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CAUCHY’S PROBLEM FOR A CERTAIN SYSTEM
OF INTEGRO- DIFFERENTIAL EQUATIONS OF ORDER 2p

1. The Problem
Let B be a non~empty set of real numbers and Rf; the
zone R%x(0,T> (n3»2, 0<T<oo), Let us denote by u, a set

B
of real functions ug, with pBeB, and quuB the set of
‘ lxl+m,
the derivatives Damub = — (BeB), where
Ix 1--oax natm
n 1 n
| | = 21, oy and m >0 is an integer. The domain of the
1=

parameters o« and m will be given in the sequel,
In this paper we shall prove the existence of a solution
of the following system of integro-differential equations
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(Be3, (X,t) € Ry, k=2(p-j), O<|a| +2m<2p-1, 0<|V|+2k<2p,
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2 . P,Olszewskl

where

i ...i ii i i
Ap1 k = 8/31 2 eee E./ak 1 k,

=ith the initial conditions

au,(x,t) .
(1.2) lim R = £5(X) (BeB; 3=0,1,...,p-1; XeR").

t =0 atd

Applying the potential method we shall reduce the above
Cauchy rroblem to & system of integral equations -and then
prove the sxistence of a solution of this system basing on
the Schauder-Tikhonov fixed-point theorem. ,

Let us note that a similar Cauchy problem Ffor a linear
differential equation of order 2p was solved by A.Borzymow-
ski in [1] snd that W, Tryjarska have examined in [8] a Cauchy
croblem with one homogeneous initial condition for quasi-li-
nesr parebolic system of order 2p. Systems of an esrbitrery
power have bteen elready considered in connection with other
kinds of problems (see [4] and [7]).

2. Assumptions
We meke the following essumptions: .
I a;é& (1,3=1,400,n; BEB) with allaa = af'al are hounded

. . = o m
and continuous functions of (X,t) e Ré.; snd real 2z

(3eh; Ogix| +202<2p=-1) =zuch that sup |z;m| < oo and fulfil

the F&lder inequslities™ gel
. 13- . ij3 7= I Rt Y
(2.1) laﬁn(n,t,z?é“} - a:ea(zl,t,zgm)ls ::onst{lxxl +15-51" +
2n~1 h*
+ Sup E [exp(-b-'lOXl) | z;m - ngl]
ges | +2m=0

where [0X)=10T); 2, B, h¥e (0,%> =2nd © >0,

*j -
z%m dernotes the get of Zy with pel s sl FRL2r-1,
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n
II. The characteristic forms J . asd(X,t,23")A 2 ; (BeB)
i,3=1
are positive-definite and the ineg ﬁality

n n
(2.2) > asd(m,1,25") aag >0, Y A2 (6> 0)
i,3=1 k=

holds true. .
III. The functions £§(X) (B € B; j=0,...,p-1) belong

to the class C2p-23-1(Rn) and satisfy the conditions

(2.3) | 0% (X)] < Mgexp(byl0XI),

. o _h
(2.4) |0%£3(x) - %53 (%)] < Hoexpin, loxl) XKl
where D® = D®O, U< jal €2p~2i-1, !g]=2p-2j-1; !0Xi = 10%!;

he €(0,1>, by € <0,b) , >0, Mf)u.

IV. The functions Ha(x,t;Y,t,zgk) (7 e B) are continucus
for (X,t), (¥,t) e R,i,l and real z;k (6€ B; Uslv|+2k<2p),
sugh that ggg lzgk|< oo (0<|v|+2k<?2p), and satisfy the
inequelities

(2.5) IH?(x,t,Y t sz)|<MHt H[exp(bl,llo}{l )+ sup Z ]z“ml }»

lal+2m—
D N B
€3 |xT+2m=2p
(2.6) |Hp(Z,t5%,2,205) = H(Z,T57,0,25K)|<

-— -4 _ h _ h
< Myt H[GXP(leoxl)(lxxl H o, 15112 H)
2p-1

hl
TS I Pt L IE

6€B |\ T+om=0 la| +2m=2p
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where IOXI >|0X|9 |XY|$ lin, 'UH G<O, %{)5 h.H, I'HG (071>’
b€ <0,b } and Uy My, my, E:'H are positive consianis,

V. The functions I:Z,(X,t,z;k,z;) (Be B) are continnuous
for (X,t) e R,ﬂ and real z;k, z; (3 €B; O<|v|+2kg2p), sach

| )
that sug 'z;l‘l <o (0<|v| +2k<Zp), sUP lz;|<oo, and ful-~
€ i eB
fil the inzagqualities g

