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EXISTENCE OF SOLUTIONS OF THE GOURSAT PROBLEM 
FOR SOME FUNCTIONAL-DIFFERENTIAL EQUATIONS 

0. In t roduc t ion 
The present paper deals with the quest ion of the e x i s t e n -

ce of so lu t ions of the G|oursat problem f o r the equation 

z(x ,y) = $p(x,y) f o r (x,y) 6 G 
< 

z^y = f ( x , y , z , z ^ , z y ) f o r almost a l l (x,y) € D 

by assumption tha t f s a t i s f i e s Carathejodory and some Vol-
t e r r a type condi t ions and çp , G, D are defined i n [1] . 

The r e s u l t s presented here are some gene ra l i z a t i ons .o f 
those obtained i n paper [5] f o r f u n c t i o n a l - d i f f e r e n t i a l equa-
t ions 

z (x ,y ) =i <p (x,y ) f o r (x ,y) e G 
< 

A 3 (x ,y ,Zy(*,y)) f o r almost a l l (x,y) 6 D 

with in i t i a l -boundary condi t ions of Darboux type . 
We w i l l use d e f i n i t i o n s and nota t ions introduced in [5] . 
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2 J.Straburzynski 

1. Notations, assumptions and lemmas 
For given pos i t ive numbers a , y9 , a, b and non-decreasing 

functions y = g ( x ) , x = h ( y ) of C' c lass defined on 
[ o , a ] , [ o , b ] and such that g (0 ) = h(0) = 0, 0 « g ( x ) « s b f 

O ^ h i y J s a l e t P = [-<x,a] x [ - ¿ , b ] , D = { ( s , t ) : h ( t ) < s « a, 
g ( s ) c t < b j , D = j ( s , t ) j h ( t ) < s a s x , g ( s ) < t « y f o r 
x e [ o , a ] and y e [o ,b ] j . ' _ 

Furthermore l e t G = P \ D , D =| y e [ g ( x ) , b ] s ( x , y ) e 
and Dy = j x e [ h ( y ) , a ] s ( x f y ) « D | . 

Let us denote by Rn an n-dimensional Euclidean space 
with the norm ||x|| = max( Ix^ . . , |xQ| ) and by CQ (P) the 
space of a l l continuous functions u : P —-R n with the norm 

||u|L = max (|| u(x,y )|| ) . By C..(P) we w i l l mean the space of 
P 

equivalence classes of a l l funct ions v s P — Rn , such that 

the funct ion 

v ( * , y ) s [ - « , a ] a x — v ( x , y ) e Rn 

i s continuous f o r almost a l l y e [ - A 1 5 ] and 

v ( x , * ) : [-J3,b]9 y — v ( x , y ) e Rn 

i s measurable f o r x e [ - « , a J and such that 

b 

Hvl^ = J max|||v(x,y)| s x e [-<*,a]J d y ~ . 
-Ji 

Simi lar ly , by C 2 (P ) we delnote the space of equivalence clas-J 
ses of a l l functions w : P — R n such that the funct ion 

w(* , y ) : [ ~ « , a ] 9 x - ^ w ( x , y ) e Rn 

i s measurable and 

w ( x , • ) : [-y3,b] a y — w(x ,y ) e. Rn 
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E x i s t e n c e of s o l u t i o n s 3 

i s con t inuous f o r a lmost a l l x e [ - « , a ] and such t h a t 

a 
||w||2 = J max{||w(x,y)|| : y e [-£,*>]) d x < ~ . 

- a 

As i n [1 ] we can v e r i f y t h a t ( C ^ P ) , I M ^ ) and 
( C 2 ( P ) , I! . ||2) a r e Banach s p a c e s . 

The s e t of a l l a b s o l u t e l y con t inuous f u n c t i o n s y : G —~RD 

p o s s e s s i n g d e r i v a t i v e s <p'x e C2(GJ and e C^G) i s d e -
noted by § . We i n t r o d u c e i n $ the norm by the fo rmu la 

|| s u p M x , y ) | | + sup||9>'x(x,y)|| + sup||^(x,y)||. 

Por g i v e n l e t 

c J ( P ) = j u e CQ(P) s u ( x , y ) = <p ( x , y ) f o r ( x , y ) e G}. 

