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SOME THEOREMS ON GENERALIZED MANIFOLDS

The generalized manifolds have been studied by liishra and
Yushweha [3]. Upadhyay and Kumar [4] studied the generalized
Hermitian spaces. The present paper is devoted to the study of
generalized manifolds in almost Kahlerian, quasi-Kdhlerian,
semi~Kahlerian, nearly Kéhlerian and Hermitian manifolds.

1. Preliminaries

Let K be a C% resl differentiable generalized Rieman~
nian manifold of dimension n, F(M) the ring of real valued
differentiable funcltions on M and H(M) the module of deri~
vations of ¥ (M). Then H(M)  is a Lie algebra over real num-
bers and the elements of H(M) are vector fields.

Every Riemannian metric g associated with the generalized
Riemannian menifold il defines an inner product in H(i),
which we write as g(X,Y) for X,Y € H(I). Let g denote the
eymmetric part of g(X,Y) for X,Y € H(l). PFurther we defi-
ne g{(X,Y) such that its jth and k%0 components Ejk =
= E(dxj,b dxk) are related to the ith and jth components

£i4 =8 _ai' , ij.) of g(X,Y) by the relation
¥x 8x

1.

(1.1)- g8 = ok,

corresponding to each vector field X e H{Ii). Ve define the
covector X, of X by the relation <Y, Xo> = g(X,Y), where
Y is an element of H(L).
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An alumost complex manifold is a differentiable manifold M
equipped with a (1,1) tensor H [H can also be regarded as
F(U) - 0 a linesr map H:H(M) —= H(H)] which satisfies [3]

(1.2) : GO

where I denotes the identity map.

From (1.2) it follows that the generalized manifold M
is even dimensional.

Definition Te1e An almost generalized Hermi-
tian manifold M is an almost complex manifold having the
Riemannian metric < *,¢>, =such that

(1.3) <X,Y> = <HX,HY>

for 211 X,Y € H(M).

Agreement 1e1 411 the equations which follow,
hold for vector fields belonging to H(Il).

To describe the geometry of an almost generalized Hermi-
tian manifold I, it is useful to consider two special tensors,
The first is a 2-form PF(X,Y) defined ss

(1.4) P(X,Y) =<HX,¥> for all X,Y e H{H),

since F 1ig skew-symmetric; it is in fact a differential form,
The second is the Nijenhuis tensor N(X,Y) which is a tensor
of the type (1,2) defined as

(1.5)  N(%,1) = [8x,57] - a[ux,v] - w[x,n5y] + 22[x,1],

which in view of (1.2) becomes

(1.6) N(x,Y) = [Hx,8Y] - 2[Hx,Y] - &[X,8Y] - [%,Y].
It can be easily shown that

(1.7) N(X,Y) = -N(Y,X)

end

{1.8) W(HX,Y) = K(X,YH) = -H.N(X,Y).

1f wie extend the Riemannian connection VX of K fo be a de-
zivetion on the tensor algetra of i, then we have [6]
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(1.9) (VxH)(Y) = Vy(HY) - HVy
(1.10) (VeP)(Y,2) = <(Vd)(Y),2>,

From (1.2), (1.3), (1.9) and {1.10), we obtain

(1.11) (V4F) (¥,2) = -(V4F)(HY,HZ)
and
(1.12) (V4F) (HY,2} = (V4F)(Y,HZ).

Let V Dbe the Riemarnian connection determined by [1]

(1.13) VY - VoX = [X,Y]
and
(1.14) I<Y,2> =<ny,z> +<Y,V42> .

From (1.2) and (1.6), we have

(1.15) N(HX,HY) = -N(X,Y).

From (1.15), it is clear that N is hybrid in its covariant
slots,.

2. Generalized manifolds

In this section, we shall give some definitions and theo-
rems relating to the generalized manifolds.

From (1.2), (1.3) and {(1.4), we have

(2.1) F(X,HY) = <HX,HY> =< X,Y> = -F(HX,Y),
(2.2) F(HX,HY) = - <X,HY> = ¢HX,Y> = F(X,Y)
and

(2.3) F(X,Y) = ~F(Y,X).

From equations (2.2) and (2.3) it follows that ¥ is skew-sya-
metric snd hybrid in its covariant slots X and Y,

Generalized Kdhler space has been defined by kishra and
wueaweha [3], which satisfies
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(2.4) V4l = 0,

together with (1.2) and (1.3).

Definition 21 An almost gensralized Hermi-
tian manifold is called almost generalized Kdhlerian if and
only if dF = 0, where

def ‘
(2.5) dPF(X,Y,2) == (VyF)(Y,2) + (V4F)(2,X) + (V,F)(X,Y).
~Definition 2.2 An almost generalized Hermi-
tian manifold is called nearly generalized Kahlerian if and
only if

(2.6) (Vi) (Y) + (VgH)(X) = 0

for all X,Y € H(M),

Definition 2.3. An almost generalized Hermi-
tian manifold is called quasi-generalized Kéhlerian i1f and only
if

(2.7) (VENY) + (V) (HY) = O

for all X,Y ¢ H(M).

