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1. Introduction 
In this paper we study the generalized differential equa-

tion 

x(t) € F(t,x(t}) for almost every t e [0,T] 
( 1 ) 

= V t o e 

where F(t,x) is a compact convex subset of a separable Ba-
nach space. This paper is related to the previous paper (Ref. 
[1]) of this author, where the existence of solutions of (1), 
with compact, but not necessarily convex, right-hand side, 
have been considered. We will consider the equation (1) by 
the assumption that F satisfies the Caratheodory conditions 
and that there exists a Kamke function u : [o,T]*R+—• R + 

such that 

(2) x(F(T,b)) $ u>(t,x(B)) 

for each bounded set B c X and almost all t e[o,T], where 
%{k) denotes the ball measure of noncompactness of a bounded 
set A c X. We will prove that the set of all solutions of 
(1) is a compact subset of the Banach space Cm. From this 
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it will follow that the solution set of (1) is upper semi-
continuous with respect to (*0»x

0) £ M, where M is a com-
pact subset of [o,T] "I. Compactness and upper semiconti-
nuity of the solution set of the generalized differential equa-
tion in a Banach space have been considered by Tolsonogov 
(Hef. [2] )• But he considered these problems, among others, 
by the assumption that for every e > O there exists a closed 
set E£ C [0,T] with Lebesgue measure ji { [o,t] \B g t such 
that 

8*0 t'° 

for almost all t € E£ and bo-unded B c X, where T^ ^ = 
= (t-5,t+6) n [0,T]. 

The results of this paper generalized some results of 
J.L. Davy's (Hef. [3]). 

2. Notations and fundamentals lemmas 
Let (X, |*|) be a separable Banach space, |i the lebes-

gue measure on the real line and let Conv(X) denote the me-
tric space of nonempty compact convex subsets of X with the 
Hausdorff metric h defined by h(A,B) = maxfsupa(x,A), 

xeB 
supa(x,B), where ot(x,C) denotes the distance of x from 
xcA 
C e Conv(X). 

Let CQ, 'and Lj denote, respectively the Banach space 
of all continuous or Bochner integrable mappings of [o,T] 
into X with the usual norms || • || and | • |. 

By ;((B) w e denote the ball measure of noncompactness 
of a bounded set B c X, defined by x(B) = i n f {r > 0 : B 
can be covered by finitely many balls of radius £ rj. It is 
a measure of noncompactness equivalent to the measure of non-
compsctness introduced by Kuratowski (Ref. [4] and [5]). 

The oeasurability of single-valued and multivalued map-
pings we will .mean as strong measurability. The following lem-
ma was proved in the author paper (fief. [1], Lemma 2.2), 
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L e m m a 2.1 . Let (X,l»D be a separable Banach 
space, (xn) an i n t eg ra l bounded sequence of measurable fun-
ct ions of [0,T] in to X. Then * ( t ) = %({xn(t) : n > l}) 
i s measurable and 

%({/ x n ( t ) d t s n "i l j ) $ /<p( t )d t 
••B ' B 

fo r each measurable set E c [o,T], 
We w i l l need the following r e s u l t s presented by J.L.Davy 

(Ref, [3]it Theorem 2.8) and Tolstonogov (Ref. [6], Lemma 2 .2 ) . 
L e m m a 2.2. Let X be a metric space and Y 

a normed l i n e a r space. Suppose P : X Comp(Y) i s upper 
semicontinuous at xQ c X, where Comp(Y) denotes the space 
of nonempty compact subsets of Y. I f (x^) i s a sequenoe 
of X convergint to xQ , then 

y c l Q P(xk) C F5P(x0), 
i=1 k=i 

where coA denotes the closed convex hu l l of A c Y. 
L e m m a 2.3. Let X be a Banach space and rs[o ,T]-» 

—* Comp(X) measurable multivalued mapping such that 
h(n( t ) ,{o}) < m(t) f o r almost every t c [o,T], where 
m: [o,T] -»R i s a Lebesgue integrable function.- Then f o r 
every measurable se t E c [o,T] we have 

/ P ( t ) d t = / co T ( t ) d t , 
E E 

where the in tegra l i s meant in Aumann's sense. 
We w i l l now prove the following lemma. 
L e m m a 2.4. Let (X, M ) be a Banach space and 

suppose tha t (un) i s an i n t eg ra l bounded sequence of mea-
surable mappings from [o,T] in to X. Then 
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/ n 0 0 u u k ( t , d t s n 5 3 u / u k ( t , d t 

