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SOME PROPERTIES OF CERTAIN PROCESSES WITH MEMORY 

1. I n t r o d u c t i o n 
In the paper [2] the not ion of (f l ,k)-system and ( a , k ) - p r o -

cess i s introduced and a lso some p rope r t i e s of (ffl ,k)-pro-
cesses are examined. How we r e c a l l the bas ic d e f i n i t i o n s from 
t h i s paper. 

Let k be an a r b i t r a r y pos i t ive number, fl - a r e a l f u n -
c t i o n def ined on the i n t e r v a l <0;k> and having a bounded 
v a r i a t i o n on t h i s i n t e r v a l . We assume tha t 

(1) 3 Var fl(s) < 1 . 
t*e(0{k> < k - t * » k > 

Let ( C ^ . ^ j ) be the se t of a l l r e a l continuous 
f u n c t i o n s , having as a common domain <0 jk> (<0;+eo) r e s p e c -
t i v e l y ) . Moreover, l e t t ^ Q . j ^ be the se t of a l l f u n c t i o n s 
f e s a t i s f y i n g the condi t ion 

k 
(2) j f (s)da (s ) = f ( k ) . 

0 

The i n t e g r a l on the l e f t - h a n d side of the above condi t ion 
(and a l so other i n t e g r a l s in t h i s paper) i s understood as 
a R iemann-S t i e l t j e s i n t e g r a l . 

D e f i n i t i o n . By an (Q,k)-system we mean an 
operator 
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2 W.Koifcodzie j, J.Wq.sowskl 

M ! C<0;k>-^ ^ <0; +00) 
rJ 

such that for an arbitrary function f e C^q.j^ the follow-
ing conditions are satisfied: 

(3) W | < 0 ; k > = f 

and 

k 
(4) (Mf)(t+k) = J (Mf)(t+s)dft(s), (t ̂  0). 

0 
As it is known ([2]), the operator M is well-defined. 
Any function belonging to the range of an (&,k)-system 

is said to be an (i2,k)-process. 
Let x be an (ffi,k)-process. We can write the equation 

(4) in the form 

k 
(5) x(t+k) = J x(t+s)dQ(s). 

0 

For each t > 0 the function x|/+. + lt,v is said to be 
0 l<to'to+ic> 

a state of the (Q,k)-system. In particular, the state ^I^q.^ 
is called the initial state of (Q,k)-system. 

Let Q be a set of functions f : <0;k> R such that 
1) f is a non-decreasing function on the interval <0;k> 
2) there exists a point c 6 (0;k) such that f{0) < f(c) 
3) there exists a point t* e (0;k) such that f(k)-f(t*) <1. 

L e m m a 1. If $eQ then there exists exactly one 
real number A such that 

(6) | eA(s-k}d*(s) = 1. 

- 768 -



Certain processes with memory 3 

r o o f . The function h(A) = J e A ( s " k ^ d $ ( s ) i s con-
_ 0 

t i / .ous and decreasing on E . Moreover, lim h(A) = +00 and, 
A-» -00 

b? condition 3) , h(A) < 1 for large positive A . 
Note that 

k f d$(s) = 1 = > \ = 0 
0 

k 
J d$( s ) < 1 = > X < 0 
0 

k 
J d$(s) > 1 =i» A > 0 . 
0 

k 
R e m a r k 1. Denote w = / d t ( s ) . I f A i s a r e a l 

0 
solution of the equation ( 6 ) , then 

( 7 ) 

R e m a r k 2. Let ^ e Q ( i = l , 2 ) . I f A± i s a r e a l 
solution of the equation (6) with $ = and - ^ ) i s 
a non-decreasing function theja Â  S I f , moreover, 
($ 2 - $ 1 ) e Q, then A1 < 

2. Absolute value estimation of an arbitrary (Q,k)-process 
Assume that 

(8) 3 Û(Û) — £ (0 ) J 0 . 
oe(0;k) 
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Denote 

(9) »(t) = 
for 

Var fl(s) for t c (Ojk> . 
<Ojt> 

The function 9 is non-decreasing on <0;k> and satisfies 
the condition 2), 3) from the definition of the set Q. Hen-
ce we have $cQ. 

