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SOME THEOREMS ON GENERALIZED MANIFOLDS 

The generalized manifolds have been studied by Mishra and 
Kushwaha [3]« Upadhyay and Kumar [4] studied the generalized 
Hermitian spaces. The present paper i s devoted to the study of 
generalized manifolds in almost Kahlerian, quasi-Kahlerian, 
semi-Kahlerian, nearly Kahlerian and Hermitian manifolds. 

1. Preliminaries 
Let M be a rea l d i f ferent iable generalized Hieman-

nian manifold of dimension n, J(M) the ring of rea l valued 
di f ferent iable functions on H and H(M) the module of der i-
vations of F(M). Then H(M) i s a Lie algebra over rea l num-
bers and the elements of H(M) are vector f i e l d s . 

Kvery Riemannian metric g associated with the generalized 
Kiemannian manifold i,i defines an inner product in H(M), 
which we write as g(X,Y) for X,Y £ H(L1). Let denote the 
symmetric part of g(X,Y) for X,Y e H(LI). Further we d e f i -
ne g(X,Y) such that i t s and k t h components = 

corresponding to each vector f i e ld X 6 H(M). V7e define the 
covector XQ of X by'the re la t ion < Y , XQ> = g(X,Y), where 
Y i s an element of H(LJ). 

(1.1) 
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An almost complex manifold is a differentiable manifold M 
equipped with a (1,1 J tensor H [H can also be regarded as 
•^(M) - 0 a linear map H:H(M) — H(M)] which satisfies [ 3 ] 

(1.2) H 2 = -I, 
v:here I denotes the identity map. 

Prom (1.2) it follows that the generalized manifold M 
is even dimensional. 

D e f i n i t i o n 1.1. An almost generalized Hermi-
tian manifold M is an almost complex manifold having th.e 
Hiemannian metric <•»•>, such that 

(1.3) < X , Y > = < H X , H Y > 

for all X,Y e H(M). 
A g r e e m e n t 1.1. All the equations which follow, 

hold for vector fields belonging to H(M). 
To describe the geometry of an almost generalized Hermi-

tian manifold M, it is useful to consider two special tensors. 
The first is a 2-form F(X,Y) defined as 

(1.4) F ( X , Y ) = < H X , Y > for all X , Y E H ( U ) , 

since P is skew-symmetric; it is in fact a differential form. 
The second is the Nijenhuis tensor H(X,Y) which is a tensor 
of the type (1,2) defined as 
(1.5) M(X,Y) = [HX,HY] - H[HX,Y] - H[x,HY] + H 2 [ X , Y ] , 

which in view of (1.2) becomes 
( 1 . 6 ) N ( X , Y ) = [ hX , H Y ] - H [ H X , Y ] - H[x , H Y ] - [ X , Y ] . 

It can be easily shown that 
( 1 . 7 ) N ( X , Y ) = - N ( Y , X ) 

snd 

( 1 . 5 ) I I ( H X , Y ) = II ( X , YH) = - H . N ( X , Y ) . 

If ne extend the Riemannian connection V^ of 1.1 to be a de-
rivetion on the tensor algebra of M, then we have 
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(1 .9) (VXH)(Y) = VX(HY) - H7XY, 

(1.10) (VXP)(Y,Z) =<(V x Hj(Y) ,Z> . 

Prom ( 1 . 2 ) , ( 1 . 3 ) , (1 .9 ) and ( 1 . 1 0 ) , we o b t a i n 

(1.11) (V^FHY.Z) = -(VXF)(HY,HZ) 

and 

(1.12) (VXP)(HY,Z) '= (VXF)(Y,HZ). 

Let V be the Riemannian connect ion determined by [ l ] 

(1 .13) VXY - VyX = [X,Y] 

and 

(1 .14) X<Y,Z> =<V X Y,Z>+<Y,V X Z> . 

From (1 .2) and ( 1 . 6 ) , we have 

(1.15) N(HX,HY) = -W(X,Y). 

From ( 1 . 1 5 ) , i t i s c l e a r t h a t K i s hybrid i n i t s covar i an t 
s l o t s . 

