t s at leas t one solution Ug(X,t) of the Cauchy prob-
lem ( 1 . 1 ) , ( 1 . 2 ) . 
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