Definition 2.4, An almost generalized Hermi-
tian manifold is called semi-generalized Kéhlerian if and only
if 8§F = 0, where

[
(2.8) 6F(X) = Z {in(F)(Ei’x) +VHEi(F)(HEi,X)]
i=1
and { E1,..., B HE1,...,HEm} is a frame field on an open
subset of M,

Definition 2.5. An almost generalized Hermi-
tian manifold is called generalized Hermitian if and only if
W =0, where N is the Nijenhuis tensor,

Theoren 2.1 An almost generalized Hermitian
manifold is nearly géneralized Kéhlerian if and only if

(2.9) Vi (HY) + Vi (HX) = H(V,¥ + VyX).
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Pro0o0f, Let the almost generalized Hermiticn mani-
fold be nearly generalized Kdhlerian, In consequence oi (1.3),
we have

Vo(HY) + Vo(HX) = (VENY) + BYY + (VyH)(X) + HVX,

vhich in view of (2.6) yields (2.9).

The converse is obvious,

PTheorenmn 2.2 An slmost generalized Hermitisn me-
nifold is quesi~generalized KiZhlerian if and only if

(2,100 Vy(H(Y)) + Vg (H(HY)) = H(VRY + Vi, HY),

Troof. Let the almost generalized Hermitian mani-
fold be guasi-generalized Kéhlerian. In consequence of (1.9},
we have

Ve B(Y)) + Y (2(37)) = (VgEIT) + BV,Y + (Vi H) (HY) + HV HY,

which in view of (2.7) yields (2.10).
The converse follows in a straightforward manner.
Theorem 2.3 4 quasli-generalized Kahlerian mani-
fold is generslized Xéhlerian if and only if

(2.11) Vox(H(HY)) = BV (HY) = O,

Proof. Let the quasi generalized Kéhlerian manifold
be generalized K#hlerian, For a quasi-generalized Kdhlerian
manifold we have

(Vg (Y) + (VyyH)(HY) = O,
which by virtue of (2.4) reduces %o

(V%xﬁ)(HY) = Q.

The: above equation in view of {1.9) yields (2¢11).

The converse follows easily.

Theorem 2.4¢ If the generalized manifold ssti-
sfles any two of the following conditions, it satisfies the
third ohe also
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(1) it is nearly generalized Kihlerian,
(ii) it is quasi-generalized Kidhlerian,
(iii) it is e generalized manifold satisfying

(2.12) (VgH)(X) = (Vg H) (BY).

Proof., Let us put

(2.13) 1(x,y) &L () + Ty (0,
(2.14] (x,) (V) (1) + (VH) (BY).

From (2.13) and (2.14) we obtain
(2.15) L(X,Y) - M(X,Y) = (VYH)(X) - (VHXH)(HY).

If (i) and (ii) are satisfied, then from (2.6), (2.7} and
(2.15) we get (2.12).
Similarly, the results hold for (i) and (ii) elso.

3. Some results

In this section, we shall give the formula for the exterior
derivative of the generalized K&hler manifold from F, the
condition for H to preserve connections and we shall esta-
blish some theorems.

Theorem 3.1. PFor X,Y,%Z e H(M), we have

(3.1) dP(X,Y,2) + dP(X,HY,HZ) + dP(Y,HZ,HX) + dF(Z,HX,HY) =
< 2 { (TP (E1,2) + (Ty®) (12,30 + (Tyw) (6,7 |

Proof, The proof follows by virtue of the equationé
(1.11), (1.12) and {2.5).
Lemma 3.1. For X,Y € H(M), we have

(3.2)  N(X,¥) = (V) (Y) = H(VHI(Y) - (VH) (X) + H(VgH) (X).

Proof, The proof follows by virtue of the equations
(1.2), (1.6), (1.9) and (1.13).
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PTheorem 3,2 The manifold M is generalized
Hermitian if and only if ‘

(3.3 (V) (1) = (T} (x) = B{(Va(n) - vg(m ],

for all X,Y e H(M),

Proof. The proof follows by virtue of the equation
{(3.3) and Definition 2.5.

Definition 3.1, H 1is said to be connection
preserving if and only if

for all X,Y € H(M).

Theorem 3.3 4 quasi-generalized Kéhlerian ma-
nifold in which H is connsction preserv1ng, is generalized
Kéhlerian.

Froof. Let the generalized manifold be quasi-gene-
ralized Kghlerian in which H is connection preserving, then
frem (1.9), (2.7) and (3.4), we obtain

(Vg (BY) = ~{ gy (H(EY)) = BV, | =
fogten) - wogr} < v,

(Vi) (Y)

This implies that
(V) (Y) =

Hence the manifold is generalized Kihlerian.

Theorem 3.4. In a generalized Kidhlerian manifold,
the necessary and sufficient condition for H +to preserve
connections, is that

- v =
(345) ax¥ = -HVY

Proof. Since the manifold is generalized Kahlerian,
therefore from (1%9) and (2.4), we have

(3.6) VX(HY) - HVXY =
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Let (3.5) be satisfied. Then from (1.2) and (3.6), we odtzin

) = 2V T
V,.(HY) = -V (dY) = -HV,T = V.Y,

daan

ieauwr HE is conrectlon preserving.
Corversely, let M be connection preserving, then (3.4)
ic :.3igfisd. Thererors

Hence Irom (1.2), (3.6) and (3.7), we have

VH«.Y = -HVXY.

vhis proves 'Theorem.
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