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ON STRICTLY POSITIVE MEASURES AND STRICTLY CONVEX NORMS

Given a compact Hausdorff space K, C(K) denotes the Ba~-
nach space of real-valused continuous functions on K with
the usual sup norm, and denote by M(K) the space of all re-
gular finite real-valued Borel measures on K. A measure
u€e M(K) 1is called striotly positive if w(G) > 0 for all
non-empty open G C K., We say that K ocarries a strictly
positive measure 1f there is a strictly positive measure
ue M(K),

Let (X,l+ll} be a normed space. We say that the norm
el is strictly convex provided | x+yll<2 whenever | x| =
=llyll =1 and x # y.

It is well known, [1], that if a compact Hausdorff spa-
ce K carries a strictly positive ~sasure, then C(K} ad=-
mite an equivalent strictly convex norm. This is simply the
norm given by

1/2
(el = sup 120x11 + ( f12G0%0@n) L £ e o,
xeK K

where u is strictly positive measure on K,

S.Negropontis posed the problem whether the converse of
this statement is true in a class of extremally disconnected
compact Hausdorff spaces. The norm defined by (1) is of cour-
se g lattiae norm (i.e. |fl<|g| implies | fll<|gl for
f,g € C(K)). The aim of this note is to give a partial answer
to the problem of Negropontis by adding the assumption that
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an equivalent strictly convex norm oa C{K) 1is a lattice
norm and dropping the assumptivn of extremal disconnectivity
of K., Namely we shall prove the following

Theoresm, Let K be a compact Hausdorff space
such that C(X} admits an eguivalent strictly convex latti-
ce norms Then K carries a strictly positive measure,

Proof. Itis well known, [3]; §26, that if |l .
ig a strictly convex norm in X, then for each X € L, x££ 0
there exists a functional x%™e X*. (topological dual of X)
exposing x, i.e. such that x*(x) > x*(y) for every yeX,
y #x and |l yli<lxl.

Let Il *ll be a strictly convex lattice norm on C(K)
equivalent to the sup norm. Let us consider the constant
function f € C(K) defined as

f(x) =“’") x e K,

where ! denotes constant function on K equal to 1.
Let wme C(K)® be the functional exposing £. We shall pro-
ve that the measurs e M(K) (we identify C(K)* with M(K)
by the Rilesz representation theorem) is strictly positive.
Suppose to the contrary that G 1s non-empty open sub~-
set of K with w(G) = 0. Since every compact spacs is
completely regular we can find a positive function g e C(K)
g0 that g <= f and

(&) = [e(xlutaz) = o
K

(this follows easily from the very definition of a complete-
ly regular space; [2], pe117).
Since u exposes f we have that

[
“‘””‘(hlﬁ_glr (£-8)) = pelgpale).
But this is impossible because the norm || || is a lattice

norm and so | £-gll<|fll.
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Other results on the existence of strictly positive mea-
sures are given in the paper [4].
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