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1. Introduction 
In th i s paper we show some methods of construction of 

s ta tes on products and homomorphic images of orthomodular l a t -
t i c e s . We show how one can describe the set of a l l s t a te s on 
the homomorphic image of L, i f one knows th3 description of 
the set of £.11 s ta te s on L. As an application of these me-
thods i t i s proved that the c las ses SPSS and FSS of orthomo-
dular l a t t i c e s with a strongly f u l l (respectively f u l l ) set 
of s t a te s are not closed under ultraproducts. 

2. Basic def init ions and properties 
As in [ l ] , an orthomodular l a t t i c e (abbreviated oml) i s 

considered as an universal algebra (L; A , v , 1 , 0, 1) with* 
the binary l a t t i c e operations A and v , the unary ortho-
complementation operation 1 , and the two nullary operations 
(constants) 0 and 1, the smallest and largest element of 
the l a t t i o e . T.f some subalgebra of L i s a Boolean algebra, 
then we c a l l i t a Boolean subalgebra. We write a l b , , i f 
a $ b' and aCb i f a and b commute ( i . e . the subalgebra 
generated by set {a,b} i s a Boolean subalgebra). 

A s ta te on an oml L i s a map m : L - » < 0 ; 1 > s R such 
that m(l) = 1 and i f a,b e L, a l b then m(avb) = 
= m(a) + m(b). I f m i s a s t a t e , then a O implies m(a)£ 
$ m(b). A set {m^ | t e T } of s t a te s on L i s said to be 
f a l l (strongly f u l l ) i f for any a , b c L 
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2 ff.Godowski 

[ A mt(a) < mt(b)j =>a < b 

(m t(a) = 1 ==* m t(b) = l ) J = > a ^ b, respect ively . 

Any strongly f u l l se t of s t a t e s i s f u l l . The converse i s 
f a l s e (see [1] ) . The c l a s s of omls with a f u l l set of s t a t e s 
we denote by FSS. The c l a s s of omls with a strongly f u l l set 
of s t a t e s we denote by SPSS. Thus, by def in i t ion SFSS S PSS. 

3. S ta tes on the homomorphic images 
T h e o r e m 1. Let a [a] be a canonical e p i -

morphism from olm L to the fac tor -a lgebra L^ = : L/g, where 
g i s a congruence r e l a t i o n on L and l e t J = r { a e L | a ^ 0 } . 

I . Let m be a s ta te on L such that m(a) = 0 f o r 
any a e J . We define m( [x] ) = : m(x). Then m i s a s t a t e 
on L.j .< 

I I . Let m be a s ta te on L^. We define m(x) = : m( [x ] ) . 
Then m i s a s ta te on L and m(a) = 0 f o r any a c J . 

P r o o f . I . I t i s easy to show that m(l) = 
= m( [l] ) = m{l) = 1. Now, l e t [x] X [y] . Then [x] = 
= [ i a j ] , [yj = [x ' a y]„ But x a y' ± x ' a y. Therefore 
i ( [ x ] v , [ j ] l = fi( [x a y^ V [ x ' a y] ) . B ( [ ( x a j ' J v ( x ' a j ) J ) = 
= m((x A y ' ) v ( x ' a y) ) = m(x A y ' ) + m(x'a y) = m( [x Ay'] ) + 
+ £ ( [ x ' a y ] ) = m([x]) + fi([y]). 

I I . Observe that m(l) = m{ [l] ) = 1. Now l e t x l y . 
Then [xj 1 [y] and m( [x] v [y] ) = m( [x] ). + m( [y] ) . Therefo-
re m(xvy) = m( [x a y ] ) = m( [x A y]) = m( [x] ) + m( [y] ) = 
= m(x) + m(y). Thus m i s a s ta te on L. Now, l e t a e J , 
i . e . [a] = [0] . Then m(a) = m( [a] ) = m'( [o] ) = 0 . 

C o r o l l a r y . Let L ,L^ , J be as.above. Let U 
be a set of a l l s ta tes m on L such that m(a) = 0 f o r 
any a e J". Then any s ta te -on i s of the form fi( [x]) =;: 
= : m(x) f o r some m c M. 
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States on orthomodular lattices 3 

4* States on the prod note of omls 
I f {l<t|t e T} is a family of omls and i f mu is a state 

on L a , for some u t T, then m(a) = : mu (a(u)) is a state 

on the produot T T L+ . We give some generalization of this 
tcT * 

method of construction of states on products of omls. 
T h e o r e m 2. Let {l<t | t c T} be a family of 

omls: L r r L + : P be an u ltra f i l ter on T and let m+ 
tcT x z 

be a state on L̂ . for any t c T. Ve define for any a e L, 
e> 0 and r e <0; 1> : 

D(a,r,e) =: { t € T| |m t(a(t)) - r| < e } 

m(>a) = r s j / \ D(a,r,e) c P. 
e> 0 

Then: 
1) m is well defined (i.e*. there exists unique r ) , 
2) m is a state, 
3) a b =>m(a) = m(b), 

P 
P r o o f . 1) We define, by induction two sequen-

ces (an ) and (*>n), such that afl < bn and WQ 6 F for 

any natural number n, where =: { t e T |mt(a(t)} e < a n » b n > } • 
a + b 

Let c =: - — a . Now we define n 2 

n+1 
an i f { t e T |m t (a(t) ) £ <a n ,c f l>} c F 

c„ otherwise 

n+1 
n i f an+1 = 

otherwise. 