T h e o r e m 1. Suppose that the function a sa-
tisfies the condition (8). If x is {fi,k)-pr|ocess and 
is a real solution of the equation (6).with the function $ 
defined by (9), then 

(10) |x(t)| <eA#t.|i, for t > 0 

— il*t where 6= max e *|x(s)|. 
<°5k> \*t . i P r o o f . Denote y(t) = e x(t) and M = max |y(t)|. 

<0;k> 
Hence we have to show that |y(t)|£M for every t > k. 

Suppose that this is not true. Then there exists t^ > k 
such that |x(t̂ )J > M. Denoting by z the lower bound of the 
set of all t 2 0 such that |x(t)|> jx( t^ )| we have 
|x(r)| = |x(t.|}|* Hence we have % > k and 

|x(t)| < |x(t)| for t < x . 

Since 

•a. ^ 

(11) y(t) = / y(t-k+s).eA (s~k,dQ(s) 

then 

k / 
0 

k k 
|y(t)| • / eA,#(s-k)d«(s) = |y (T ) | < jf |y(t-k+s)| -eA {8-"k,d*(s). 

0 0 
- 770 -



Certain processes with, memory 5 

Hence we have 

k * 
/ eA ( s " k ) ( | y ( t ) | - | y ( t - k + s ) | )dft(s) $ 0 . 
0 

This r e s u l t contradic t s the f a c t that 

c # 0 < J V ( s - k , - ( | y ( t ) | - | y(t -k+s) | )d$(s) $ 
0 

k # 

¿ J ( s - k ) . ( | y ( « ) | - | y (t -k+s) | ) d $( s ) j 

0 

where c e (0 ;k) i s a number from the condition ( 8 ) . 
Let us note that i f the funct ion SI does not s a t i s f y the 

condition ( 8 ) , then the equation (6) has no r e a l so lu t ions and 
x ( t ) = 0 fo r t £ k. In t h i s case the es t imat ion (10) holds 
f o r an a rb i t r a ry r e a l number A . k 

The est imation (10) and the f a c t that / d$(s) = Var ft(s) 
0 <0;k> 

imply the following propert ies of (SI, k ) - p r o c e s s e s : 
C o r o l l a r y 1. Denote V = Var fl(s). 

<0;k> 
a) Let V = 1. Than we have A* = 0. All (£l ,k)-processes 

are funct ions bounded on the in terva l < 0 ; + ° o ) and 

| x ( t ) | $ max |x(6) | . 
<0 }.lt> 

b) Let V < 1. Then we have A * < 0 . All ( f l ,k ) -processes 
tend to zero, when t - » o o . The r a p i d i t y of th i s convergence 
i s at l e a s t 0(e ) . Moreover, f o r (7) we have 

J . 
| x ( t ) | $ Vk-(3. 
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c) Let V > 1. Then we have A* > 0. The absolute value 
of an arbitrary (ft ,k)-process increase when t -•oo not fa-
ster then 0(eA t). 

3. Properties of (^»kj-processes if Si e Q 
T h e o r e m 2. Let SI £ Q. If x is a (ft,k)-pro-

cess, A is a real solution of the equation (6) with $ = fi, 
then for every t £ D 

(12) e ^ t g <x(t) <e M.p,(t 0), for t * t Q, 

where a ( t ) = min e~*s.x(s), liJtn) = max e^xte). 
1 ° < w k > < w k > 

The proof of This theorem is analogical to the proof of 
Theorem 1. 

R e m a r k 3. It is easily seen that functions on 
the both sides of the inequality (12) are (ft,k)-processes. 
This is the best estimation of (S2 ,k)-processes. 

From Theorem 2 we have 
C o r o l l a r y 2. If there exists a number t £ 0 

such that the state x[<t .-t i s non-negative (non-posi-
tive), then the function x is non-negative (non-positive) 
on the interval <t 0; + ©o). ^ 

C o r o l l a r y 3. Let V = / dft(s) > 1. If there 
0 

exists a number t £ 0 such that x(t) ^ 0 for te<t0;tQ+k>, 
then the rapidity of increase of |x(t)| as t — + o o , is 

at least o ( v k ) . 
—At 

Denote y(t) = e *x(t). The function y satisfies the 
eq uation 

k 
(13) y(t+k) = J y(t+s)ea(s~k,dffi(s), for t * 0. 

