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OPTIMAL OBSERVATION STRATEGY 
FOR A CLASS OF RANDOM EXPERIMENTS 

1. I n t r o d u c t i o n 
The ob jec t ive of most s equen t i a l dec i s ion problems i s 

to f ind a s equen t i a l dec i s ion procedure, cons i s t i ng of a s t o p -
ping time and a dec i s ion r u l e , which ha3 some optimal proper-
t i e s . In soa.e cases such a procedure ought to minimize ( i n 
a c e r t a i n sense) a r i s k func t ion def ined as a sum of two 
r i s k s : the mean cost of observat ions and the mean l o s s con-
nected with the chosen dec is ion r u l e . In other cases the 
goal i s to f ind procedures which simultaneously minimize one 
of the above r i s k s and ensure a s u f f i c i e n t l y small value of 
the other one. Thus the con t ro l of a sample (observat ion^ of 
a random process under i n v e s t i g a t i o n ) c o n s i s t s i n the choice 
of a s topping t ime. 

This paper r e f e r s to more genera l s equen t i a l dec i s ion 
problems which a r i s e in p r a c t i c a l s i t u a t i o n s with p a r t i a l l y 
observed procf.ases. The idea of p a r t i a l obse rvab i l i t y of r a n -
dom processes was discussed by Pleszczyiiska and Dqbrowska 
i n [6], 

I n t h i s case the problem i s aimed a t f i n d i n g an observa-
t i o n s t r a t e g y providing a stopping time and c h a r a c t e r i z i n g 
the form of observat ions of the process up to t ha t t ime, whioh 
s a t i s f i e s some requi rements . 

The aim of th6 paper i s t o descr ibe optimal observat ion 
s t r a t e g i e s which minimize the mean cost of observat ions and 
ensure the ex is tence of a s u f f i c i e n t l y good dec i s ion r u l e . 
Exant s o l u t i o n s in some simple cases w i l l be presented . 
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2. The statement of the problem 
Assume that {^n'^n^} i s a s®9 u e n c 9 independent iden-

tically distributed bivariate random variables. The distribu-
tion of (X.pY.j) is known to belong to a given family 
•[Py. : it e 0| of distributions on (R2,$(R2)), where 0 
is a given set of parameters. Accordingly the statistical 9 Q 
space (Q, A , 9 ) can be defined so that: £2 = R xR *..., 
A = ¡B (R2) ® B ( R 2 ) ® il> = {p~ = P^ ® P^,® ..., 0-e ©}. 
Any sample <0 = {(x

n»yn)} presents current realization of 
the random phenomenon under investigation. 

Let us suppose that there are given: 
- a set of decisions D and a ¿-field 3D of subsets 

of D, 
- a loss function L : 0 * D — 
- cost functions L^ = R 2 —•• R +, I<2 : R 2 — • R+. 

Interpretation of the functions L^, Lg will be given in the 
seq uel. 

Let us assume that the observation strategy is defined by 
a stopping time <> from some given set J and a sequence 
(|Bn|) of events from A so that for any realization <0 e fl 
we observe Z1 (u) ,„..» »X.^ j (u) and 

Yi(w) iff u e B 1 > i = 1 v(u>). 

Besides if at the i-th step (X^u) ..Y^ta)) = (x,y) is 
observed (i.e. toe B^) we pay L.j(x,y), otherwise (i.e. 
to 4 B^) we pay L2(x,y)* Suoh a way of observation corres-
ponds to situations in which a feature of independently inve-
stigated elements of population constitutes a bivariate ran-
dom variable and the coat of observations of the second co-
ordinate is relatively high in comparison with the first one.« 

Roughly speaking the problem is aimed at finding an ob-
servation strategy, which ensures the existence of a deoision 
rule D for which the mean loss R(#>,6) = B̂ L(t?», 5) 
is sufficiently small and simultaneously the mean value of 
global cost of observations is minimal« 
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I t i s obvious that for any n ^ >> (u), a) e SI , the obser-
vation at the n-th step i s completely described by a random 
variable such that fn(u) = (Xn(u) ,en(o>), en(u) , Y n ( " ) ) , 
6 (to) = %-n { " ) . After n steps the observation can be wri t -

n 
ten as the real izat ion of Tn = ( f i > * . « » f n ) . Therefore there 
i s a natural r e s t r i c t i o n on observation strategies such that 
B1 e 6 (X^), Bne 6 (Tn_1 ,X n ) , n = 2 , 3 , . . . , and 7 i s a sub-
set of the set of stopping times with respect to the sequence 
of ¿ - f i e l d s Thus any observation strategy i s a 
pair A = (9, | Bn J ) , where v> and sat is fy the assump-
tions mentioned above. The cost function corresponding to A 
has the following form 

H(A,u) = £ L1(Xn(w),Yn( lo)) %B (u) + Lg(X (u) fY (u)) xgfcrt, 
n=1 n c 

where Bn = fi\B . 
Assume that A^ i s a given set of decision rules such 

that A^c {5 : D/S i s -measurable}, where A^ de-
notes the 6 - f i e l d of observable events, i . e . 

