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TOWARDS THE CLASSIFICATION OF DISCRIMINATION PROBLEMS 

1. Introdaction 
Marshall and Olkin in [l] consider some special discrimi-

nation problems which differ significantly from classic ones. 
However, their ideas are not presented in a clear way. The 
difficulties in presentation follow from the fact that no uni-
fied scheme for discrimination problems is generally accepted 
and no classification exists. The present paper aims to be 
a first step towards the classification of discrimination 
problems. 

Since the terminology of these problems is stimulated by 
interpretations and applications, it is necessary to consider 
first practical discrimination problems called "praproblems". 
In every discrimination praproblem there is a population of 
objects characterized by two features (X, Y) which are real 
or vector-valued. The population is divided into m (m £ 2, 
may be also m = oo ) subpopulations. The aim of the investi-
gation is to classify some object selected from the popula-
tion to one of the subpopulations when the full information 
about its origin is not available. 

It is assumed that the population is divided into sub-
populations according to the values of Y only. The decision 
concerning the object under examination is usually made on 
the basis of the value x of X observed on the object; 
in some particular cases it is possible to observe additional-
ly the value y of Y. Sometimes it is also possible to base 
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the decision on additionally observed objects forming a com-
plementary sample. 

Feature Y may be simply defined as the index of the 
actual subpopulation. In this case the consequences 0/ deci-
sion making depend on the indices of actual and chosen sub-
population only. 

To transform a praproblem into a formally stated statis-
tical discrimination problem it is necessary to make some 
assumptions about the joint distribution of X and Y which 
characterizes the occurrence of (X, Y) for the selected ob-
ject. In a probabilistic problem the distribution is comple-
ment ely specified while in a general statistical problem it 
is specified up to a family of distributions. The assumptions 
concerning the true distribution affect the degree of diffi-
culties in solving the problem, i.e. in finding a satisfacto-
ry decision rule which assigns objects to subpopulations. 
A precise statement whiat is meant by a satisfactory decision 
rule is also a part of the formulation of the problem. 

In the present paper we consider discrimination problems 
in the case when: 

(i) the value of Y is not necessarily the index of the 
subpopulation to which the object belongs; 

(ii) the consequences of the classification depend not 
only on the index of the actual subpopulation but more gene-
rally on the value of Y; 

(iii) the true distribution of (X, Y) is known up to 
the marginal distribution of Y i.e. the family of distribu-
tions including the true distribution of (X, Y) is indexed 
by marginal distributions of Y; 

(iv) a complementary sample is not admitted; 
(v) the observation scheme is such that x's are observed 

for any objects and y's for some of them. More precisely, 
a subset % of is introduced such that for x e A the 
value y of Y is also observed. Consequently for x e A 
the experimenter knows the index of the actual subpopulation; 
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(v i ) the subset % may be e i t h e r s p e c i f i e d a p r i o r i or 
i t , may form a par t of the s o l u t i o n of the problem. 

Assumptions ( i ) , ( i i ) , ( iv ) and (v) were in t roduced by 
Marshal l and Olkin as a g e n e r a l i z a t i o n of the c l a s s i c a l p ro-
b a b i l i s t i c d i s c r i m i n a t i o n problem. On the o ther hand, ( i i i ) 
and (v i ) i n d i c a t e n a t u r a l g e n r a l i z a t i o n s of Marshal l -Olkin 
problem. 

A gene ra l scheme of a d i s c r i m i n a t i o n problem s a t i s f y i n g 
( i ) - ( v i ) i s ou t l ined i n the sequel according to the idea 
of s t a t i s t i c a l dec i s i on prbblem given in [3]. I n Sec t ion 2 
and 3 a d i s c r i m i n a t i o n macroproblem and t y p i c a l d i s c r i m i n a -
t i o n problems are considered f o r any chosen X . In Sec t ion 4 
we t u r n to the s i t u a t i o n when may vary .over a se t TV of ad-
mitted subse t s of 

2. A d i s c r i m i n a t i o n macroproblem 
Let be given and l e t A, c Q x . A d i s c r i m i n a t i o n macro-

problem S^ desc r ibes how an ob jec t i s drawn from the popula-
t i o n , what i s admitted to be observed and what i n fo rma t ion 
about the ob jec t i s needed. We cons ider S^ of the form 

(1) SA = (M, T a , D, i ) 

where the symbols have the fo l lowing meanings: 
M i s a s t a t i s t i c a l space I t c o r -

responds to the ob jec t under c o n s i d e r a t i o n , which i s d e s c r i b -
ed by (x ,y) € ft x ft . The objec t i s supposed to be drawn 

x y 
i n such a way t h a t the chances of occurrence of (x ,y) are 
descr ibed by some d i s t r i b u t i o n P e 9 . 