2. General ized manifolds 
In t h i s s e c t i o n , we s h a l l give some d e f i n i t i o n s and t h e o -

rems r e l a t i n g to the gene ra l i zed mani fo lds . 
From ( 1 . 2 ) , (1 .3) and ( 1 . 4 ) , we have 

(2 .1) F(X,HY) = <KX,HY> =<X,Y> = -F(HX,Y), 

(2 .2 ) F(HX,HY) = - <X,HY> = <HX,Y> = F(X,Y) 

and 

(2 .3 ) F(X,Y) = -F(Y,X). 

From equa t ions (2 .2 ) and (2 .3 ) i t fo l lows t h a t i? i s skew-sym-
metr ic and hybrid i n i t s cova r i an t s l o t s X and Y. 

General ized Kahler space has been def ined by Mishra and 
Kuenwaha [ 3 ] , which s a t i s f i e s 

- 3 -



4 V.C.Gupta, S.Kumar 

(2.4) V^H = 0 , 
together with (1.2) and (1 .3 ) . 

D e f i n i t i o n 2 .1 . An almost generalized Hermi-
t i a n manifold i s ca l led almost general ized Kahlerian i f and 
only i f dF = 0, where 

daf 
(2.5) dF(X,Y,Z) (VXF)(Y,Z) + (VyF)(Z,X) + (VZF)(X,Y). 

D e f i n i t i o n 2 .2 . An almost general ized Hermi-
t i a n manifold i s ca l led nearly general ized Kahlerian i f . and 
only i f 

(2.6) (VXH)(Y) + (VyHXx) = 0 

f o r a l l X,Y € H(M). 
D e f i n i t i o n 2 .3 . An almost generalized Hermi-

t i a n manifold i s ca l led quasi-general ized Kahlerian i f and only 
i f 

(2.7) (V^HXY) + (VHXH)(HY) = 0 

f o r a l l X,Y e H(M). 
D e f i n i t i o n 2 .4 . An almost general ized Hermi-

t i a n manifold i s cal led semi-generalized Kahlerian i f and only 
i f £ F = 0, where 

(2.8) 5P(X) = J ^ j v B (P)(B i fX) + VHB (p) (HJS ,̂X) 
i=1 1 1 1 > 

and j s Bm| H3^, . . . ,HB m | i s a frame f i e l d on an open 
subset of M. 

D e f i n i t i o n 2 .5 . An almost generalized Hermi-
t i a n manifold i s cal led general ized Hermitian i f and only i f 
II = 0 , where N i s the Nijenhuis t ensor . 

T h e o r e m 2 .1 . An almost generalized Hermitian 
manifold i s nearly generalized Kahlerian i f and only i f 

(2.9) VX(HY) + Vy(HX) = H(VxY + VyX). 
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P r o o f . Let the almost generalized Hermiticn mani-
fold be nearly generalized Kahlerian. In consequence of (1.^), 
we have 

VX(HY) + Vy(HX) = (V^HHY) + HVXY + (VyH)(X) + HVyX, 

which in view of (2.6) yields (2.9). 
The converse is obvious. 
T h e o r e m 2.2. An almost generalized Hermitian ma-

nifold is quesi-generalized Kahlerian if and only if 

(2.10) VX(H(Y)) + V^HlHY)) = HfVjY + VhxHY). 

P r o o f . Let the almost generalized Hermitian mani-
fold be quasi-generalized Kahlerian. In consequence of (1.9), 
we have 

VX(H(Y)) + Vhx(I:(H-I}) = Cv^HKY) + HVXY * (VhxH)(HT) + HVhxHY, 

which in view of (2.7) yields (2.10). 
The converse follows in a straightforward manner. 
T h e o r e m 2.3. A quasi-generalized Kahlerian mani-

fold is generalized Kahlerian if and only if 

(2.11) YHX ( H ( H Y , ) ~ HVHX(HY) = 0. 

P r o o f . let the quasi generalized Kahlerian manifold 
be generalized Kahlerian. For a quasi-generalized Kahlerian 
manifold we have 

(VjHMY) + (Vj^HKHY) = 0, 
which by virtue of (2.4) reduces to 

(Vjj^Mhy) = 0. 

