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THE GROUP AND THE EDGE-GROUPS OF A MULTIGRAPH 

1. I n t r o d u c t i o n , d e f i n i t i o n s 
I n [2J and [5] the au thors have proved t h a t f o r a non-

empty f i n i t e graph the group and the induced edge-group are 
isomorphic i f and only i f the graph con ta ins n e i t h e r K2 as 
a component nor two or more i s o l a t e d v e r t i c e s . Prom Whitney's 
r e s u l t s [6] i t fo l lows t h a t f o r a nonempty f i n i t e graph the 
induced edge-group and the edge-group are isomorphic i f and 
only i f not both K^ and K̂  ^ are components of a graph 
and none of the graphs K^, K^-x, and K̂  (x i s an edge) 
i s a component of a graph. I n [4] the au thor has shoved t h a t , 
wi th f o u r excep t ions (Kg, K^, K^-x, K1 y - x ) , the group and 
the edge-group of a connected graph are isomorphic . 

I n t h i s paper we s h a l l s tudy the connect ion between the 
group and the edge-groups of a mul t igraph. 

By a multigrap|hsjG we mean an ordered t r i p l e (V(G),X(G), 
F(G)) where V(G) i s a nonempty s e t ( i t may be an i n f i n i t e 
s e t ) oa l l ed a v e r t e x - s e t , X(G) i s an a r b i t r a r y s e t c a l l e d an 
e d g e - s e t , and F(G): X(G) V(G)*V(G) i s a mapping from X(G) 
to the .set of unordered p a i r s of V(G). The mapping F(G) 
i s c a l l e d an incidenoe- mapping. I f x e X(G) and F(G)(x) = 
!» ( u , u ) , x i s c a l l e d a loop; i f x ,y e X(G) and 
P(G ) (x) = F(G)(y) , then x and y are c a l i e 4 mul t ip le e d -
g e s . For v c V(G), l e t Sghr') = {x e X(G):F{Q)(x) = ( v , v ' ) 
f o r some v ' c 7(G)}. S r ( v ) i s c a l l ed the c l u s t e r a t v and 
C i s a c l u s t e r i f C = Sf,(v) f o r some v e V(G). C i s o a l -

- 659 -



2 J.Gela 

led a star, or star with center v, if C CSQ(v). A vertex 
v e V(G) is a terminal vertex of G if there exists a ver-
tex v'jiv such that 0 ¡é SQ(v) SG( v '). If SQ(v) = ft, 
then v is- called an isolated vertex of G. If every ver-
tex of G is isolated, then G is called an empty multi-
graph, The empty multigraph with |v(G)| = 1 is a trivial 
multigraph. The union U G. of multigraphs G., i c i , 

iel 1 1 

where V(G±) n V(G^) = ff for i J J, is defined as the multi-
graph with V(U G, ) = U V(G. ), X(U G, ) = U X{Gj ), 

ici ici 1 i d 1 iel 1 

and P ( U G. )(x) = F(G,)(x) for each x e X(G. ) and i e I. 
i d 1 1 1 

G is a connected multigraph if. it cannot be expressed as the 
union of two multigraphs; otherwise it is disconnected. Any 
disconnected multigraph G can be expressed as the union of 
connected multigraphs,; each of these connected multigraphs 
is called a component of G. A multigraph which has neither 
loops nor multiple edges is a graph* Another terms and déno-
tions used and not defined in this paper can be found in [l], 

2. The isomorphism and the edjge-isomorphisms of multi-
graphs 

Let G and H be two multigraphs. An isomorphism f 
of G onto H is a one-to-one mapping of V(G) onto V(H) 
with the property that for each pair of (not necessarily dis-
tinct) vertices v,v' EV(G), |p(G)"1 (v,v') | = |p(H)~1 (y>(v), 
p(v'))|. An edge-isomorpbism «y of G onto H is a one-
-to-one mapping of X(G) onto X{H) such that for each pair 
x,x'e X(G), x,x'e SQ(v) for some v è V(G) if and only if 
ip(x), i|»(x') c Sjjfv' J for some v'e V(H), An edge-isomorphism, 
f is induced by an isomorphism f if for eaoh x e X(G) we 
have, P(G)(xj) = (v,v') if and only if P(H)(y(x)) = 
= (f(v),f(v'}). 

We now shall consider simple relationships between the 
isomorphisms and the induced ed&e-isomorphisms of multigraphs. 

T h e o r e m 2.1. An edige-isomorphism ip of G onto 
H is induced by an isomorphism f if and only if for every 
x e X(G), 
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f(y(G)(*j) « p(H)(f(*)). 
• 

P r o o f . First, let y be an edge-isomorphism of G 
onto H induced by f and let F(G)(x) = (u,v). Then 
P(H).(r(x)) - (̂ >(u) ) « <piu,v) =y(F(G)(x)). 

»ow let y(F(G)(x)) = *(H)(y(x)). If P'(G)(x) = (u,v), 
then {f(a),f{?)) = ?(u,v) = f(F(G)(x)) = F(H)(«H(X) ). • On 
the other hand, if F(H)(vU)) = <f (u) ,?(v)), then (u,v) = 
- f'Vu.v) = (y(u) ,y(v)) = y~1(F{ H)(4»(X))) « 
« <f1(f(F(G)(x))) = F(G)(xJ. 

T h e o r e m 2.2. If an edge-isomorphism of G 
onto H is induced by y^ and an edge-isomorphism qi2 of 
H onto S is induced by <f2* then Ĥ*-] i a 811 edge-iso-
marphism of G onto S induced by 

P r o o f . It is clear that ^ ^ is an edge-isomor-
phism of G onto .S. Let F(G)(x) = (u,v). Since is 
induced by PtHJiy^x}) = (y>1 (u) (v)) and sinoe y 2 
is induced by if2, F(S) ( y ^ (x)) = (y2<fi ( »?2?1 T h e r e~ 
fore i s i n d u o e d 

T h e o r e m 2.3. If an edge-isomorphism ip of G 
onto H is induced by <f , then) ip"̂  is an edge-isomorphism 
of H onto G induced by f~1. 

P r o o f . Evidently, IJ> is an edge-isomorphism of 
H onto G. Let y be an edge-isomorphism of G onto H 
induced by f . Then, by Theorem 2.1, for every x e X(G), 
f>~1(F{H)(V(x))) = F(G) (x) = F(G)(f"1i*(x)). Since for each 
y e X(H) there exists x e X(G) such that y = q>(x), the-
refore, for every y e X(H), ?~1(F(H){y)) = F(G) (s»~1 (y)), 
whencB, by Theorem 2.1, tp"̂  is induced by 

The edge-isomorphisms not induced by any isomorphism was 
described by Hemminger in [3]. For the purpose of presenting 
these results we need a few additional definitions. 