. -FW

2p-1
+ sup E lz‘;‘.mlrF + sup Iz;lrFJ +

geB |aTr2m=0 ge®
+ IDF sup 2 ,Z‘;m|9
7¢B |xi+2m=2p

(2.8) |Ba(x,8,255,28) - Ba(E,%,255,35)| <

- Fp by o 3hy
< Tt exp(bploxl ) (IXX| F + 15512 1) +

zp-1 h i
+ sup Iz‘:.m -2y F 4 sup |25 - E;I F} +
7e B {qTT3m-0 A
+ Wy sup E Iz;m_-;ml,
geB jet} +2m=2p

whewe |0X| >]0X|, t<¥, pp € <0, F); T, by, by € (0,1>,

oy € <0,b’') ang 1.13,, May Dps @, are positive constants.

Remark. 1t bf=bH='bF=0 then we can set
b =0 in (2.1).

3. Solution cf the problem
We assume the existence of tine derivatives deuﬁ(x,t)
(BeB, u<|xl+2m<zp-1; (X,t) € Ry) satisfying the following
conditions (comp. (2.1) and (2.2) in [5])
- 30 -
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(241) |2*Pug (x,8)] <R exp(rloxl),
1
‘l‘)a

1y
[ — - h -
(3.2)  |0™Pugl%,t) = 1™Pug(Z, D)< R explnloz ) ol L F T A

woers |0Zl 2 1CXl, h € (0,1>, R >0, b = mex(bs, by, bz).
In order to prove the existence of tine solutions of the
oroble (1.1}, (1.2} let us coneider the relations

F (ap) 7,7
- _ B/vdet - . v
(23] ug(i,yt) = wa (Z,837,7) go(T, )d¥er +
O yxn

p Y
+ ZJ" vi(Z,t57)kg(T)aY =
i=1 e

Gy P
sv,é 5 (5,0 £ #ane) {pe3),
i=1
where
19, pp(l{,t) are tha soiution of the integral cquaiions

(ug) v (ugy) .
(3.4) Qﬁ(X,t) = Gg 3 (X,%) +ff Tig 3 (I(,t;Y,T)QﬁiY,T)det

0 zn
with
(ug)
(3.5) Np (x,t5%,7) =
. 1 )
i 5 (ug) (03),Y,T
= ___,‘__ 3 p om - 2 B 3 . i
= (2V;T)n(p—1)l [aetla]j(th.D UB(xrt))l] Lp [(0/3 (z(,t.Y,t)]
and
. (u )
(3.6) i B (K1) =
1 p o % P (uB) .
= —— -r n i .
= (emn(p—’])l [detlaij(A,tiD uB(x't))l] pr [Qﬁ(n,t/] -

i=1

%
vk .
- Fa(X,t,D uBu,t),ff HB(x,t;Y,t,D"kuBu,r))der)

ORn
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6 P, 0lszewski

where afj(X,t,D“muB(X,t)) (peB; 1,3=1,444,0) denote ths
slements of ths inverse matrix of [a%d(x,t,D“muB(X,t))].
2%, g'g(x) ( peB; 3=1,40s,p) are defined by the formula

Je-1
r4 v 7y = 1 1(j=1) pdpd=1-1
501 gl = —g—— Y (-n2(3;7) ated i)
A (2v7) (p=1)1 i; i/° 8 ’
where Ai( i? ths i-th iterate of Laplace operator.
Un),Y,t
3°. wp BI» (X,t3Y,r) (B € B} are quasi-solutions of

u.
the sgetions Lg B [v(x,t)] = 0 {comp. (2.3).and (2.5) in [5]).
4°, v; (X, %;Y) {i=1,44¢,p) are given by the formula

n. .
~5+i-1 2
vy (X, t5Y) = ¢ 2 exp (— l—%—%—l ).

In virtue of the ostimate (72) in [1], the singularities
of the kernels (3.5) of equation (3.4) are weak,

In order to examine the system of integro-differential
equations (3.3), (3.4) with the unknown functions uﬂ(X,t),
ep(X,t) (peB) let us consider the following system of
integral eguations

(ug) p
(3.8) ug(x,4) = 0°Mvg BU(x,1) + ) p%lad(x, %)
i=1

(ug) ¢ (ug)
(3.9) 9ﬁ(x,t) = Gg B'(x,1) +fj Ng B (X,t;Y,t)QB(Y,r)det
0 ,n

R

in which the functions u;k(x,t), Qp(X,t) (0< vl +2k<2p)

are unknown.