S i m i l a r l y , we d e f i n e t . ie s p a c e s and Cn*(P) . 
Furthermore by C_ and C we w i l l denote Banach s p a c e s 

x 7 r n 
of a l l con t inuous v e c t o r - v a l u e d f u n c t i o n s on L -/3»^ an<* 

[ ~ « , a ] , r e s p e c t i v e l y , w i th supremum norms I ' l - j I • I 
As u s u a l we s h a l l say t h a t f : Dx C*x C x x Cy —- R n s a -

t i s f i e s the Caratheodory t ype c o n d i t i o n s i f 
( i ) f ( • , z , p , q ) : D —— R n i s measurab le f o r f i x e d 

( u , v , w ) e c£x C x x C y 

( i i ) f ( x , y , • , * , • ) : C 0 X C X * C 7 — " " i s cont inuous f o r 
f i x e d ( x , y ) € D 

( i i i ) t h e r e e x i s t s a Lebesgue i n t e g r a b l e f u n c t i o n m: D —*-R 
such t h a t 

|| f ( x , y , z , p , q )||^ m(x , y ) 

f o r ( x , y ) e D and ( z , p , q ) e c£x C^x 
f u r t h e r m o r e , we s h a l l s ay t h a t f- : Dx c|®x C * C_ — R a 

o x y 
h a s the p roper t y of V o l t e r r a i f f o r ( x , y ) e P , c CgíP)» 
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4 J. StraburzyiiBki 

p1tp2 6 Cx and q 1 t q 2
€ such that z.j(s,t) = z2(s,t), 

P1 it) = p2(t) and /q.,(s) = q2(s) for (s,t) e P(x,y) it 
follows that 

,p1 ,q1 ) = f(x,7,z2,P2,q2) 

where 'P(x,y) = [-«,x] * [-/3,y] f° r (*»7) e 
By F we shall denote the set of all functions 

f s Dx C^x c x c — R n satisfying the Caratheodory and 
Volterra conditions with the equivalence relation ~ defined 

ty 

f2)<t=> f.,(x,y,z,p,q) = f2(x,y,z,p,q) 

for almost' all (x,y) e D. Let us introduce in P a metrio 9 defined by 

P p(f rf 2) - f2| P 

where ||f ||p = J/sup{||f{x,y ,z,p,q )|| : (z.p.q ) e cjx C xx Cyfdxd;7 
D 

for f tf 1 tf 2 e P. 
We call the sequenoe (wfl) € C ^ P ) almost uniformly 

bounded on each [-/3,b] t if for every e > 0 there is a set 
ce c C-/3tb] and a constant K £ > 0 such that | [-/3,b]\Qt \< i 
and || wfl(x,y)|| <s K£ for all yeS2£ , n = 1,2,... 

We introduce the following two uniqueness assumptions: 
Assumption B^. If , u 6 C^(P) and (wn) e C^iP) 

is a sequenoe almost uniformly bounded on for all 
x € [o,a] then the equation 

(1.1) v(y) = • 

9'x{x,y) for ye[-/3,g(x)J 

<P'x(x,g(x)) + lim J * f(x,t,u,v,wn(.,t)dt 
g(x) 

for y e D x 
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Existence of solutions 5 

(1.2) w(x) 

has for almost a l l fixed x e [ o , a ] at most one solution 
v (y ) continuous on D » Moreover, the exceptional null set « X » 

c {0 ,a j is independent of u and (wn ) . 
& <p'x 

Assumption B2> If u e G^fP), v € C2 (P) , then 
the equation 

^ ( x . y ) for x e [ - « f h ( y ) ] N 

x + J f ( s , t , u , v ( s , . ) ,w)ds for xeD 
Myf 

has for almost al l fixed j c [0,b] ~at most one solution 
w(x) continuous on and the exoeptional null set 
I?2c [ o,b] is independent of u and v. 

The object of our investigation is the functional-diffe-
rential equation of the form 

z (x , y ) = ? ( x , y ) f o r (x ,y ) € G and p e ^ 
( I ) 

z^ ( x t y )= f ( x , 7 , z , z ' T ( x , . ) , z ; ( * , 7 ) } 

for almost a l l (x,y)eD and feP. 

By the solution of ( I ) we mean a function z : P —»-Rn 

absolutely continuous possessing derivatives z'x, z^ and z ^ 
almost everywhere on D and satisfying ( I ) . 

In a similar manner as in paper [6] we can prove the. fo l -
io wing Lemmas: 

L e m m a 1«. Suppose f € F, <pt§ and (S^) is sa-

t i s f i e d . I f u c Cp(P) and w e C^MP), then the equation 

(x ,y ) e G 

'1.3) v ( x ,y ) =« 
V 

^(x ,g (x ) ) + J* f ( x , t , u , v ( x , ' ) , w ( . , t ) ) d i 
g(x) 

f o r almost a l l X€ [0,a] and y e D 
W ' y . 

has exactly one solution v e Cg (P ) . 
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Lemma 2. Let f e F, y>e§ and (Eg) be satisfied. 