T^ i s a maximal observable s t a t i s t i c . Formally T^ i s 
a measurable f u n c t i o n from (ft * ft , OL ® d ) i n t o (C1 x cT, __ x y x y x y 
tt ® QL), such tha t x y 

T^(x,y) = . 
(x, y) x e X 

(x ,y 0 ) x i A , 

where = Q y u j y 0 j , y 0 I Qy and tty = 6 (H Y , y 0 ) . 
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D i s a s e t of d e c i s i o n s equal to j l , . . . , m j whose, e l e -
ments correspond to the i n d i c e s of subpopulat ions . 

i i s a f u n c t i o n which ass,igno to y the number of sub-

populat ion to which o b j e c t s wi th I = y belong. I t f o l l o w s 

that maps i n t o D. This f u n c t i o n i s needed to e x p l a i n 

the meaning of d e c i s i o n s i n DJ d e c i s i o n " i " means t h a t " the 

examined o b j e c t has the value y of Y such t h a t L(y) = i " . 

We introduce here I i n s t e a d of th-3 semantic r e l a t i o n men-

tioned i n [3] s i n c e , e v i d e n t l y , I uniquely d e f i n e s t h i s r e -

l a t i o n i n the way presented above. On the other hand, as D 

i s f i n i t e i t i s not necessary to introduce a 6 - f i e l d of i t s 

s u b s e t s . Thus S^ g i v e n by (1) d e s c r i b e s the problems s a -

t i s f y i n g ( i ) , ( i v ) and ( v ) . 

3. D i s c r i m i n a t i o n problems w i t h f i x e d A 

A d i s c r i m i n a t i o n problem corresponding to a f i x e d X i s 

a t r i p l e 

(2) ( s A , n A , w A ) 

where D^ i s a s e t of elements needed to c h a r a c t e r i z e d r e -

quired p r o p e r t i e s of d e c i s i o n r u l e s and Ŵ  i s a s e t of s o -

l u t i o n s . Obvious ly , the d e s c r i p t i o n s of D^ and Ŵ  depend 

on the assumptions about the fami ly 9 of d i s t r i b u t i o n s . We 

s h a l l c o n s i d e r two c a s e s : when P c o n s i s t s of one d i s t r i b u -

t i o n only (p p r o b a b i l i s t i c case) and when 9 c o n s i s t s of d i -

s t r i b u t i o n s P-jj- y wi th v a r y i n g marginal d i s t r i b u t i o n s Py 

and known c o n d i t i o n a l d i s t r i b u t i o n s ?x|Y=y* 

3 . 1 . P r o b a b i l i s t i c problems 

As a f i r s t element of l e t us introduce the s e t of 

a l l considered d e c i s i o n r u l e s A ^ . We want to cons ider here 

observable randomized d e c i s i o n r u l e s i . e . f u n c t i o n s which 

map £2X * £2y i n t o the c o l l e c t i o n of a l l p r o b a b i l i t y measures 

concentrated on D - {1 , . . . ,m} and be measurable wi.th r e s p e c t 

to 6 ( 1 ^ ) . As each d i s t r i b u t i o n i s uniquely determined by 

a v e c t o r of p r o b a b i l i t i e s of p a r t i c u l a r d e c i s i o n s from D, 
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we customarily introduce decision rules as functions 5 such, 
that 5(x,y) = (¿^(x.y).d^fx.y)); 6±{x,-y) is the proba-
bility of decision i assigned to (x,y). 

As a next element of D ^ we introduce the function: 

(3) 1 : «D — R + 

such that for any d c D 

(4) Ky, i (y)) < Ky,d) 

and 1 is integrable with respect to 
The meaning of 1 is s.uch that l(y,,d) describes the 

consequences of assinging an object to the subpopulation d 
when the feature Y takes on the value y. Formula (4) sta-
tes that the consequences are less ever when d is equal 
to the actual number of the subpopulation l(y). 

Function 1 is used to evaluate losses for any object 
characterized by (x,y) and reckoned tu subpopulation d. 

Next, we introduce a risk function R^: A^-*-R such that 

(5) 
- m 

R/i(í) I ¿ J ity.i^i^.yJdF. 
®x ®y 1 = 1 

We assume that 1 is suitably chosen to ensure the existence 
of R^ for any S c A ^ an<3 t o allow the interchange of the 
sign of summation and integration in the case m = ©o in 
(8) below. Thus D ^ is in this case formed by and the 
functions 1 and R^. 