A multigraph G' is a multiversion of G if G is a sub-
multigraph of G', with the same vertex-set as G', such 
that there is a partition {H(X): X e X(G)} of X(G') with 
M(x) a set of multiple edges containing x for each 
x € X(G). 
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4 J.Gela 

Let f be a one-to-one mapping of 1(G) onto X(H|) and 
let if preserves multiple edges A pair of multigraphs, G' 
and H', is a ip-multiversion ,of the pair G and H if G' 
and H' are multiversions of G and H with partit|i|ons 
{li(x): x eX(G)} and {l(y)x y c 26(H)} respectively, suoh 
that there is a one-to-one and onto mapping 41' 1 X(G') •—• 
*-»X(H') with if>'(M(x)) m N(tji(x)) for eaoh x e-X(G). 

ffp say that Ĝ  is a terminal piece of G based at u 
if G = G1 u G2 with VfG.,) r» V(G2) = {a}. 

Now we shall describe three pairs of multigraphs G and 
H for which there exists an edge-isomorphism 41 not induoed 
by any isomorphism. 

(1) G and p are multigraphs with the property that 
their edge-sets are clusters or triangles (with multiple ed-
ges) and 41 is arbitrary except that y or 4» does not 
preserve stars, loops, or multiple edges. 

(2) The pair, G and H, is a 6-multiversion of the 
pair of graphs K^ and K^ or K^-x and K^-x (x is an edge) 
where 6 is an edge-isomorphism not induoed by any isomor-
phism in either oases. 

(3) Let the pair, G' and H', be tf-multiversion (with 
partitions 

{M(X)} and {N(X}} r6spectively) of the pair 
of graphs K^ 3+Xq and K^ 3+yg w^ e r 0 i s a n edge-is o-
morphism not induced by any isomorphism. Let V(K^ 3+Xq) = 
= {v0,v1fv2,v3}f X(K1j3+xq) = {x0,x1,x2,x3}, FiK^+XQHxQ) = 
= (v1tv2), F-fl̂  3+x0)(x1) = (v0,v1)-r i»l,2,3, and 6(x.j) - x^, 
3 = 0,1,2,3. Then M(xj) is a terminal star (with center 
vQ) of. G' based at vQ. Similarly let the star. N(x^) of. 
H' be based at v^. Now the pair G and H we obtain from 
the G' and H; respectively by replacing M(x3) and N(xq) 
by terminal stars A based at Vq and B based at Vq 
with |A| = |M(X3)| and |B| = |N(X^)|. Let if be any one-
-to-one mapping from X(G) onto X(H) with the property that 
4»(A) = N(xp, i|>(M(x̂ ) u M(x2)) - N(xjj) uN(x^), and v(M(x0)) = 
= B. Then 4» is an edge-isomorphism of G onto H that is 
not induced by any isomorphism. 
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T h e o r e m 2.4 (Hemminger. 1971). Let q> toe an 
edge-isomorphism of 6 onto H, G and H oonneoted multi-
graphs, where q> is not induoed by an isomorphism and where 
G and H are not as in (1), (2), or (3) above. Then G has 
a terminal pieoe G^ based at u and H has a terminal 
pieoe H1 based at v such that tp )) & XtH^), 
ij)(SG(u)) = SH(v), 4) restricted i.o G^ is not induced by 
an isomorphism, and where G^ and H^ are one of the fol-
lowing: (a) terminal stars with center u or v, (b) termi-
nal triangles, or (o) a terminal triangle and a terminal clu-
ster with center w i u,v. 

3. The group and the ind-uced edge-group of a multigraph 
An isomorphism of G onto itself is called an-automorphism 

of G. The set of all automorphisms of G i3 a group r(G) 
called a grcup of G. An edge-isomorphism of G onto itself 
is called an edge-automorphism of G. The set of all edge-
-automorphisms of G is a group r'(G) and from Theorems 2.2 
and 2.3 it follcws that the set of edge-automorhpisms induced by 
all automorphisms of G is its subgroup P*(G). The first 
group is oalled an edge-group of G an the second one is 
called an induced edge-group of G. For the study of a re-
lationship between the induced edge-group and the group of 
a given multigraph we shall define additional two groups. Na-
mely, let us denote by P^(G) the set of all automorphisms 
of G which induce the identity mapping on X(G), and let 
r^(G) be the set of all edge-automorhpisms of G induced 
by the identity mapping on V(G). It is clear that T1(G) 
is a subgroup of P(G) and T*(G) is a subgroup of h*(G). 

T h e o r e m 3.1. Let ty be an edge-automorphism 
of G induced by f . Then <p € T*(G) if and only if 
<pe P.j (G). 

P r o o f . Let «j» g r*(G). Then iji"1€r*(G) and so 
4>"1 is induced by the identity mapping on V(G). Let <f be 
any automorlphism that induces i|i . Then, by Theorem 2.2, 
H>~1 "p - is induced by f and therefore 
f € ̂ {G). 
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Conversely, l e t <per . j (G) . Then <p~1 e T ^ G ) and so f>~1 

induoes the i d e n t i t y mapping on X(G). Let i|> be any edge-
-automorphism induoed by <p . Then, by Theorem 2.2., f = 
= idy ( G ) induces y = y . Thus ( j j e r* (G) . 

t h e o r e m 3 . 2 . An automorphism <p i s §n element 
of (G) i f and only i f f f i x e s 

(1) eaoh nonterminal v e r t e x of G which i s not an i s o -
l a t e d v e r t e x , and 

(2J every t e rmina l v e r t e x t h a t i s a v e r t e x of a component 
having a l so a t l e a s t tme nonterminal v e r t e x , and 

(3) each s e t of v e r t i c e s of a component having only t e r - . . 
minal v e r t i o e s . 

P r o o f . Let y>€ T^iG). Since the i d e n t i t y mapping 
on V(G) f i x e s each v e r t e x of G, we may assume t h a t f 4 
t i d v j G j . Let u be such v e r t e x of G f o r which </>(a) = 
= v t u and l e t us cons ider two cases . 

C a s e 1. Assume t h a t the re e x i s t s x e X(G) such 
t h a t F(G)(x) = ( u , v ) . I n t h i s case both u and v are 

i 

e i t h e r nonterminal non i so la t ed v e r t i c e s or t e rmina l ones. 
I f u and v are nonterminal and non i so l a t ed v e r t i c e s , then 
the re e x i s t s ( loop or non-loop) y £ 2(G) such t h a t F(G)(y) * 
» . (u^w), where w ^ v. But then f o r eaoh edge-automorphism 
i)) of G induced by <f , q> (y) i y . Thus i s not the i d e n -
t i t y mapping on X(G) and so f f. P^ (G)[; a c o n t r a d i c t i o n wi th 
the assumption;. The re fo re , i n t h i s case , f o r each nonterminal 
v e r t e x u of G, ? (u ) = u. Now i f u and v are t e r m i -
n a l v e r t i c e s , then they are v e r t i c e s of some component having 
as a v e r t e x - s e t {u ,v}. I f <f (v) = w £ u, then f o r eaoh 
edge-automorphism if induced by <p , 4»(x) 4 x . Hence <f>$n.|(G) 
and we o b t a i n again a c o n t r a d i c t i o n . Therefore ? ( v ) = u, 
whence ^>({u,v}) = {u,v}. 