E i=1 k=i i=1 k=i E 

fo r each measurable s e t E c [ o , T ] , 
P r o o f , Let P ± i t ) = { ^ ( t ) , t ) f o r i = 1 , 2 , , 

and t 6 [O.T]. By the d e f i n i t i o n of the Aumann i n t e g r a l , we 

have / r , ( t ) d t = U / u J t J d t f o r i £ 1. In v i r tue of 
E* 1 M B 1 

Lemma 2 . 3 , we have 

J co r ± ( t ) a t = j r ± ( t ) d t = co J t j d t . 
E E 

Henoe, we get 

S i n c e 

then 

oo » oo ji 
p i J co r y t j d t = p | co j T j j t j d t , 
i =1 E, i =1 E 

- OO OO „ 
J P co r ± ( t ) d t C p J CO r i ( t ) d t 1 

E i=1 i =1 E 

A 0 0 0 0 

j p co r i ( t ) d t c p j o J r ± ( t ) d t 
S i=1 i =1 E 

which completes the pi'-oof. 
Now, we present the following extension of Aumann's r e -

s u l t (Ref. [7]).. 
L e m m a 2 .5 . Let ( X , | * | ) be a Banach space and l e t 

(xjj.) be a sequence of absolute ly continuous funct ions 
x k : [ °> T J X s u c h t h a t 
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(i) xk(t) x(t) as k-»oo , where x : [o,T]-»X, 
(ii) |±k(t)|$m(t) for almost every t e [0,T] , 
where m : [o,T]-*R is a Lebesgue measurable function. Then 
x is absolutely continuous and 

OO CO 
x(t) e p) CO U Xk(t) 

i=1 k=i 

for almost every t£ [o,T]. 
P r o o f . Let us observe that T(t) = Pi co U ¿„(t) 

i=1 k=i K 

is measurable and integrally bounded. Then there exists a mea-
surable selector f of T (Ref, [8] ).In virtue of Lemma 2.4, 
for every tQ, t e [0,T]| tQ < t, we have 
t t OO OO t 
/ f(s)ds e j r ( s ) d s £ n OÍ U I xk(s)ds = x(t) x{t0), 
t0 tQ 1=1 k=i tQ 

beoause Xjjft) —* x(t) as k—n>o Therefore, x is abso-
lutely continuous and x(t) e r ( t ) for almost every t c [0,T], 
This completes the proof« 

3. Compactness of solution set 
Let us assume that F » [6,T]*X —*Conv(X) satisfies the 

Caratheodory conditions, i»e, that F(*,x) is measurable for 
fixed x e X, F(t,*) is continuous for fixed t e [ o # T ] and 
there exists a Lebesgue integrable function m : [OfT]-»-R 
such that h(F(trx)» {o}) $ m(t) for x e X and almost all 
t € [0,tL Furthermore, suppose that condition (2) is satis-
fied. It can be proved (Ref. fl] ), that if (X, |»|) is a sepa-
rable Banach space, then the above conditions imply that for 
every (t0»x0)e there exists at least one solution 
of (1). Denote by H(tQ,x0) the eat of all solutions of 
(1) corresponding to (t »x ) e [o,T] *X» Furthermore, for a 
given nonempty set M «[o^TJ*X, let H(M} = <j{H(t0,xQ) : 
: (t0,x0) € m}. 
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We shall now prove the following theorem. 
T h e o r e m 3.1. Let (X,|*| ) be a separable Ba-

nach space and suppose that P s [o,T]*X-» Conv(l) satisfies 
the Caratheodory conditions. If furthermore, F satisfies the 
condition (2), then for every nonempty compact set U c [o,T]«I, 
the set H(M) is a compact subset of C^. 

P r o o f . Let us observe that for each x e H(M) 
there is (t0.x0) e M such that x(tQ) = xQ, ||*||<|*0| + 

+ | m(t)dt and |x(t)| <;m(t) for almost all tc [ o,T]. Then 
0 ' 

H(M) is a bounded and uniformly equicontinuous subset of CT. 
Let (xn) be a sequence of H(M) and let A = : n £ 
Since A c H(M), A is a bounded and uniformly equicontinuous 
subset of CT, too. Let {(to»3^)] b e a ae<3uie':lce o f M auoh 
that x (*Q) = By the compaotness of M, there exists a 
subsequence of {(^0»^)}» say again { ( a n d ^o'*«)^ 
e M, such that |t"-tl + I I 0 as n -»oo . p o r each ' | 0 01 I 0 01 

t 
n £ 1 and t € [o,T] we have = + j xQ(s)ds. Then 

n > 1 I ifl(s)d£ n > 1 

j xn(s)ds : n ^ 1 ' ]+Jc( ' f ¿Q(s)ds j n £ 1 

for t e [0,T]. In a similar way, as in the previous paper 
of the author (Ref. [ij) > we can show that | "t"601 —^ 0, 
and |in(t)| $ m(t) for almost all t [0,T], imply that 

> . ft I x (s)ds : n ^ 1 > ) 0 as n 
k V 

00. Therefore, we have 
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A{ t ) ) u(s,%(A(s) )ds. Then A is a compact subset of 