0 
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L e m m a 2. For an a r b i t r a r y T£0 the e q u a l i t y 

k _ k k _ k 
(14) J e A s di i (s ) J y ( t + t ) d t = f e* adfl(s) J " y ( t ) d t 

0 s 0 s 

h o l d s . 
P r o o f . Prom the e q u a l i t y (13) we have 

X t k 
(15) / y ( t+k)d t = J dt I y ( t + s ) e a ( s - k , d f l ( s ) . 

0 0 0 

Since 

X k _ k _ k 
J dt / y ( t + s ) o A ( B~ k ,da ( s ) = j e A ( s - k , d f l ( s ) / y ( t + e ) d t = 
0 0 0 0 

k _ s+k k _ , k+t 

= / e ^ s - k , d i l ( s ) J y ( t ) d t = / e ^ ^ ^ d a i s ) ( / y ( t ) d t < 
0 s 0 k 

k+t Z k k 
+ J f y ( t ) d t - | y ( t ) d t j = J y ( t+k)d t + jf e ^ ( s - k , d a ( s ) J y ( t ) d t 

s s+î 0 0 s 

k k 
- f e * ( s _ k ) d a ( s ) f y ( t + T ) d t , 

then the e q u a l i t y (15) impl ies (14) . 
k i 

Note, t h a t i f fl e Q, then / (k-s)eA Sdfl( s) 4 0. 
0 

Let g be a number def ined by 

/ e A s di i (s ) J e " A t x ( t ) d t 
(16) 

/ ( k - s ) e A s d û ( s ; 
0 
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and u(t) = e ~ M x ( t ) - g for t •} 0. Prom (16) we have 

J eA s dfi(s) | a(t)dt = 0. 
0 s 

Hence, taking into account Lemma 2, we have for Zi 0 

k _ k 
(17) 

We have 

j eA s dfl(s) J u(t+r)dt = 0. 
0 3 

(18) 0 = J dG(s) J u(t+-r)dt » - | G(s)d J u(t+t)dt 

0 s 0 

k 
= J Gisfu(s+r)ds for t 2 0 

where 

(19) G(s) 
for 3 = 0 

j eA t dfl(t) for s 6 (0}k> . 
0 

T h e o r e m 3. Let £2 e Q and let g be the number 
defined by (16). I f x is an (£i,k)-processf A is a real 
solution of the equation (6) with $ = Q, then the function 

—At 
u(t) = e »x ( t ) - g have zeros in each interval which length 
is k. 

Moreover, i f we assume that A is an increasing function 
on <0;k> , then the function u changes its sign in each 
interval having length k provided that it is not identi-
cally zero. 
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P r o o f of t h i s theorem i s obtained from the g iven 
above e q u a l i t y 

k 
J G(s )u ( s+ t )ds = 0 , f o r t j 0 
0 

and the fo l lowing f a c t s : 
a) i f fl £ Q, then G(s) ^ 0 f o r s e <0;k> and G(s) > 0 

f o r s > c , where o e (0;k) i s a number from the d e f i n i -
t i o n of the se t Q, 

b) i f a i s a f u n c t i o n i n c r e a s i n g on <0;k> , then 
G(s) > 0 f o r s c < 0 ; k > . 

R e m a r k 4. I f a e Q, then A = A*. 

4. P r o p e r t i e s of ( f l , k ) -p rocesses on the i n t e r v a l on which 
they do not change s ign 

Let £¿2 be the fo l lowing non-decreas ing f u n c t i o n s on 
<0;k> 

(20) flJa) o l . T v a r 0(z)+f l (s ) l , Q 0 ( s ) = i -Tva r a U M s j l . 
1 2 L<0}s> J 2 Ii0;js> J 

Prom the Jordan theorem we have 

(21) £ ( s ) = fl^s) - fl2(s), s e <0|k> . 

Taking i n t o account the above e q u a l i t y we can w r i t e the equa-
t i o n (5) i n the form 

k , k 
(22) x( t+k) » f x{t+B)dQ^{B) - f j c ( t+s )d f i 2 ( s ) . 