C a s e 2. Assume t h a t f o r every x e X(G)i F(G)(x) 4 
^ ( u , v ) . . Furthermore, l e t u be a non i so la ted v e r t e x of G. 
Then t h e r e e x i s t s a ve r t ex w 4 v suoh t h a t F(G)(x) = (u ,w) . 
But , i n t h i s case , f o r each edge-automorphism i|> of G i n -
duced by <f , y (x) ^ x . S imi l a r ly as i n the Case 1 we ob ta in 
a c o n t r a d i c t i o n and t h e r e f o r e y (u ) = u. 
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Conversely, let us assume that an automorphism <p of G 
fixes each vertex described in (1), (2), and each set describ-
ed in (3) of our theorem. Then obviously the identity mapping 
on X(G) is induced by <f , i.e. <p e ^(G). 

Let us denote by fl P the direct product of groups l"\, 
iel i 

for i e I, i.e. the group of all mappings f: I-^W P 
i d i 

such that for each i € I, f(i) € i"̂  with (fg)(i) = 
= f(i)g(i). 

For a multigraph G we consider the set A C V(G) si»oh 
that u e A if and only if u is either an isolated vertex 
of G or u is a vertex of a component of G having only 
terminal vertices. let be the equivalence relation on A 
defined by u ~ v if and only if either both u and v 
are isolated vertices or belong to the same component. Then, 
if we introduce the notation A/~ = ielj, we obtain the 
following 

T h e o r e m 3.3. f^G)*!! S ( k . ) where S(A, ) 
1 iel 1 1 

is a group of all one-to-one mappings of A^ onto itself for 
i e l , 

P r o o f . This isomorphism of groups follows from 
the preceding theorem» Namely, let us consider a mapping 
0: ^(G) —<* n S{A±) such that for <p e [^(G), <M<p) = f 
whete f(i) e sjk^) for each i e l and furthermore 
f(i)(u) = <p('a) for each u e A^ and for each i e l . Since 
for every u c V(G)NXJ AJ f fixes u, <t> is well de-

i d 1 

fined. Prom the definition of 4»- it is obvious that <t> is 
one-to-one and onto* Ve show that $ is a homomorphism. Let 
us take <p2 e ̂ (G) and let <t>(y1) = f 1, <D {<p2) = f2, 
and = Then for eacih u e A^ and for eaoh i e l , 
f(i)(u) = a) = f2f^i)(a) . fgdJf^iJia) . f ^ U M u ) . 
Henoe f = fgf., and therefore $(<p2f.jJ * f = = 

For a multigraph G* let be the equivalence relation 
on X(G) defined by x V 3 if and only if x and y are 
multiple edges« If we shall denote by S I E L } the set 
X(G)/~" , we obtain the 
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T h e o r e m 3 . 4 . H*{G) » fl S(B, ) where S (B . ) 
1 j e J 3 3 

i s a group of a l l one-to-one mappings of B^ onto i t s e l f 
for j e J . 

P r o o f . Let us consider a mapping • : r*(G) -*• 
—• n S(B. ) such that for w e r f ( G ) , 4>{ui) = f where j c J 3 1 
f ( j ) e S(B . ) for each j € J and f(«j)(x) = iy(x) for eaoh J 
j 6 J and for each x e B^. Similarly as in the previous 
theorem i t i s easy to observe that <t> i s one-to-one, onto, 
and 0 i s operation-preserving. 

R e m a r k . The se ts Â  for i e I and the s e t s 
juf for u e V ( G ) \ U A., are orbits of r i ( G ) . S imilar-

i € l 1 1 

ly the sets B̂  for j € J are orbi ts of r\,(G). 
T h e o r e m 3«5. The group r^(G) i s a normal sub-

group of P(G). 
P r o o f . Let y'eT^.G) and <pcP(G). Then <f' i n -

duces the identi ty mapping on X(G). I f furthermore (p i n -
duces , then, by Theorems 2.2 and 2.3» f ' f induces 

T h e o r e m 3 . 6 . The group P*(G) i s a normal sub-
group of P*( G)j» 

P r o o f , Let i|>'eP*(G) and qieP*(G). Then i|>' i s 
induced by the identity mapping on V(G). I f ij) i s induced 
by <p i then, by Theorems 2 . 2 , 2 . 3 , <J>~1 y'vf i s induced by 

? " 1 i d V ( G ) ? = idV(G)« T h u B e P ^ G ) . 
T h e o r e m 3«7» Por a nonempty multigraph G, 

r*(G)/r*(G) * P(G)/P.,(G). 

P r o o f » Let us define a mapping <t : P*(G)/P*(G) -•> 
P(G)/r\,(G) by 4» («Kr*{G>) =<fP.,(G) where q>eP*(G) and q> 

i s induced by y e P ( G ) . F i r s t , we shal l show that $ i s 
well defined. Por that purpose, l e t q> r*(G) = (}i'r*(G), 
whence y 'e P*(G)» How we choose, a r b i t r a r i l y f and <¡>' 
such that <f induaes and y ' induces «|>7 • Then by 
Theorems 2*2 and 2 , 3 , induces q>_1 ip'. Since 
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4»~1 e r * (G) , Theorem 3.1 implies that y " 1 f e ^ ( G ) . But 
then ^H^G) and <t> i s well defined. Analogously 
we use Theorems 2 .2 , 2 .3 and 3.1 to show that 0 i s one-
-to-one. I t remains to verify that <t> i s a homomorphism. Let 
<|j and y' be any edge-automorphism induced by (f and <f>', 
respect ively . Then, by Theorem 2 .3 , <C' V i s an edge-auto-
morphism induced by <p' tf and <t> (<t>T* (Gjipr* (G)) = <t> (if'tf r*',G)) = 
- ^ r ^ G ) = y»' {G)yP1 (G) = •(? ' r * (G) )« foP*{G) ) . This com-
pletes the proof. 

T h e o r e m 3 .8 . I f a nontrivial multigraph G 
hus at most one isolated vertex and any component of G, dif--
ferent from the isolated vertex, has at l eas t one nonterminal 
vertex, then 

r ( o ) s r*(G)/r*(G). 

P r o o f . I f G s a t i s f i e s the hypotheses of the 
theorem, then, by Theorem 3 .2 , any <j> e T^G) f ixes every 
vertex of G. Thus ^ ( G ) = |idy(G j| and, by Theorem 3 .7 , 
r(G) « r*(G)/r*(G). 

C o r o l l a r y 3 , 1 . For a nontrivial connected 
multigraph G, 

r(G) * n*(G)/r*(G) 

i f and only i f G has at l eas t one nonterminal vertex. 