2 

« 
If ue CMP) and v e C0 (?), then the equation 

9>y(x,y) for (x,y) e G 
(.1,4) w(tf,y) =• 

fCMy).?) + f f(x>y,u,v(s,.),w(',y))d8 
7 4 ) 

for x e D and almost all ye [o,b], v 
has exactly one solution w 6 C^fP). 

By Lemmas 1 and 2 it follows that there exist mappings 
i »1 

y: c£(P)x ĉ 7(P) 9 (u,w) — f(u,w) = v e C2*(P) 
0 t 

r t cj(p) X C2X(P) 3 (u,y) — r(u,v) = w e C 7̂(P). 
— V Moreover, let us define the mapping T : Lfl(D) —- CQ(P) by 

<iP(xfy) for (x,y) 6 G 
(1.5) T(g)(x,y) = 

Mx.y) + // g(s, t)ds dt for (x,y)€ D, 
xy 

where <pi<t> and 
Xf I 

(1.5.1) Mx,y) =SP(0,0) + J ̂ (s,g(s))de + JV (h(t) ,t)dt. 
0 0 

We put nov 

K(g) =f[T(g), T' (g)] for g e Ln(D) 
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ISxistenoe of so lu t ions 7 

and 

H(g) - r [ T ( g ) , K(g)] f o r g e Ln(D). 

Let Hf = j g _ t Ln(D) i |g(x,y) |«c y(x,y)J f o r x e D y , y t [ o , b ] 
where y t L ( D ) . 

Similar ly as in paper [6] we oan prove tha t T(HV) i a 
compact i n CQ(P) and T i s continuous on Moreover 
K(Hy), *(Hy) are condi t ional? compact i n C^X(P) and 

C* ' (P) t r e s p e c t i v e l y , and K, 3f are continuous on H^. 
By the above nota t ions an operat ion S can be defined 

as fol lows 

(1.6) [ s (g) ] (x,y) = f ( x , y , T ( g ) , K ( g ) ( x , . ) t * ( g ) ( . , y ) ) ] 

f o r almost a l l (x,y) e D. 

2. Some proper t ies of the operat ion S 
T h e o r e m 2 .1 . Suppose f e F, and assump-

t i ons (S^), (Eg) are s a t i s f i e d . Then the operat ion S de-
f ined by (1.6) i s continuous on the se t Hy. 

P r o o f . Let g Q e Hy such t l a t 16n—&0I — 0 as 

n — co, where | g | || g(x,y ) | dxdy. By the cont inui ty 
5 

of operat ions T, K and * i t follows tha t || Tgn-Tg0|| — 0 , 
and 

l * « n " » « o i l — 0 a s n — ° ° • 

On the other hand, f o r every n = 1 , 2 , . . . 

| s ( g n ) - S(g 0 ) | = 
=

 ^¡rifi*»y»tt
n»v

nt*»*)»w
ni*»y) - f (*»y»u 0 , v 0 (x , . ) ,w 0 (» ,y ) | | d2dy , 

D 
where uk = T(g k ) , v k = K(gk) and wk = * ( g k ) f o r k=0, ,1 ,2 , . . . 
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8 J . Straburzytiski 

Hence, from the assumptions about f i t follows that 

I Sgn-Sg0| — G as n-—oo , 

which ends the proof. 
T h e o r e m 2 . 2 . Suppose that the assumptions of 

Theorem 2.1 are f u l f i l l e d . Then S(H^) i s conditional? com-
pact in the space Ln(D). Then proof is analogous to the 
proof of Theorem 2.2 given in [ 5 ] . 

How we prove that the operation S has a fixed point, 
ffa precede this by the following lemma. 

L e m m a 2 .1 . The set P c I>n(D) i s conditionaly 
compact i f and only i f i t is bounded and there exis ts a func-

2 tion dB s R —— II such that Jr + 

lim dw(h,k) = 0 
h —0 ' 
k—0 

and for every f e P 

JJ||f(x+h,y+k) - fU.yJHdxdy^ dp(h,k) 
D 

where 

' f ( x , y ) for (x,y} c D 

0 for (x ,y) 6 D~, D~ = R 2 \ D . 