We shall prove the existence of the solution of the sys-
tem (3.8), (3.9) using & topological method based on the
following Schauder-Tikhonov thsorem {see e.g. [2], p.227):

"In a locally convex Hausdorff space, every continuous
transformation of a non-empty, convex and compact set into
itself possesses at least one fixed point"%,

-3 -



Cauchy ‘s problen 7

Let us consider the famiiy of spaces Ap (BeB), con-

sisting of all systems Ug = {u.j,k(x,t), % (}:,t)}
(0 |v] +2k<2p) of resl functions definsd and continuous

in R? {functions u;k for 0Os<|v|+2k< 2p-1) anc x{g
vk

(functions 9 and ug  for Iv] +2k = 2p) zxa2spectively,
¢nd satisfying the conditions

(J(:éﬂ 1= max sup exp(-b {oxl) iuzk’\x,t)[<°°,
0<V| +2k€2p=1 (x t)e'ﬁn
,t)eT
(3.10)4 J(/(sz) t= nax sup ghte exo(-b’ lozl) Iu (X, t)l<oo
Iv1+2k=2p (X, t)eRp
"‘1233) 1= sup tHYE exp(-b'lOXl)Igp(_X,t)l<oo,
‘ (X, t)eRy

where ©' is the number appeari-g in (2.1) zad the paruusters

A and € satisfy the inecualities max (,uI,, 1~y )</.x .
0<e<— -p, 0€e(0,1).

If we define in /\p in the usual manne"' iinsar opzroiions,
norm by the formula | Ugl = JI(') + J(A‘?) + Ay {3)  2ng mstoiy of

xS ‘l

difference Up - Uy (Us, Up € Ap), then it can be shown thet
the spaces /\,3( pBe B) are linear, metric and complete (ccmo,
[6], p.144).

Let Zg, for each pBe B, denote the set of =211 points
of Ap satisfying the conditions

(3.11) exp(~blox|) | u™(X,t)| <R,

1
(3.12) exp(-blox!) |u3®(x,t) - W3™, %) <RUIXXI? + 13- 02,

where Og|«x|+2ms2p-1; (X,t), (X,%) e ﬁfrl; lox! = toXt!,

(3.13) t“ oxp(-b10Xl) |up (x,%)l <R
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8 P,0lszewskl

o _h, _ in
(3.14) t*axp(-b 10Xl ) lup(x, t)-ul¥ (X, B)l < By (1XRI 4/%-1] 2 1),
where |v]+2k = 2p; (X,%),e(X,%) € Rg; 16xI>10%1, t <%,

(3.15) t“ exp(-blox]) ] g,(X,til< &,
, _ b, _ in
(3.16)  +* exp(-blokl) | gu(X,t)- (%, %)l < 2, (lxﬁl L5t 2 1),

where (X,t), (X,t) € R,?; joXi=I10Xl; t« t, 0 < h, <
<min(h_, hy, bhg, hyhp, (1-8)he) (with h =nin(d ,21" ,hh*)
and 6 heing the constant defined on ths preceding pags),
b, h and 4 are the constants appearing in (3.2) and (3.10)
and R, R’1, X, T, are positive parameters, ) )
It is easily seen that the sets Zg (peB) are non-empty
and convex and their compactness can be proved by an argumsnt
similar to that in paper [6] (see p.147).
Purther, we shall consider the space A'= XB Ag with the
. eB .

A
Tikhonov topology (see e.g. [3], p.252). As it is known (see
e«g8s [2], pe31 and 116) this space is a locally convex Haus-
dorff space.

The set 2% =ﬂX 2 of the elements of A™ is non-empty
eB
and compact ac a cartesian product of non-empty, convex and

compact sets.
In view of the system (3.8), (3.9), we map 2* by the
transformation

( p
(3.17) val(x,t) = 0°ly, uB)(x,t) + 0°L wl(x,t)
i=1

t
(ug) (ug)
(3.18)  gxt) - [ f 157 (x,4:1,0) g (¥, vdavar = 6p 0 (X,0),
0 rRR
where peB; O<|6l+2l<2p, O <|v] +2k<2p, O<lul +2m < 2p=-1.
We .shall denote by V = X Vg the idage of an arbitrary
' JX3:]
choosen element U = XB Us (where Vj ={v;k(x,t),¢ﬁ(x,t)},
pe _
- 34 -