It is easy to show that < b f l+1 and W, n+1 P. Now we 
., namely r = lim an< see that there exists unique r , 

2) I f a = 1, then a ( t ) = 1 and conequently m t ( a ( t ) )= 1 
Thus for any t e T. r = 1. Now let a l b , i . e . a ( t ) l b { t ) 

- 819 -



4 R,Godowski 

f o r any t € T. Suppose tha t m(a) = r 1 and m(b) = r 2 . 
Observe that fo r any t e T: | m ^ ( ( a v b ) ( t ) ) - (r^ + r 2 ) J = 
= |m t ( a ( t ) v b ( t ) - + r 2 ) | = | ( m t ( a ( t ) ) - r . , ) + 
+ ( m t ( b ( t ) ) - r 2 ) | <: | m t ( a ( t ) ) - r ^ + |m t (b ( t ) ) - r 2 | . There-
fore f o r every t > 0 : D ( a v b , r . j + r ^ e ) 2 D(a , r . j , | ) n D ( b , r 2 , | ) 
and hence m(avb = r^ + r^,. 

3) Let m(a) = r and a <-o b. Then f o r any-e->0: 
F 

D(b , r ,e) 3 D ( a , r , e ) n{t e T| a ( t ) = b ( t ) } and consequently 
D(b , r , e ) e F, hence m(b) = r . 

R e m a r k . Observe that i f F i s p r i n c i p a l such 
tha t {u} €P then- m(a) = m a ( a (u ) ) ( the symbols are the 
same as in Theorem 2 ) . 

5. S t a t e s on the u l t r ap roduc t s of omls 
An u l t raproduct i s a homomorphic image of product, t h e r e -

fore we can use Theorems 1 and 2 to desc r ibe s t a t e s on u l t r a -
product* 

D e f i n i t i o n » A se t jm .̂ j t e T.j. of s t a t e s on 
L i s sa id to be s t rong l y separab le i f f o r any a ,b e L 

A (m+(a) = 1 => m+(b) £ 0) ] = > a < b , 
_teT x x J 

The c l a s s of omls wi th a s t rong l y separab le se t of s t a t e s w i l l 
be denoted by SSFSS. Thus, by d e f i n i t i o n SSPSS c SPSS £ PSS. 

R e c a p i t u l a t i o n : 

Käme a { b = » t h e r e e x i s t s m € M such t h a t : 

PSS m(a) > m(b) 
SPSS 1 = m( a ) > m(b) 

SSFSS 1 = m( a ) > m(b) = 0 

T h e o r e m 3. I . The c l a ss SSPSS i s closed under 
ultraproducts. I I . The c lasses SPSS and PSS are not. 

P r o o f . I . This part i s a consequenoe of Theorems 
1 and 2 of t h i s paper. I I . We construct the f ami l y of omls 
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|SHTn | n=3,4,5, . . . } such that SWTn e SPSS for any natural 
number n £ 3, however the ultrsproduct of SNT's does not 
belong to FSS. There is the Greeohle diagram of SHTn: 

eéa 
b« 

SNT4 

I t is easy to prove that SNT e SPSS and i f for some sta-
te m, m(an> = 1, then m(bn) . 

Now let P be a non-principal ul traf l i ter•on the set 

{ 3 , 4 , 5 , . . . } . Then the ultraproduct NFS =: T T SNTn/p c a n b e 

schematically presented below 

a 

In this case, i f m is a state of NFS then m(a) + m(b) ^ 1 
though a^b . Thus NFS t PSS. 

6. Problems 
The class FSS, SPSS, SSPSS are cldsed under subalgebras 

and products. Let 3C(K) be the class of a l l homomorphic ima-
ges of a l l algebras from the class K. Then we have: 
SSPSS C3t(SS?SS) Q3f(SPSS) ClC(FSS) Q OML. We do not know 

°3 

SNT 
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6 R.Godowski 

i f these c lasses are a l l d i f f e r e n t . In p a r t i c u l a r , we cannot 
prove or disprove the following conjec ture i 

(C) The c l a s s SSPSS forms a v a r i e t y . 
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