This Lemma follows from Lemma given in [4] p.301. 
T h e o r e m 2 . 3 . Let the assumptions of theorem 2.1 

be fulf i l led and let Hm be defined by 

Hm = { g e L n ( D j : | | g ( x f y ) | U * } 

for x € Dy and for almost a l l y e ¡J0,b] , where m e L(D), 
and m s a t i s f i e s the inequality 
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Existence of solutions 9 

II h (x ,y ,z, p,q )ll « m(x,y) 

f o r ( x , y r z , p,q ) e DxC?<C_x C_. Then the operation S de-D a j 
fined by (1.6) has in the set HB at least one fixed point. 

P r o o f . In virtue of Theorem 2.2 the set S(Hffl) 
i s conditional;? compact in 1 (D) . Alsoj, by Lemma 2.1 there 

i ? exist a constant M > 0 and a function d^: R — R+ such 
that |x | < M and 

6 

flxg(x+h,y+k) - *g(x,y)||dxdy « dR (h,k) 
D 

' i 

for g e Hm and (h,k) e H , where 

x = 
8 

Xg = S(g) for ( x ,y )€ D 

for (x,y) e D~. 

Moreover, 

lim dH (h,k) = 0. 
h-0 + 

k~0+ 

Let W c H be the set of a l l functions g e Hm fo r m ° m 
which | g| te, M and 

JJ\\ g(x+h,y+k) - g(x,y)||dxdy < dH (h ,k ) , 

where 

i ( x , y ) = -
i(x,.y) for (x,y) e D 

0 fo r (x,y) 6 R 2 \D . 

On account of S(H ) C W we see that W t <f>. 
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10 J.Straburzyñski 

It follows from the definition that the set W ia condi-
tionaly compact, bounded, closed and convex in the space 
Ln(D). Furthermore S{W) c S(Hm)c W. Consequently, from 
Schauder's fixed point theorem it follows that there exists 
a point gQ € W such that S(gQ) = gQ. Thus the proof is 
completed. 

3. The existence of solutions for the problem (I) 
We precede the proof of the existence theorem by two lem-

mas. 
l e m m a 3;1. If f € F, , then the equation 

(I) is equivalent to the functional-differential-integral 
equation 

for (x,y) e D where Mx,y) is defined by (1.5.1). 
P r o o f . By the assumptions concerning the function 

f it follows that f(x,y,z,z' (x,•)»zl(•,y)) is a Lebesgue * y integrable function in D . 

(II) *(x,y) 
j»(x,y) for (x,y) € G 

Mx.y) + f(s,t,z,z'x(s,»),Zy(*,t))ds dt 

Since 

h b U r 1 { e ) 
- / ( / *(B,t,Bt«'x(Bp*),»y(',t))dt)dB + 

0 *g(s) 
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Existence of so lut ions 11 

1 ( 1 
f ( s , t , z , z^{s , ' ) , z^(* , t ) )d t )ds = 

ê f ^ / g - l i t ) 
J ^ J f ( s , t , z , z ; ( s , . ) , z ; ( . , t ) ) d s ) d t + 

0 h(t) 

J ( f 
g(x) h(s) 

f ( s ,b , z , z ' x ( s f ' )Zy( . , t )d3)d t 

we obtain 

(3.1.1) z'x(x,y) = 

f o r (x,y) € G 

^ ( x . g U ) ) + / f ( x , t , z , z^ (x , ' ) , z ' ( s t ) ) d t 

g U ) 

fo r almost a l l x e[o ,a] and y e D , and 

(3.1.2) Zy(x,y) 

S»y(x,y) for (x,y) 6 G 

?y(My) ,y) + / f ( s , 7 , z , z ' x ( s , ' ) , z^( . ,7 ) )ds 

f o r x € D and fo r almost a l l y e [o,b]. 

Obviously we get 

f o r almost a l l (x,y) € D« . 

L e m m a 3*2, Let f e F, and l e t the assump-

t ions (B.,}, (S2) be s a t i s f i e d . Let A be the set of a l l 
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12 J^Straburzynskl 

f ixed points of the operation S defined by ( 1 .6 ) , and l e t 
Z be the class of a l l solutions of the equation ( I I ) . Then 
the r es t r i c t i on of the operation T defined by (1.5) to the 
set A i s a bisection of TV. on the set Z. 