We consider here the set of solutions 77* formed by the 
decision rules which minimize R^, i.e. by such decision 
rules SQ for which 

(6) R - i W = „"«in R.(ff). 
* 0 5 e A ^ A 

Let A ^ be the set of decision rules which fulfil the con-
dition: 
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(7) A^ = 5 e A ^ : ^ ( x . y ) = 

1 x e A i ( y ) = i 

0 x e A i ( y ) t i 

t ± ( x ) 

f o r some nonnega t ive f u n c t i o n s t _ j , . _ , t m on fl^.. 
Pormules ( 4 ) , (6) and the o b s e r v a b i l i t y of y ' s f o r x ' s 

b e l o n g i n g to A imply t h a t W^cA^. 

(8) rain R.( f f ) = min R . ( 5 ) = f l ( y , L(y)) dP + 
eAo A • ffe A? A J 

A*£2v 

+ mm 
5 e A A (Q^-AJxfty i=1 

/ K y . i j . t ^ x J d P = / l ( y , l ( y ) ) d P + 

m + / X! Vx) / dPx 
I t f o l l o w s t h a t the o p t i m a l d e c i s i o n r u l e 5 i s the element 
of A^ w i t h t ^ s s a t i s f y i n g the c o n d i t i o n 
i i I ( x ) => t ^ i x ) = 0 where f o r any x e fix I ( x ) c o n s i s t s 
of a l l i n d i c e s k such t h a t f o r any j = 1 m 

J l ( y , k ) d P y | X < f l ( y , j ) d P Y j x -

S Q y 

Thus we have ob ta ined the s o l u t i o n of the problem i n which 
the r i s k d e f i n e d by (5) i s minimized. Obvious ly , the r e q u i r e -
ments conce rn ing the s o l u t i o n may be s t a r t e d i n many o t h e r 
ways. 

3 . 2 . S t a t i s t i c a l problems 
Assume now t h a t t he f a m i l y of d i s t r i b u t i o n s P c o n s i s t s 

of d i s t r i b u t i o n s i n which P v i v „ i s known f o r any y , wh i l e 
1 y o marg ina l d i s t r i b u t i o n s Py may be a r b i t r a r y . Let Ty denote 

the s e t of d i s t r i b u t i o n s P Y . We c o n s i d e r he re such a problem 
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i n which a l l the elements in D«̂  descr ibed in 3.1 are s t i l l 
needed wi th the only change t h a t the r i s k R^ i s now a f u n -
c t i o n from A^ Py in to H. There are two most common 
approach: bayes ian and minimax. In the bayesian approach some 
d i s t r i b u t i o n Py e 9y i s chosen and an optimal s o l u t i o n i s 
cons t ruc ted i n the same way as s t a t ed i n 3 .1 . 

I n the minimax approach the optimal dec i s i on r u l e f u l f i l s 
the c o n d i t i o n : 

Sn 
Ra(6n> PY ) = 111111 SUP py) A 0 Y 5e A^ PyeiPy * X 

5" e where Py i s def ined f o r any 0 by 

R a ( 5 , Py) = sup Py) . 
Py t fy 

4. F i n a l remarks 
The problem considered i n Sect ion 3 may be gene ra l i zed to 

those i n which A v a r i e s over a chosen s e t of subse t s of 
Q^. Thus we seek not only a s u i t a b l e d e c i s i o n r u l e 8 but 
a lso a s u i t a b l e subset A . According to [3] the problem i s 
then descr ibed by ( ( • , W) where W i s the s e t of 
s o l u t i o n s c o n s i s t i n g of p a i r s (A, 5), with r equ i r ed proper -
t i e s and • i s a se t of elements chosen as u s e f u l to cha rac -
t e r i z e the s o l u t i o n s . We cons ider here problems i n which • 
c o n s i s t s of the fo l lowing e lements : 
( i ) a family of s e t s of dec i s i on r u l e s A ^ and f u n c t i o n 1 

(compare Sec t ion 3 . 1 ) , 
( i i ) a family of r i s k f u n c t i o a s where R^ i s de-

f i n e d as in (5 ) , 
( i i i ) a fami ly of cost f u n c t i o n s ( c » ) j - a where c . : Q v — » K . 
The s e t W i s now a subset of E = {(A,5) :A e A , SeA-^j 
We s h a l l cons ider W corresponding to the fo l lowing order ing 
i n E 
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(A',5') B\IP fRA(a, Py) + Bp c J $ 
^Y y Y j 

^ h<r- ̂ + % •*] • 
Then W is the set of (A0,50) e E such that 

[ V * - * 1 + V « . ] • A p A h ( 5 ' v + v * } 

Thus in this case W is the set of minimax solutions with 
respect to the sum of the risk and of the expected cost. 
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