Cauchy ‘s problen 9

’

U ={u7;{(3{,t), Qp(X,t)}, O<ivl+2kg2p) of 2% and by 2
the image of the whole set 2%
Now we are going to obtain some auxiliary estimates,
Let 6% bte a positive number satisfying the inequality
» 1-6h, Be=h 4.y 1, )
8 <“‘1“(“"‘F' M=, T 3o ~Ms 3 by
By Theorems 2 and 4 in [5], the functions vg'(X,t)
(PeB; OUg|x|+2mg2p-1) satisfy the following relations

[v8%(x,4)| < €, 2812+ K, + K,) oxp(bloxl),
o A
["(x) - BT <c, 2 en, + 0 oxp(_b!oxl)(lxil“+l€-'tl2h>

where (X,t), (X,%) € ,Ri.’; lox| >|0oX|. Making use of theorems 1
"and 3 in [5] we obtain the inequalities

|2kx, 0| < c, 2% (242, + M, + H,) exp(bloxi)
f-] ’ < 2 + + P + P exp N

1

1
h =h
|v‘§k(x,t)-v§k(i.¥)|sc2[2+z1+'1f°‘(uf+l_t:)] 4 exp(blox|)(|xXI 1+|§-§'I2 1)

where |vl+2k = 2p; (X,t), (X,¥) ¢ Ry, l0XI>10Xl, t<¥.

The corresponding conditions for %(I,t) (8 €B) can be
obtained in virtue of formula (3.6), assumptions IV and V,
Theorea 3 in [5] and the Hilder condition

|ahd (x, t,03%(x,8)) - &P(E,T,aTME, D)<
. h
< const (1+Rh.)¢llx| %+ 13-4 %ho"

where h, = min(h', 20", hh*) that results from (2,1) and
(3.12). o '
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Wemsly we have

»
,qk(x,t)ls CylmpRy + 19" «u*)t ™ exp(b |0X| ),

PRERTRP R Py 1[%(1+R e

1 ’

1
* [ Cw h, _h _h - =
48 l_z-:*(1+‘3n )+ (14R ‘+MHF)]} 3=# exp(blox|)<lxxl 1415t 2h1),

where peB; (%,t),(X,%) e R, loxI >I10Xl, t<%

N

ana

_ T r.r
(3.19) B = + T, + M {1 +RF [MH(HR H) , mHR1H] F},
C1, Chy 03 and C, in the above estimates ars some positive

constante,
It is eagsily seen that if

Oyl + 2,) < Ry, CymR <%, [mF(‘l+R )+ mF]< 2,

{it suffices to assume that mp and EF are small enough)
and, moreover, the number T is sufficiently small, then the
following system-

o* =
c,T (®+ Me o+ Mf) <R,

c, [a’+z1+T°'WF+xTxF )] <R,
(3.20)
- o*
cj(mf’“'l + T M<®,

c4{ [mF('I-n-Rh*)ﬁF]R,‘ . T"“[m*(mh') . ’ﬁ,,(«nhﬂrip)”sg,

implying the inclusion 2'c z*, is valid.
By an srgument analogous to that in [4] and [7] one can
prove that the transformation (3.17), (3.18) is continuous,

- 36 -
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Taking into apcount the results obtained in the present
section we can assert that all the assumptions of Schauder-
~-Tikhonov theorem are satisfied and therefore there exists
in 2* at least one element U = X U, where U =

BAeB
= {*“k(x t), ¢ ﬁ(x t)} (0<|v| +2k<2p)}, being a fixed

point of the transformation (3.17), (3.18). Hence, the

functions up (x t), p(x t) (/5 € B; 0<|v| +2k<2p) sa-
tisfy the system of integral equations (3.8), (3.9). It re-
sults from the properties of the 1ntegrals appearing in (3.3)
(see [5]) that the functions (I t), qﬁ(x t) (A e B;
[p| =0) satisfy the system of integro-differential equations
(33), (3.4). It is easily seen that in virtue of Theorem 2
in [5] (comp. (3.10)}) and formula (3.7) in the present pa-
per, these functions fulfil (see (3.4)) the initial condi-
tions (1.2) and satisfy the system (1.1).

Thus, we have proved the following theorem.

Theorem, If assumptions I - V are satisfied and
if the coefficients my, B, and the number T are suffi- '
ciently small, so that the system (3.20) is valid, then the-
re exists at least one solution uB(x,t) of the Cauchy prob-
lem (1.1), (1.2).
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