P r o o f . I t suf f i ces to show that i f a nontrivial 
connected multigraph G has only terminal v e r t i c e s , then 
r(G) *' r*(G)/P*(G), But under th i s assumption V(G) = { u , v } , 
X(G) i s an arbitrary s e t , and F(G)(x) = (u,v) for each 
x € X(G). For such multigraph G, T(G) = S 2 , T*(G) = T*(G) 
and, therefore, P*(G)/r*(G) S.,. 
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C o r o l l a r y 3.2. Let G be a nontrivial multi-
graph and | r ( G ) | < oo . Then 

r(G) r*(G)/r*(G) 

i f and only i f G has at most one i so la ted vertex and eaoh 
component of G, d i f ferent from the i so la ted vertex, has 
at l e a s t one nonterminal vertex. 

P r o o f . I f a nontrivial mulltigraph G has more 
than one i solated vertex or there e x i s t s a component of G 
which has only terminal ve r t i ce s , then, by Theorem 3 .3 , 
r̂ G) 4 | i d V ( G j } . Sinoe |r(G)| < oo, by Theorem 3 .7 , 
T(G) r*(G)/P*(G)» (The converse a r i s e s from Theorem 3 . 8 ) . 

T h e o r e m 3 .9 . I f a nonempty multigraph G has 
no d i s t inc t multiple edges ( s ingle loops are allowed), then 

r*(G) * r i G j / r ^ G ) . 

P r o o f . By Theorem 3.4 , for a multigraph G without 
d i s t inc t multiple edges, P^G) = j i ^ G ) } * T h e r e s u l 1 ; n o w 

follows immediately from Theorem 3.7 . 

C o r o l l a r y 3 .3 . Let G be a nonempty multi-
graph with | r * ( G ) | < oo . Then 

r*(G) =• r(G)/r.,(G) 

i f and only i f G has no d i s t inc t multiple edges. 
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P r o o f . This r e s u l t fo l lows immediately from Theo-
rems 3 . 7 , 3 .9 , and from the f a c t t h a t i f G has d i s t i n c t 
mul t ip le edges , then f*(G) t { i d x(G)}* 

Combining Theorems 3.8 and 3 .9 we ob ta in the fo l lowing 
T h e o r e m 3 .10 . I f a n o n t r i v i a l mult igraph G 

without d i s t i n c t mul t ip le edges has a t most one i s o l a t e d v e r -
t ex and each component of G, d i f f e r e n t from the i s o l a t e d 
v e r t e x , has a t l e a s t one nonterminal v e r t e x , t hen 

r(*G} - r*(G). 

C o r o l l a r y 3 .4 . I f a n o n t r i v i a l connected mul-
t i g r a p h G has no d i s t i n c t mul t ip le edges, then 

r(G) r*(G) 

i f and only i f G ^ K^ (complete graph wi th two v e r t i c e s ) . 
By Q we denote the p u l t i g r a p h with V(Q) = {u,v}, 

X(Q) - {x ,y} , and F(Q)(x) = F(Q)(y) = ( u , v ) . 
C o r o l l a r y 3 .5 . Let G ji K2 be a n o n t r i v i a l 

connected mult igraph wi th |P*(G) |< °o . Then 

r(G) * r*(G) 

i f and only i f e i t h e r G has no d i s t i n c t mul t ip le edges or 
G i s isomorphic to Q. 

4. The induced edge-group and the edge-group of a m u l t i -
graph 

In t h i s s e c t i o n we s h a l l use Hemminger's theorem to de-
s c r i be of mul t igraphs f o r which the induced edge-group and 
the group are not i d e n t i o a l . 

I n P i g . 4 . 1 we have the fo l lowing mul t ig raphs : 
G i , i = 1 , 2 , 4 , 5 are mul t ive r s ions of mul t igraphs (with 

a d d i t i o n a l cond i t ions ) whose edges being r ep resen ted by s o l i d 
l i n e s . G, was obtained from a mu l t i ve r s ion of the m u l t i -
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graph, whose edges being represented by solid lines by repla-
cing a star with distinot multiple edges by a star with single 
edges» G^, i=6,7 are arbitrary, multigraphs with terminal s tars 
with oenter v^ based at v^; each of these s tars i s a mul-
tiversion of the star whose edges being represented by solid 
l ines . Gg i s an arbitrary multigraph with a terminal triangle; 
this triangle i s a multiversion of the triangle-whose edges 
being represented by solid l ines . The la s t multigraph, Gg, 
i s an arbitrary multigraph which has terminal pieces H^, i e 
t e I , | l | ^ 2, |T| ^ 1, based at u i f t^ t û  for i ^ j 
with IKH^ I = for each i t j e I t where H± i s 
either one of A^A^A^ or B̂  and one of more-
over there exists an automorphism y of H such that 
^ { { i^ : i e I.J.}) = {u^: i £ j for each t € T and there 
exis t t e T and i , j e I ' t , i i i auch that ^ t Ĥ  but 
f U ^ = Uj. 

T h e o r e m 4.1. Let G be a nontrivial connected 
multigraph. I f G ^ G ,̂ i = 1 , . . . , 9 (of Pig .4 .1) , then 

r*(G) af r '(G). 

P r o o f . Suppose r*(G) =? r ' (G). Since T*(G) i s 
a subgroup of l^'(G), there exists an edge-automorphism 
not induced by any automorphism. Then, by Theorem 2.4, 6 has 
at least one of the following properties: 

(1) The. edge-set of G i s a cluster or ¡a triangle and tv 
or (p does not preserve s ta r s , loops, or multiple edges. 
Thus G must be isomorphic to Gg, G^, or Ggj H in Pig.4.1 
i s the t r i v i a l or, in the case of multigraphs Gg and G^, 
the edge-set of H may be a star with center v^. 

(2) The pair G and G i s a 6-multiversion of the pair 
K^ and K^ or K^-x and K^-x where 6 i s an edge-iso-
morphism not induced by any isomorphism. Hence G must be 
isomorphic to Ĝ  or G .̂ 

(3) The edge-set of G consists of a terminal triangle 
with vert ices , say v 1 t v ? , v., and a terminal star A with 
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|f(G1)-1(V21V3):| 
|P(Q1)-1(V1,V2)| 

= |p(o1)-1(v1,v4|)| >.1, 
P(G1)"1(v1,y 1'3 = 1. 

|P(G2)-I(vrv-)| = |P(G2)-1(V2,V3)| ¿ 1, 
|?(G2)-1(v1,V2) I = |p(G2)-1(vvv3)| = 1. 

|P(G3)-1(V2,v3)| = |P(G3)-1(u1,v1)v,P(G3)-1(u2,v1)u...v> 
P(G3)"1(un,v1)u ... I ^ 2, 
|P(G3)"1(u1,v1)| = J F(G3)-1U2,v1) I = ... -
• I F i ( G 3 r 1 ( W ! = 1. 

"2L..\>V..|P<G3)"1(V1'V2,| = |P(G3)-1(vrv3)| = 1.. 