C|j,* Suppose that (x k ) i s a subsequence of (xQ) such that 
||xk-x|j-»0 as k - * o o , where x c C^. In virtue of Lem-
ma 2 . 5 , || x^-x |-»• ,0 and l * ^ * ) ] £ n ( t ) for almost every 
t t [o,l] , Imply that x i s absolutely continuous and 

x ( t ) e H co 0 x , J t ) for almost every t e [ 0 , l ] . Hence 
i=1 k=l K 

and Lemma 2 . 2 , i t follows that , x ( t ) c F ( t . x ( t ) for almost 
a l l t € [o,T]. Since, |xk-x|| — 0 , | t j - t 0 | + x Jhx J — 0 as 
k - » o o and x k ( t £ ) = x£ for k = 1 , 2 , . . . imply that x ( t Q ) = 
= xQ , then x e H(M) and the proof i s complete. 

4. Upper semicontinulty of the solution set 
As a Corollary of Theorem 3 , 1 , i t follows that for every 

compact set MC [o , l ] * I , the mapping H : M—• Comp(CT) i s 
upper semicontinuous, Let S p (z ) be an open ball of C ,̂, 
centered at z e CT and with the radius r > 0 . Furthermore, 
for A c Cm and e > 0 l e t Ae = U S-(x). 

1 . xcA 
T h e o r e m 4*1» Let (X,|»| ) be a separable Ba-

nach space and suppose that tjie assumptions of Theorem 3*1 
are sat isf ied« Then for every nonempty compact set Mc[o ,T]*X 
the multivalued mapping H : M a (tQ^x 0) -»• H(t Q f x 0 ) €Comp(CT) 
i s upper semicontinuous^ 

P r o o f * Let M be a given nonempty compact subset 
of [0,T]xX and ( t Q , x 0 ) e M. Assume that K is not upper 
semicontinuous at ( t 0 » x 0 ) * Then there ex is t s e > 0 such 

that for a l l 5 > 0 , H(Sfi ( t Q , x 0 ) n M) <f. YLC°{tQ ,xQ). Choose 

x k e H(S- 1 ( t 0 ,x 0 ) n M) and x k £ H ° ( t 0 , x 0 ) . Since x k t H(M) 
i 

for k = 1 , 2 , . . , . and H(M) i s a compact subset of CT, 
there ex is t s a subsequence of ( x k ) , say again ( * k ) , and 
x e H(M) such that || x k - x | 0 as k - » o o . Furthermore, 

there i s a sequence o f n M s u c h that 
k 
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x k ( t£ ) = x£ and |tJ-tQ| + | x j - x j — 0 as k o o . Hence 
i t i s easy to see that x ( t Q ) = xQ. Thus, x e H ( t Q , x ) . On 

the other ha|nd, xk t H ( t 0 » x 0 ) f o r each k ? 1, There-
fore , x £ H ( t 0 , x Q ) . Prom this contradiction we conclude that 
H is upper semicontinuous on M. This completes the proof. 

R e m a r k 1. We can take in the aborve theorems, F 
such that F ( t , » ) i s upper semicontinuous fo r f ixed t e [ o , T ] , 
instead of continuous. 

REFERENCES 

M. K i s i e l e w i c z : Multivalued d i f f e r en t i a l 
equations in separable Banach space, J. Optimization Theo-
ry Appl. (subbmitted to pr int ) . 
A.A. T o l s t o n o g o v : On properties of Solutions 
of d i f f e r en t i a l inclusions in Bailach spaoe, (Russian), 
Dokl. Acad. Sci . USSR, 248 (1979) 42-46. 
J.L. D a v y : Properties of the solution set of a ge-
neralized d i f f e r en t i a l equation, Bull . Austr. Math. Soc. 
6 (1972) 379-398. 
K. K u r a t o w s k i : Sur les espaces completes, 
Fund. Math. 15 (1930) 301-309. 
H. M o n c h : Boundary value problems f o r nonlinear 
ordinary d i f f e r en t i a l equations of second order in Banach 
spaces, J. Nonlinear Analysis, Theory, Methods and Appli-
cations 4 (1980) 985-999. 
A.A. T o l s t o n o g o v : On support functions of 
convex Compact Sets, (Russian), Matematiceskije Zamietki 
22 (1977) 203-213. 
R.J. A u m a n n : Integrals of set-Valued functions, 
J. Math. Anal. Appl. 12 (1965) 1-12. 

- 760 -



Compactness and upper semicontinuity 9 

[V] K. K u r a t o w s k i , C. R y l l - N a r d z e w -
s k i : A general theorem on selectors, Bull. Polish 
Academy of Sciences 13 (1965) 397-403. 

INSTITUTE OP MATHEMATICS AND PHYSICS, HIGHER ENGINEERING 
SCHOOL, ZIELONA GÒRA 
Received Pebruary 16, 1981. 

- 761 -