The-above equation in view of (1.9) yields (2.11).. 
The converse follows easily. 
T h e o r e m 2.4» If the generalized manifold ssti-

sfies any two of the following conditions, it satisfies the 
third one also 
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( i ) i t i s nearly generalized Kahlerian, 
( i i ) i t i s quasi-generalized Kahlerian, 

( i i i ) i t i s a generalized manifold satisfying 

(2 .12) (VjH)(X) = (VHXH)(HY). 

F r o o f . Let us put 
def 

(2 .13) L(X,Y) (VjHjfT) + (VyiiHx), 

def 

(2 .14) M(X,Y) — (VxH)(y) + (VHXH)(HY). 

Prom (2.13) and (2 .14) we obtain 

(2 .15) L(X,Y) M(X,Y) = (VJHMX) - (VhxH)(HY). 
I f ( i ) and ( i i ) are sa t is f ied , then from ( 2 . 6 ) , (2 .7 ) and 
(2 .15) we get ( 2 . 1 2 ) . 

Similarly, the results hold for ( i ) and ( i i ) al3o. 

3 . Some resul ts 
In this section, we shall give the formula for the exterior 

derivative of the generalized Kahler manifold from F, the 
condition for H to preserve connections and we shall e s t a - ' 
blish some theorems. 

T h e o r e m 3 . 1 . For X,Y,Z 6 H(M), we have 

(3 .1 ) dP(X,Y,Z) + dP(X,HY,HZ) + dP(Y,HZ,HX) + dP(Z,HX,HY) = 

= 2 { (VHXP)(HY,Z) + (VjjyPJiHZ.X) + (VHZP)(HX,Y)j. 

P r o o f . The proof follows by virtue of the equations 
( 1 . 1 1 ) , (1 .12) and ( 2 . 5 ) . 

L e m m a 3 . 1 . For X,Y 6 H(Ll), we have 

(3 .2 ) N(X,Y) = (VrzH)(Y) - IMV^HXY) - ( V ^ ) (X) + HiV^) (X). 

P r o o f . The proof follows by virtue of the equations 
( 1 . 2 ) , ( 1 . 6 ) , ( 1 .9 ) and ( 1 . 1 3 ) . 
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T h e o r e m 3.2 . The manifold M i s general ized 
Hermitian i f and only i f 

(3.3) (VhxH)(Y) - (VjjjHMX) = H{(VJH){Y} - (V^HJd)} , 

f o r a l l X , Y € H(M). 
P r o o f . The proof fol lows by v i r t ue of the equation 

(3.3) and Def in i t ion 2 .5 . 
D e f i n i t i o n 3 .1 . H i s said to be connection 

preserving i f and only i f 

(3.4) V ^ = VxY 

f o r a l l X,Y 6 H(M). 
T h e o r e m 3.3 . A quasi-general ized Kahlerian ma-

ni fo ld i n which H i s connection preserving, i s general ized 
Kahlerian. 

P r o o f . Let the general ized manifold be quasir-gene-
r a l i z e d Kahlerian in which H i s connection preserving, then 
from (1 .9 ) , (2.7) and (3 .4 ) , we .obtain 

( V J H M Y ) = -(VJJJHMHY) = - { V ^ H i H Y ) ) - HVh xHY} = 

= ~ { V Z ( H Y ) - H V X Y ) = - ( V J H ) ( Y ) . 

This implies that 

( V J H H y ) = o . 

Hence the manifold i s general ized Kahlerian. 
T h e o r e m 3.4 . In a generalized Kahlerian manifold, 

the necessary and s u f f i c i e n t condit ion f o r H to preserve 
connections, i s t ha t 

(3.5) ^ Y = -HVxY. 

P r o o f . Since the manifold i s general ized Kahlerian, 
t he re fo re from (1v9) and ( 2 . 4 ) , we have 

(3.6) V
X(HY) - HVXY = 0. 
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Let (3.5) be satisfied, ihen from (1.2) and (3.6), we obtain 

V^(HY) = -HV-,(HY) = -H2VyY = V Y . ¿wk A >A A 

Xiiuc H is connection preserving. 
Conversely, let J. be connection preserving,, then (3.4) 

i.-- • ..;~iafisd, therefore 

(3.7) VHX(H(riY)) = VZ(HY). 

rience froa (1.2), (3.6) and (3.7), we have 

VrxY = -HVXY. 

This proves Theorem. 
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