14 J.Gela 

| ? ( G 4 ) - 1 ( V 1 , Y 4 ) | > 1 , 

| r ( G 4 ) - 1 ( v 2 , v 3 ) | > 1 , 

| P ( G 4 ) " 1 ( V 2 , V 4 ) | > 1 . 

|P(G 6 ) - 1 (V 1 ,V 2 )| SS 2, 

| p ( G 6 ) " 1 ( v 1 , v 3 ) | * 1 . 

| P ( G 5 ) - 1 ( v r v 3 ) | > 1 , 

| ? ( G 5 ) " 1 ( v 1 , V 4 ) | j 1, 

| p ( G 5 ) - 1 ( V 2 , V 3 ) | > 1 , 

|P(G 5 ) " 1 (V 2 ,V 4 ) | > 1 . 

| p ( G 7 ) _ 1 ( v ì , v 1 ) j ? 1 , 

|P(G 7 )~ 1 (V V V 2 )| £ 1. 

| f ( G 8 ) " 1 ( V 1 , V 2 ) | £ 2 , 

| P ( G 8 ) " 1 ( v 2 , v 3 ) | > 1 , 

| F ( G 8 ) - 1 ( v v V 3 ) | ^ 1 . 
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T h e g r o u p o f a m u í t i g r a p h 15 

ru^r ( U i . U i I > 1. 

F ( A 2 ) ~ ( V v 1 u ... V P ( A 2 ) " 1 ( u i , v n ) U . . . j > 1, 

P ( A 2 ) " ( u i , v 1 )| = . . . = I P ( A 2 ) " 1 ( u i , v n ) | = . . . = 1 

P ( A 3 ) " U I . V ) * 2. 

)~ ( u l , v 1 )| = | Ï ( B 1 J - 1 ( I H , V 2 ) | = 1, 

) ~ ( V V V 2 )| * 1. 

P ( B 2 ) ~ ( i ^ . v ) I 

P ( B 2 ) - ( v , w 1 ) U . . . U P ( 3 2 ) " 1 ( v , w n ) U . . . I 1, 

P ( B 2 ) - ( V .W , ) = . . . = I F ( 3 ? ) ~ 1 ( v , v v n ) I = . . . = 1. 

P ( B 3 ) - ( U i . v ) I = 2 ' 

F ( B 3 ) - ( v , v ) I » 1» 

P ( B 4 ) - U i t v ) I = 2 . 

P ( B 4 ) - ( v , w ) I > 2. 

F igure 4.1 
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c e n t e r , say v̂  based a t v^. Then |p(G)""1(v2,v^)| = |a|. 

Let B = F (G)~ 1 ( v 1 , v 2 ) u P ( G ) " 1 ( v l f v 3 ) . We d i s t i n g u i s h t h r e e 
cases . 

(a) B conta ins d i s t i n c t mul t ip le edges. Then G i s i s o -
morphic to Gg; the edge-set of H i s a s t a r A. 

(b) B conta ins no d i s t i n c t mult iple edges and A i s a 
s e t of edges of the same kind. The G i s isomorphic to G ,̂ 
Gg or G^. 

(c) B conta ins no d i s t i n c t mul t ip le edges and A i s 
a s e t of edges of the d i s t i n c t k ind . Then G i s isomorphic 
to Gg or Gyj H i s then t r i a n g l e with an eventual s t a r wi th 
cen te r v^ based at v^. 

(4) G has a te rminal pieces H' and H" based a t u' 
and u" r e s p e c t i v e l y , such t h a t tfi(X(H')) = i|»(X(H")), 
||>(SQ(u')) = qifSgiu")) , i|> r e s t r i c t e d to H' i s not induoed 
by an automorphism and H' and H" are one of the fo l lowing : 
te rminal s t a r s , t e rmina l t r i a n g l e s , or a t e rmina l t r i a n g l e 
and a t e rmina l d u s t e r . Hence, i f u' = u" and H' i s the 
same as H", then G i s isomorphic t o Gg, G ,̂ or Gg. Con-
v e r s e l y , G i s isomorphic t o Gg. 

C o r o l l a r y 4 .1 . Let G be a n o n t r i v i a l con-
nected mult igraph with | ^ Kg ) | < oo . Then 

r*(G) * r'(G) 

i f and only i f G ^ G ,̂ i = 1 , . . . , 9 (of P i g . 4 . 1 ) . 
P r o o f . I t s u f f i c e s to observe t h a t i f G = G i t 

i = 1 , . . . , 9 (of P i g . 4 . 1 ) , then there e x i s t s an edge-auto-
morphism of G not induced by any automorphism. 

C o r o l l a r y 4 .2 . Let G be a n o n t r i v i a l con-
nected mult igraph. Then 

T*(G) = r'(G) 

i f and only i f G / G±, i = 1 , . . . , 9 (of P i g . 4 . 1 ) . 
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The group of a mult igraph 17 

Theorem 4.1 may be genera l i zed to a r b i t r a r y mul t ig raphs . 
I n P i g . 4 . 2 we have shown mult igraphs " s i m i l a r " to the m u l t i -
graphs of P i g . 4 . 1 but not isomorphic to them. G^ and G?, 
i = 1 , 2 , 4 , 5 are mu l t i ve r s ions of mul t igraphs with a d d i t i o n a l 
cond i t i ons whose edges being represen ted by s o l i d l i n e s and 
G^ and G '̂ was obtained i n s i m i l a r way as G^ (of P i g . 4 . 1 ) . 
Gg and Gg are mul t igraphs having t e rmina l p ieces H^ and H^ 
based a t u^ and u£, i e I , | l | $ 1 f r e s p e c t i v e l y , and 
fu r the rmore : 

(a) none of the mul t igraphs Gg and Gg i s isomorphic 
to G i f 1 = 1 , 2 , 3 , 6 , 7 , 8 , 9 ( o f P i g . 4 . 1 ) , 

(b) f o r every pa i r H[ and H^', i e I , |X(H[) | = 
= |X(H^')| and R ^ j 

(c) H' and H" are isomorphic and t h e r e i s an isomorphism 
f of H' onto H" such t h a t = f o r each i e I , 

(d) H^ and H '̂ are e i t h e r the t e rmina l p ieces A^, 
i = 1 , 2 , 3 or B1 and one of B.., j = 2 , 3 , 4 (of P i g . 4 . 1 ) 
based a t u^. 

T h e o r e m 4 .2 . Let G be a nonempty mulcigraph. 
I f n e i t h e r 

1) G i f i = 1 , . . . , 9 (of P i g . 4 . 1 ) i s a component of G nor 
2) both a) K3 and K.,^., b) G^ and G\j, i , j = 1 , 2 , 3 (of 

P i g . 4 . 2 ) , and c) G^ and' G '̂, i = 4 , 5 , 6 (of P i g . 4 . 2 ) are 
components of Gi, then 

T"(G) =* r'(G). 