= [ a e A / V n {oJ : y>(u>) = n} n A e ftn], 

where &n = 6 (T n ) , n = 1 , 2 , . . . . 
Let us introduce denotations: 

A a ( c ) = {¿> e AA /Jl(ir,S) $ & , tf-ee} 

H(ir%X) = E^HiA, •), 

yv£ = {% = { B n } ) / 3 5 e A A ( e ) ftiw.A) < « , , ire 0} 

where e i s a positive real number. 
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For any given e > 0 vie shall define an optimal observa-
tion strategy Ag e so that 

sup R(i>>, A°) = inf sup 

3., Examples of optimal observation strategies 
Examples of optimal observation strategies given below 

refer to trivial stopping times, i.e. constant ones. In this 
case any observation strategy has the form A = (IT, jB^j), 
K e T = {1,2,...} and A N = {£ = f(Tjj)/f e where 
is a given subset of the set of Borel functions from R 3^ in-
to D. 

To obtain explicit results some simple calculations are 
needed. Let denote a sequence of Borel sets such that 
for the given observation strategy A = (N, {B nj) the follow-
ing conditions hold: 

B 1 = {u/X^u) € A.,}, B n = { « / ( T ^ u J . X ^ u ) ) € An}, n=2,3 

Under these conditions the cost function H takes the form 

H(A,u) = L^ (X.j (w) (u)) % k (X^o)) + L2(X1M,Y1(M))JCJ..(X1(»))+ 

N 
+ Z ! L 1(X n( < J ,' Yn ( u , ) *A ( ( V l ( u , ' X n ( ( J , , ) + 

n=2 n 

+ L2(Xn(t)),Yn(o)) XX ( ( T ^ M . X ^ o ) ) ) ) . 
n 

For any ir t 8, n = 1,2,..., let us denote by 
the probability distribution on (R 3 n,S (R3h)) generated by 
T n. Taking into account the independenoy of and 
(X n + l,Y n + 1) we obtain that n • ? v is their joint pro-
bability distribution. Now the risk function R can be writ-
ten in the following form 
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R(*,A) = J L^x.yJdP^ + f L^x.yJdP^. + 

A ^ R 1 Ä ^ R 1 

N / 
+ Z ( / L1 { x'* , dtVn-1 ®Ptr + J L2 ( x»y> dtV, n-l ® p v \ 

^ 2 \ A n « H
1 sa.Hi ; 

Let as introduce denotations 

r(ir,A) = J L^x.yJdP, + J Lgfx.yJdP^, A e S ( R 1 ) 

A*R1 A«R1 

An(t) = {x € R1|(t,x) € An}, t e R 3 ( n " 1 ,
f n = 2,3,... 

Due to Fubini's theorem the function R has the form 

N 
(3.1) Hi»,*) =r(w,A 1) + £ / r(w, AQ( t) (t). 

n=2 R3(n-1) 

P r o p o s i t i o n . Let us assume that 

P1. (3 € 8 , A°€» (R1j) ( V v e 8 , Aefi (R1)) 

r(ir,A°) < r(v0,A°) * r(vQ,A). 

P2. (Vii) ( V A n = (n, {Bk})) (3 5 n e A ^ ) 

inf sup R(i>rS) = sup R(tf.tfj = /i , lim = 0. 
o e A , ve9 tf€0 n 1 n

 n»oo
 n 
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Then f o r any e > 0 there exists an optimal observation stra-
tegy = (N°, { B j } ) such that 

b£ = {<jen/Xk(cj) e A 0 } , k=1,2 , . . . , 

= inf {n * 1/pn $ e ] . 

P r o o f , Let A_ = (n, Í B , ) ) be any f ixed observa-
n L J -3 / !<•—11 tion strategy. In view of ?1., f o r k = 2,3 t € 

A „ ( t ) e 35 (R1 ) 

- v . 

r(tr,A°) ^ r ( *0 ,A0 , ) <: r ( i r , A k ( t ) ) , ir e 9 . 