0 0 

T h e o r e m 4. Assume t h a t a 1 £ Q. Let z be 
c* I 

an ( f l , k ) -p rooes s , A a r e a l s o l u t i o n of the equa t ion (6) 
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with $= ft^. If there exists a £ 0 such that x is s non-
-decreasing function on <a;+oo), then for each t > a we 
have 

(23) x(t) « eXt.(3(t0) for t * tQt 

A 
where ft(t ) = max e~ 3x(s). 

< V V k > 
P r o o f of this theorem follows on substituting the 

condition (11) in the proof of Theorem 1 by the inequality 

jr 
y(t) « j /(t-k+sle^^'dfl^s), for t * a 

0 

where y(t) = e~**x(t). 
T h e o r e m 5. If and \ satisfy supposi-

tions of Theorem 4 and if there exists a finite limit 

lim e~Atx(t) = g, 
t*oo 

then there does not exist an interval <t st +k> (t„ £ a) Xm 0 0 o 
such, that function u(t) * e x(t)-g is negative on this 
interval. 

P r o o f oC this theorem is obtained immediately f»om 
the estimation 

u(t) < max u(s), for t > t , 
< w k > 

where t- is an arbitrary number from the interval <a;+oo), 
Let us now consider the case x is a non-positive fun-

ction on the interval <a, + c*>), where a > 0. Then the fun-
ction -x, being also an (ft,k)-process, is non-negative on 
<a;+oo). Taking into account Theorems 4 and 5 we have 

T h e o r e m 6. Suppose that ft^ e Q. Let x be 
an (Q,k)-process and A a real solution of the equation (6) 
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with. $ = ft^. If there exists a £ 0 such that x is a 
non-positive function on <a,+oo), then for each tQ £ a 
we have 

(24) e M»a(t 0) $ x(t), for t * tQ, 
r* 

where a(t ) = min e~*sx(s). 
< W k > 

T h e o r e m 7. If , x and A satisfy the suppo-
sitions of theorem 6 and if there exists a finite limit 

lim a~^x(t) = g 
t -»oo 

then there does not exist an interval <t ;t hk> (t J a) Ai 0 0 0 
such that thp function u(t) = e~ x(t)-g is positive on this 
interval. 

R e m a r k 5» As it is known, the decomposition of 
the function & 

fl(s) = fl^'s) - Q2(S) 

where ft^, 3 1 0 non-decreasing functions, is not unique. 
The finactions defined by (20) are the most slowly increasing 
among all functions , ftg. This fact and Remark 2 implies 
that a real solution of the equation (6), with $ = de-
fined by (20), is the least number of this kind. 

R e m a r k 6, Let x be an (Q,k)-process not chang-
ing its sign on interval <0; + oo). Prom the estimation (23), 
(24) we have 

|x(t)| « e^.jj, for t ^ 0, 
A 

where 6 - max e" »|x(s)| „ The above estimation of the 
<0;k> 

function x on the interval <0;+oo) is not worse (but fre-
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quently better) than the estimation (10). This follows from 
the following facts 
a] A íA* 
b) if G 2 e Q, then A <A*. 

R e m ¡a r k 7. If the function Q oan be given by 
an integral 

t 
fl(t) = a + | <x(a)ds, t e <Ojk> , 

0 
where ot is an integrable' function (in Lebesque's sense) on 
<0;k> and a is a constant, then 

s s 
Var fl(a) = f |oc(z)| dz, fljajsji (| <x(z)| -a(z) )dz. 
<0}s> o 0 

5. Limit of (0,k)-process if t-»oo 
It is proved in the paper [2] that if for at least one 

(fi,k)-process x there exists a finite and non-zero limit 
lim x(t) = g then 
t 00 

k 
125) J dfl(s) = 1. 

0 
T h e o r e m 8« Suppose that the function A sa-

tisfies the condition (25) and 

k 
(26) J (k-s)dQ(s) i 0. 

0 
If x is an (Q,k)-process and there exists a finite limit 
lim x(t) = g, then 
t * « k k 

J dfl(s) / x(t)dt 
(27) g = ° 

/ (k-s)dfl(s) 
0 
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P r o o f . Writting the function x in the form 
x(t) = g+e(t) we have lim e(t) = 0. The function x sa-

t-̂ oo 
tisfies the equation (14) when A = 0. This implies 

A. A. O. A. A. 

J dfl(s) j x( t )dt » g J (k-s)dQ(s) + J dfi(s) J* e(t+z)dt,- t> 0. 
0 s 0 0 a 

Passing in above equality to the limit as t-»oo , we get 
('27). 