P r o o f . Assume G to be a mul t igraph s a t i s f y i n g 
1) and 2 ) . Since r*(G) i s a subgroup of P'(G), i t s u f f i -
ces to s£iow t h a t any edge-automorphism q> of G i s induced 
by an automorphism. Por every component K of G, the sub-
graph <i|)(X(K))> i s a l so a component of G. I f K i s i s o -
morphic to one of mul t igraphs K^, K1 y G^, Gl|, i = 1 , . . . , 6 
(of P i g . 4 . 2 ) , then , by Theorem 2 . 4 , s ince G s a t i s f i e s 2 ) , 
we have <t|»(X(K))> = K. The re fo re , i f i|> i s r e s t r i c t e d 
to K, then 41 i s induced by an automorphism of K. I f K 

- 675 -



1.8 J . G e l a 

P(G' 1 ) - 1 {V 1 ,V 4 ) = Â  

F ( G ' 2 r 1 ( v 1 , v 1 ) = A'2 

•P(G'3)"1(U1 ,V1) U . . . U 

«j P ( G 3 ) ~ 1 ( u n , v 1 ) u = A3 

v4<y 

1 < | P ( G ; ) - 1 ( v 2 , V 3 J | 

1 $ | a ' 2 | < | P ( G 2 ) - 1 ( V 2 , V 3 ) | 

2 $ |A ' 3 | < | P ( G ^ ) - 1 ( V 2 , V 3 ) | 

| P ( G ^ - 1 ( v 1 > V 2 ) | = |P(G[)-1(V1 ,V3) |=1 

f o r i = 1 , 2 , 3 . 

^h... VP. 

P ( G ; ' ) - 1 ( v r v 4 ) = a ; 

P ( G p " 1 ( v 1 > v 1 ) = A " 

P ( G p - 1 ( a 1 , v 1 ) u . . . U P ( G ^ ) - 1 ( u n , v 1 ) 

1 < | F ( G ' 1 ' ) - 1 ( V 2 , V 3 ) | < |A" 

1 $ | P ( G ^ ) - 1 ( v 2 , v j ) | < | A ^ 

1 $ | P ( G 3 ) - 1 ( v 2 , v 3 ) j < | A'3 

| f K ) - 1 ( v 2 , V 3 ) | = | A ' : | 

| P ( G ' , ) - 1 ( v 2 , v 3 ) | - | Ai | 

f o r 1 , 3 = 1 , 2 , 3 . 

' ( v 1 ( v 2 ) | P ( G i ) " 1 l 

= | P ( G V ) - 1 ( v 1 ( v 3 ) | = 1 

f o r 1 = 1 , 2 , 3 . 
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1 s | F ( t y " 1 ( v 2 , v 4 ) | = |f{g;)- 1(v 1,v 3)|, 

^ | F ( G i ) - 1 ( v 1 f v 2 ) | = |-P(Q;r 1(v 1 >v 2)|<|F(Gi)-
1(v 3,y 4)| = 

= |p(G«)- 1(v 3 (V 4)|, 

U | P ( G : ) - 1 ( v 1 > V 4 ) | = |P(Gi)- 1(v 1 fv 4)|<|p(G!)-
1{v 2,v,)| = 

= |P(G^- 1(v 2,v 3)|, i = 4,5, 

I^|P(g^)- 1(v 2,V 4)| = |P(G;)- 1(V 1,V 3)|<|P(G^-
1(V 1,V 3)|=| P(G;)-

1(V 2,V 4}|. 

Figure 4.2 
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is not isomorphic to K^, K̂  y G^, and G^, i =1 , . . . , 6 , then, 
by 1), Theorem 2.4 implies that i f y i s restricted to K, 
then if i s induced by an automorphism of K. Hence by apply-
ing the above argument to every component of G, we obtain 
that f is induced by an automorphism of G. 

C o r o l l a r y 4.3. Let G be a nonempty multi-
graph with |r*(G)|<oo. Then 

r * ( G ) « r'(rT) 

i f and only i f neither G.̂ , i =1 , . . . , 9 (of Pig.4.1) is a 
component of G nor both K^ and K̂  anc^ ^j » 
i , j=1,2 ,3 (of P ig .4.2) , and G[ and ¿¿, i=4,5,6 (of 
Fig.4.2) are components of G. 

C o r o l l a r y 4.4. Let G be a nonempty multi-
graph. Then 

r*(G) = t '(g) 

i f and only i f neither G^ i =1 , . . . , 9 (of Pig.4.1) i s a 
component of G nor both K^ and K̂  , , Ĝ  and G?, 
i , j=1,2 ,3 (of F ig .4.2) , and Ĝ  and G ,̂ 1=4,5,6 (o fPig.4.2) 
are components of G. 
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Adam Kucharz 

ON THE DETERMINATION OF HALL POLYNOMIALS 

1. I n t r o d u c t i o n 
The aim of t h i s pape r i s t o deduce f o r m u l a s f o r t h e H a l l 

p o l y n o m i a l s f o r t h e p roduo t (n = 3 , 4 ; r a r b i t r a r y ) and f o r 
t he e x p p n e n t (n = 3 , 4 ; r a r b i t r a r y , m = - 1 ) . These f o r m u -
l a s e s s e n t i a l l y a c o e l e r a t e the , d e t e r m i n a t i o n of H a l l p o l y n o -
m i a l s , s i nce , th'ey r e q u i r e n e i t h e r t h e a p p l i c a t i o n of t h e p r o -
c e s s u s of s e l e c t i o n , n o r t h e knowledge of t h e c o m p u t a t i o n 
r u l e s . By means of them a method i s p roposed f o r d e t e r m i n i n g 
H a l l p o l y n o m i a l s f o r t h e exppnen t (n = 3 , 4 , r and m a r -
b i t r a r y ) . 

The n o t i o n of H a l l p o l y n o m i a l s a p p e a r s f o r t he f i r s t t ime 
i n H a l l ' s pape r on n i l p o t e n t g roups [ l ] , where t h e a u t h o r 
g i v e s t h e i r d e f i n i t i o n and p roves t h a t t h e d e f i n e d f u n c t i o n s 
have i n f a c t the form of p o l y n o m i a l s . I n p a p e r s [2] , [3] t h e 
H a l l p o l y n o m i a l s f o r t h e p r o d u c t and t h e i n v e r s e were d e t e r -
mined f o r n < 4, r = 4, m = -1 and a method was p r e s e n t e d 
f o r d e t e r m i n i n g them f o r n < 4 and f o r an a r b i t r a r y number 
r of g e n e r a t o r s . The p r e s e n t pape r r e s t s on t h e r e s u l t s of 
p a p e r s [1] , [ 2 ] , [3] and on the c l a s s i f i c a t i o n of b a s i c commu-
t a t o r s g i v e n i n [4]. 

2 . H a l l po lynomia l s 
Let G(X) be a f r e e n i l p o t e n t g roup of a g i v e n n i l n , 

g e n e r a t e d by the s e t X = . . . , x r j . Let t be t h e 
number of b a s i c commuta to r s . Any e lement g € G(X) can be 
w r i t t e n i n t h e fo rm 
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Si ®t g = u1
 1 Ug . . . u t , 

where u ^ , . . . , ^ are basic commutators of weight 1 , 2 , . . . , n ; 
^ ^ u2 £ . . . < u t , and g.| ,g2 i« • • »6^ are i n t e g e r s . Por 
the d e f i n i t i o n of basic commutators we r e f e r to paper [7]» 
chapter 11. 