Then the formula (3»1) and the condition P1. imply 
$ R(t>0,Aj) S H(«.0 ,An ) f A° = (n, { b * } ) . 

Therefore in view of F2. i t suf f i ces to note that f o r any e>0 
and any e A g 

E x a m , p. 1 e 1. Let us suppose that 9 = (oc,|b) c R1 

and for any Ve9 the fol lowing conditions hold: o 
( i ) there exist a density function p„.(x,y), ( x ,y ) e R 

of the distribution P ,̂ with respect tc some product measure 

P = Fx ® ¿ V , 
( i i ) the functions ^ ( x , * ) = J L±(xfy) p^ jx .y jdpyfy ) , 

R1 

i=1,2, are integrable with respect to 

( i i i ) there exist integrable partial derivatives — — , 
A O 17* 

x e R , f o r i = 1,2, and the fol lowing equal i t ies are f u l -
f i l l e d : 
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^ J $ i ( x , v )d M x ( x ) = J — ^ d F ï ( x ) , A e S (R ) . 

( i v ) there exisits iro e 0 such that 

. 3$.,(x,ir) r 3$?(x,ir) 
/ - V " d % ( x ) = • J 
A° Â0 

where A0 = [x e E 1/^ (x f irQ) < $2 (x,iro )|. 
Then the condition P1. of the proposition is sat is f ied . 
P r o o f , According to ( i i ) the function r has the 

form 

(3.2) r ( » , A ) = J ^ ( x . iHdH jU ) + / $ 2 ( x , v )dp x ( x ) , Ae©(E1 ) 

Due to the def init ion of A0 

(3.3) r ( * 0 , A ° ) = min r ( v Q ,A ) . 
A6B(R1) 

Besides in view of the conditions ( i i i ) , ( i v ) 

(3.4, d r ( y 0 ) = 0, 

for any ^ e 0 . I t follows that r(ir,A°) does not depend 
on v . Taking into account (3.3) and (3.4) and applying the 
usual reasoning in classical discrimination problems we state 
that the condition P1. is f u l f i l l e d . 

E x a m p l e 2. Assume that 8 = (0,1) and for any 
v e e the distribution P̂ , i s defined as 
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V A * { l } ) " f Py,(Ax{o}} = J* Cl-tr) f2 (x)dx, 
A A 

P^(R 1x {0 , l } ) = 1, Ae3J (R 1 ) , 

where f^ , f 2 are f ixed density functions with respect to |the 
Lebesgue measure, not proportional over a set of a positive 
measure. 

Besides suppose that 

I . , (x ,y ) = 
0, y - 0 

I l y = 1 
» L 2 ( x ,y ) 

L2 , 7 = 0 

0, 7 = 1 * 

Let us res t r i c t ourselves to the strategies = (n, {b^ } ) » 
where Bk = {u e Si /Xk(u) e a}, Aefi(R 1), 
k = 1 , 2 , . . . , n = 1 ,2 , . . . . Let us assume that the loss fun-
ction L depends additionally on in the following way: 

L{tf>,d,An) = ^ } ( * -d ) 2 , t k = / f l { x ) d x f V e 8 , d e 0 , 

and let 
n 

= { « I « - £ » i V i - e i = * A ( x i ' » « i c r 1> = 
n i=1 

R(ir,5,A,n) = iiî L , 5, A n ), i t 8 , S e A A • 

Under the above assumptions the conditions Pl., F2. of the 
Proposition are f u l f i l l e d . 

P r o o f : The form of P^ implies that 

r ( * ,A ) = { tfL^UJdx + / (1 - ir) L 2 f 2 ( x )dx . 

- 830 -
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Now following the discrimination problem we state that there 
exist a positive constant C such that A°={x/C L f J x ) * 
*L2f2(x)} and U»0 = C(1 + C)"1 satisfy P1. 

It is obvious that for any AQ {^^k} i s t^e sequenoe 
of i.i.d. random variables with E U^Y-)) = v f^t ) = 
= 2^(1" )• The Gauss Markov theorem implies that 

i 
inf E-Jir-«)2 = E.J*-*)2, * e 9 

5 e A^ 11 

n 
where 

n 

i=1 

Henoe 
inf sup ) a sup R(*f$-n,An) « n~1. tf-e« a free n 11 

The above equalities imply the condition P2. 

Acknowledgement, I wish to thank E. Pleszczyriska and 
D. D^browska for useful comments and discussions. 
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