Suppose that the function 3 satisfies the conditions 
(¿5), (26). Let g be a number defined by (27). Taking into 
account-results obtained in section 3 we conclude that the 
function u(t) = x(t)-g satisfies the equation 

k r e 

J u(s+t)d J (a(zj - 0(0))dz =0, t£0. 
0 U 

Since 
K. 

u(t+k) = J u(s+t)dû(.J, t * 0 
0 

then for an arbitrory numbor J wd IIEVQ 

JL 

u(t+k) = J u(s+t)di|) (s), t^ 0 

where 

a 

(28) Vj(s) = 0(a) + I j (Q(z)-fl(0))dz. 
0 

This fact and the Corollary 1b) imply 
T h e o r e m 9. Suppose that function fl satisfies 

the conditions (25), (26). If there exists a number f such 
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that Tar »»(b) < 1, then for every (fl,k)-process x the-
<0;k> Tf 

re exists a finite limit lim x(t). 
t»oo 

T h e o r e m 10. Suppose that the f»notion ft can' be 
given in the form 

s 
fl(s) = a + | a(t)dt + y(s), 

«heve a is so integrable (in Lebesque's sense) function 
on <0;k> , a is a constant and y is a function of jumps 
of the function fl(y(0) = 0). Let the function ft satisfy 
the condition (25). If a is a function positive almost eve-
rywhere pn the interval <0;~k> and Jf is non-decreasing fun-
ction on the interval <0;k> then there exists a number f 
such that Var vk(s) <1. 

<0;k> ? 
P r o o f . Writting the function ^(s) in the form 

s r t 
fj(B) =f <x( t) + J.Joc(z)dz+J*y(t} dt + jf(s) + a 

we have 
A. b 

Var Yt(s) = f a(t)+t-f a(z)dz + t «f(t) dt + y(k). ' rt <0;k> J Q 

Consider now the function y of real variable J defined 

<p(t) = J |«|(a)| ds, 
0 

where ou(s) =<x(s) + f*Joi(z)dz + f*y(s). We will show that 
* 0 

this function has the derivative at the point J = 0 and 
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(29) f ',o) --- j dt ^ j ot(z )dz + fl-(t)j . 

0 

We hav 

,30, X t ) - r ( Q ) . f 
0 

and for every s e <0;k> 

ds 

Ï 

a 

ç j a (z )dz + y ( e ) . 
0 

For almost a l l s from <0;k> (namely for a l l s suoh that 
a ( s j > 0) we have 

• h ( s ) - I , am —* ; = I oc(z)dz. 
* o r i 

lia \ 

Prom (30) and Lebesque's theorem (on the passing to the limit 
under the integral) i t follows that there exists f ' ( 0 ) having 
the form (29). 

Prom (29) i * follows that f ' (0 ) > 0. Hence, we have 

k 
Var f . ( e ) - f(f ) + j-(k) < <f[ 0) + f(k) = f ot ( t ) dt+j-( k) = 1 

<0;k> »

fo r negative, suf f ic ient ly near zero numbers J . 
R e m a r k 9. The suppositions about the function a. 

from theorem 10 can be weakened. Let R be a can interval 
(sum of intervals) on which ot(t ) = 0. We have 
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16 W.Koiodziej, J.W^sowski 

f i V = / a ( t ) + j / a(z}dz+J»y(t) 
< 0 j k> -R 0 

dt + 

t 

I 
R 0 

+ HI • / j OC(3)dZ + f{%) d t . 

I f we suppose that the func t ion a i s pos i t ive almost every-
where on (<0jk> - R), then 

/(On) = / dt ( J a ( z ) d z + y ( t ) j - / dt i f oc(z)dz+jr(t)j . 
<0 ; k> -R \ 0 / R \ 0 / 

This implies the condit ion y'(O-) > 0. 
R e m a r k 10. In p a r t i c u l a r case, i f tt i s a f u n -

c t ion of jumps ( ( f t ,k)-process a f t e r reduct ion to the set of 
na tu ra l numbers i s (a ,k)-computat ion) , then the p roper t i es 
of (£i,k)-processes presented in t h i s paper are known ( c f . [l] , 
b J ) . 
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