Let a and b be a r b i t r a r y elements of the group G(X) 
and 

a1 a t b1 b t (1.1) a = u1
 1 . . . u t , b = u1

 1 . . . u t ; 

then, according to [1] , f o r the elements p = ab and q = am 

(m in teger ) we have the r e l a t i o n 

P1 p t q1 q t (1.2) p = u.j 1 . . . u t ; q = u ^ . . . u t , 

where 

p i = a i + b i + p i ( a - j » ' ' ' ' a i - 1 » b i • • • • » b i - i I 

qĵ  = mâ  + B l ( a 1 , . . . , a i _ 1 jm), 

whe;re P^, B^ are Hall polynomials for the product and 
the exponent, r e spec t ive ly ( i = 1 , . . . , t ) . 

3. Formulas f o r the Hal l polynomials 
The r e l a t i o n s given i n t ab l e s 1, 2, 3, 4 are based on the 

forms, determined in [3] , of the Hall polynomials and on the 
c l a s s i f i c a t i o n of the basio commutators given in [4]. I t has 
been observed tha t to a determined form of the commutator 
corresponds uniquely a form of the Hall polynomial« 

3*1. Let us now introduce the following c l a s s i f i c a t i o n 
of the basic commutators (n = 3,4; we assume the no ta t ion : 
( u . , u . , . . . ) = i j . . . ) ) : 
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basic commutators of weight 3 
1. i j j ; 2'. j i j ; 3. k j i , k < i ; 4. k j i , k > i 
basic commutators of weight 4 
1. i j j j , i > 3; 2. i j j i ; 3. i j i l ; 4.1 i k j j , i > j ; 4.2 i k j j , 
i < j ; 5. i k j i ; 6.1 i k i j , i > j ; 6 .2. i k i j , i < j ; 7. idkj -
complex commutator; 8.1 i j j k , i < k; 8 .2 i j j k , i > kj 
8 .3 i j j k - complex commutator; 9.1 i j k t , i < k, i < t ; 
9.2 i j k t , i > k, i < t ; 9.3 i j k t , i > k, i > t ; 9.4 i j k t , 
j < k, j < t - complex commutator; 9.5 i j k t , j > k, j > t -
complex commutator. 

3 .2 . The commutator of the structure i j j i s represented 
b^ the commutator 211 and the corresponding Hall polynomial 
has the form 

Hence we can write the general re l a t ion for the Hall polyno-
mials for the product fo r n = 3» based on the basic commu-
tators of the structure i j j : 

Proceeding as above we can obtain general formulas for the 
Hall polynomials for the product and the exponent (n = 3 ,4 ; 
m = -1 ; r arbi trary)« They are given in tables 1-4. 

4. Method of determining Hall polynomials for any m 
( for n = 3,4) 

4 .1 . Let 

I t i s easy to reduce the formula (4.1) to the form (1.2) fo r 
m = 2; to do this we have merely to modify formulas for the 

(4.1)-
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Hall polynomials f o r the product ( t ab les 1 and 3) by s e t t i n g 
b i = a i ' T l l e n 

Zk,2 = Pk 
V a i 

where I k 2 i s the Hall polynomial f o r the exponent, with 
number k and m = 2, Pk i s the Hall polynomial f o r the 
product with number k. Moreover, we have f o r m < 0 

- 1 
a1 a+ -m a.. a+ m 

p = (u1 . . . u t ) = ( (u 1
1 . . . u t ) ) . 

4 .2 . Let m > 0. For m = 2 we have 

a i 2 a i a i a i + a i + p i 1 

where P., i s obtained from P., by s u b s t i t u t i n g b. = a., 1 J j 
j = ( I , . . . , i - 1 ) . 

For m = 3 we have 

aĵ  3 a i 2 a 1 
p = ( • • • Û  • • • ) = ( • ( • • • • ) ( • • • Û  • • • ) s 

3a i +P± +P± 
- 1 2 — • • • • • • 

where P^ i s obtained from P^ by s u b s t i t u t i n g a^ = 
2 

For a r b i t r a r y m 

D m a i + P i + P i 
p = I . . . Û  « . . J = . . . Û  
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where 

P. = P. i 2 ! 

a r a ó ' b o = a d 

a i - 2 a 3 + v b a " a J 

m J J J-j "n—1 

Fina l ly , for arbitrary m > 0 the i - th Hall polynomial for 
the exponent takes the form 

(4.2) m = l,m l m-1 
(m > 0 ) . 

4.3. Let now m < 0; then, taking into account §§4.1,4.2 
and the definit ion of the Hall polynomials we have: 

m\-1 a. -m / a. mv 
p = ( . . . . . . ) = . . . ) J 

( ma^+S ^ 1 

= \ . . . \i± 1 k=l k . . . / = 

m-1 

.. u. 

m-1 
= maj + 

k=1 

Final ly , for arbitrary m <0 the i - th Hall polynomial for 
the exponent has the form 
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(4.3) (m <0). 

aJ =ma• + > : P 3 J k=1 Jk 

E x a m p l e « We shall determine the Hall polynomial 
for the exponent for n = 3, r = 4, m = -3. Prom relation 
(4«3) we get 

(it should be observed that i may be -considered not only 
as the number of the commutator, but also as the form of the 
basic commutator). We shall find the form of the Hall polyno-
mial based on the commutator jii; according to table 2 we 
have 

We next calculate P., and P. , where j e (i,j,ij), sub-
3 2 

stitute and get 

5. Remarks on the determination of the Hall polynomials 
for n > 4 

It is probable that this problem may be solved by deter-
mining, by means of an arbitrary method, formulas for the Hall 
polynomials for several initiial values of n, for polynomial« 
based on basid commutators of similar structure. 

i -1 ' a -lo _i_T3 j_T> 
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Table 1 
Hall polynomials formulae for the product, n i l = 3 

commutator formula 

1. i J J - a i C d ) + a i 3 b 3 

2. i j i p i j i " Q ) + a i j b i + a i b d b i 

3. k j i 
k < i 

p k j i - a k b j b i + a k a i b j + a k j b i - a i k b j 

4. k j i 
¿ > i 

p k j i = a k b j b i + a k j b i + a k i b j 

Table 2 
Hall polynomials formulae for the exponent, n i l = 3 

commutator formula 

1. U J h a = " ( P ) a i + a j a i ó 

2. i j i I ± 3 i = " ( 21) a j + a i a i j 

3. k j i 
k> i 

I k j i = " a j a k a i + a j a k i + a i a k j 

4. k j i 
k < i 

T ki± = " a j a i k + a i a k j 

Table 3 
Hall polynomials formulae for the product, n i l = 4 

c ommut at or formula 

1. p i ó ò d = a i + a i ò C ^ 5 ) + a i d j b j 

2. i j j i P i J J l - ( I 1 ) + a i b i 0 ) + a i j b i b j + 

+ a i j j b i + a i j i b d 
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3. i j i i p i 3 i i e ( ? ) b 3 + ( ? ) b i b 3 + a i b 3 ( ? ) + 