P r o o f . Let ge7\.. Then g = S(g) and by the de-
f i n i t i o n of the operation S we have 

(3.1.3) g ( x , y ) = f (x,y , T ( g ) , (Kg) , (x ,* ) , (3fg) (• , y ) ) 

f o r almost a l l ( x f y ) € D, where T (g ) i s defined by (1.5) 
and the functions v = K (g ) , w =9f (g ) are the unique solu-
tions of the equations 

(3.1.4) v ( x , y ) = 

S ^ U t j ) f o r ( * » ? ' 6 G 

^ ( x , g ( x ) ) + f f ( x , t , z , z x ( x , » ) , z ^ ( « , t ) ) d t 
g ( x ) 

f o r almost a l l x e [o ,a ] and y € D̂  

(3 .1.5) w(x,y ) = 

Py (x ,y ) f o r ( x ,y ) 6 G 

A 

? ' ( M y ) , y ) + / f ( s , y , z , z ' x ( s f . ) , z y ( ' , y ) ) d s 
My) 

f o r x € D and f o r almost a l l y e [ o , b ] . 
Let z = T ( g ) . In virtue of (3.1.3) and (1.5) we obtain 

(3.1.6) a,x (x,y) = 

9'x {x,y) f o r (x ,y ) € G 

9" x ( x ,g (x ) )+ f f ( x , t , z , z x ( x , . ) , z y ( « , t ) ) d t 
g (x ) 

i o r almost ni l x e [o,a] and y e Dx and 
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Existence of solutions 13 

(3.1.7) z^(x,y) = 

for x € Dy and for almost all y c [o,b]. 
Thus from (3.1.5) and (3.1,.¡7) by the uniqueness of the 

solutions of equation (3.1.5) and the fact that z = T(g) we 
get Zy(x,y) = w(x,y) fpr x € Dy and for almost all 
y € [0,bj. It is obvious that zy = w o n G. 

Similarly, from (3.1.4), (3.1.6) we get 

z'x(x,y) = v(x,y) 

for almost all xe [0,a] and y e Dx. Moreover, z'x = v 
on G. 

By substituting K(g) = z'%, "»(g) = z^ into (3.1.3) and 
next g into (1.5) we conclude that the function z = T(g) 
is a solution of equation (II). Consequently, the restriction 
of the operation T to -A. transforms .A. on the set Z. De-
noting by B the restriction TlA we have B : .A. — Z. The 
operation B is a one-to-one mapping from to Z. In 
fact, suppose to the contrary that for g^ 4 w e ^ a v e 

Bg1 = Bg2. 

Then by (1.5) * 

/ / [«-lis»*) ~ g2(s,t)]dsdt = 0 for (x,y) € D 
D xy 

Hence g^ = gg for almost all (x,y) € D, which contradicts 
the assumption that g^ ^ gg in Ln(D). 

for (x,yJ € G 

Py(My).y) + f f(s,ytz,z'x(s,.),z^(-,y)) 
h(y ) 

ds 

- 895 -



14 J,Straburzynskl 

It remains to prove that Z c B(A.)# Assume that z e Z 
and let 

(3.1.9) g(x,y) = f(x,7,zfz^.(x,'),zy(*,5)) 

ffir'almost all (x,y) € D, and 

(3.1.10) z'x(x,y) = 
?£(x,g(x)) + jf f(x,t,z,z^(x,-),z^(.,t))dt 

g(x) 

for almost all xe [o,a] and 7 e D 

(3.1.11) Zy(x,y) 

p'(x,y) for (x,y) 6 U 
v 

a 

^(x,g(x)) + y f(x,t,z,z;(x,.),z^('.,t))dt 
M y ) 

for x £ D,, and for almost all J6[0,b]. 
By (3.1.7), the definition of y and K and the equali-

ties z = T(g) and z' = T'(g) it follows that 
\f J 

i'x = v[l(g),Iy(6)] = K(g) 

and similarly by the definition of the operations P , K we 
see that z' =3f(g). Consequently, «7 

f(x,y,3,z;r(x,.),z;(*,y)) = f(x,y,T(g),K(g)(x,.),3f(g)(',yiJ = L(s; a j 

which completes th.e proof. 

- 896 -
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Now we have 
T h e o r e m 3.1. I f the assumptions of Lemma 3.2 

are s a t i s f i ed , then there ex is ts at least one solution of 
the problem ( I ) . 

P r o o f . Prom the Theorem 2.3 i t fo l lows that the 
class .A of a l l f ixed points of the operation S i s a non-
empty set . Let B be the mapping defined in the proof of 
Lemma 3.2. Then B(A) = Z and B(A) t <p . Consequently 
Z t<t>. 
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