+ a i 3 ( ? ) + a i 3 i b i 

4 . 1 ik33 
i < 3 

p ik33 = a i b k ( ? ) + a i b k ( ? ) + a i k ( ? ) + 

+ a i a 3 b k b 3 - a 3 i b k b 3 + a i k 3 b 3 ~ a 3 i 3 b k 

4.2 ik33 
i > i 

p ik33 = a i b k ( ? ) + a i k ( ? ) + a i 3 b k b 3 + 

+ a i k 3 b 3 + a i 3 3 b k 

5. i k j i p i k 3 i = ( ? ) b k b 3 + a i b k b 3 b i + a i k b 3 b i + 

+ a i 3 b k b i + a i k 3 b i + a i k i b 3 + a i 3 i b k 

6 . 1 i k i j 
3 < i 

p i k i 3 = ( a ± 2 1 ) b 3 b k + a i a i 3 b k + a i b k b i 3 + 

+ a l k b 1 ; j - a i ; j l b k 

6.2 i k i 3 
3 > i 

p i k i 3 = ( ? ) a 3 b k + ( ? ) b 3 b k + a i a 3 b k b i + 

+ a i V i b 3 + a i k b i b 3 - a 3 i b k b i + a i k i b 3 + 

+ aíkib± - ai±í\ 

7. ±3k3 p i j k 3 = a i a k 3 b 3 + a i b 3 b k 3 + a i 3 b k 3 + 

+ a^bjb. , - a ^ b . , + a i d k b j 

8 . 1 i 3 3 k 
k > i 

p i 3 3 k » a i a k ( 2 ^ + a i b k ( 2
d ) + a i 3 b 3 b k + 

- a k i ( 2 ^ ) + a i ; j ; 5 b k + a ^ b ^ 

8 . 2 ±33k 
k < i 

p i 3 3 k = a i b k Í ? ) + a i k ( ? ) + a i 3 b 3 b k + 

+ a i 3 3 b k + a i 3 k b 3 
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8.3 ijjk pijjk = aiajkbd + aibjbdk + aijbjk + a i j V d + 

+ aijbjk - a3kib3 + 2ai3dbk 

9.1 ijkt 
i,< k 
i < t 

Pijkt.= aiakbjbt + aiakatbà + aiatbjbk + 

+ aibjbkbt + aijbkbt - akibjbt " atibjbk + 

+ ai;Jkbt + aijtbk - akitbj ~ atikbj 

9.2 ijkt 
i > k 
i < t 

Pijkt " aiatbjbk + aibjbkbt + aijbkbt + 

+ aikbjbt " atibdbk + aijkbt + aijtbk + 

+ aiktbj 

9.3 ijkt 
i > k 
i > t 

Pijkt = aiajbkbt + aijbkbt + aikbjbt + 

+ aitbjbk + aijkbt + aijtbk + aiktbj 

9.4 ijkt 
i < k 
i <* 

Pijkt " aiaktbj + aibjbkt + aiJbkt + 

+ aikbjbt " aktibj + aijkbt 

9.5 ijkt 
J > k 
j > t 

Pijkt = aiaktbj + aibjbkt + aikbtbj + 

~ aktibj + aijkbt 
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Table 4 
Ha l l polynomials formulae f o r the exponent, n i l = 4 

commutator formula 

1. i j a j x ±ajd = ' ( 3 d ) a i ' ( 2* 5 ) a i j + azaiii 

2. i j j i 
h j j i = ( 2d) ( 2) " a 3 a i a i D + V i j i + a i a i j j 

3. i j i i I i j i i = ~ ( 3 1 ) a j " ( 21) a i j + a i a i j i 

4.1 i k j j 
i > i 

I i k j j = ( z) a k a i ~ a k a j a i j + a k a i j j + 

" ( 2) a i k + a j a i k 3 

4.2 i k j j I i k j j = a k a j a j i ~ a k a j i j + a j a i k j " ( z) a i k 

5. i k j l I i k j i = a k a j ( 2 1 ) " a k a i a i j + a k a i j i - a j a i a i k + 

+ a j a i k i + a i a i k j 

6.1 i k i j 
i < i 

(~ai + M 

T i k i j = a j a k \ 2 / ' a j a i a i k + a j a i k + 

+ a j a i k i " a k a i j i + a i j a i k 6 .2 i k i j 
0 > i 

* i k i j = ~ a k a j i i + a k a i a j i " a i a j a i k + a i a i k j + 

+ a j a i k i 

7. i j k j X i j k j = a j a j a k a i " a j a j a i k - a j a k a i j " a j a k j i + 

+ a j a k j i + a k j a i j 
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8 . 1 i j j k 
k > i 

I i D 3 k = ( 2^ ) a k i " a j a k a i j + a ò a i j k + a k a i j j 

S . 2 i j . j k 
k < i 

J i 3 3 k = ( 2^) a k a i " ( z ) a i k ~ a j a k a i j + 

+ a j a i j k + a k a i j j 

8 . 3 i d 3 k I . . . , = a, a . a . a . - 2a-, a . a . . + ai a- • + 2a, a . . . + 

" a 3 ' P j k i + a j k a i j 

9 . 1 i j k t 
i < k 
i < t 

I ì j k t = a j a k a t l + a j a t a k i ~ a j a k i t ~ a j a t i k + 

" a k a t a i j + a k a i j t + a t a i j k 

9 . 2 i j k t 
i < t 
i > k 

I i j k t = a , i a k a t i " a j a t a i k ~ a j a i k t " a k a t a i j + 

+ a k a i j t + a t a i j k 

9 . 3 i j k t 
i > t 
i > k 

X i j k t = a i a j a k a t " a j a k a i t " a j a t a i k + a j a i k t + 

- a i c
a t a i j + a k a i j t + a t a i j k 

9 . 4 i j k t 
3 < k 
i < t 

I i j k t = a i a j a k a t " a j a t a i k " a j a k t i " a t a k a i j + 

+ a t a i j k + a k t a i j 

9 . 5 i j k t 

3 > t 

I i j k t = a i a j a k a t ~ a t a k a i j ~ a j a k t i " a t a j a i k + 

+ a t a i j k + a k t a i j 
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On the ground of t a b l e s 1 and 3 i t i s p o s s i b l e to f i n d 
the g e n e r a l form of the H a l l polynomials f o r the product f o r 
any n , based on the commutator of the form i j j thus 
we obta in a r e l a t i o n of the form 

P \ 
3D ¿ - J i j \ n - ( k + 1 ) / 

v 
where j = 

* V 
k 

To e s t a b l i s h t h i s g e n e r a l formula we had merely to apply the 
form of the polynomial f o r n = 3 , 4 , owing to the simple 
s t r u c t u r e of the b a s i c commutator. I f the commutator has a 
more complex s t r u c t u r e , t h i s does not s u f f i c e ; the polyno-
mials based, f o r i n s t a n c e , on the commutators of s t r u c t u r e s 
i j i , i j i i conta in monomials of the s t r u c t u r e 

Should we know the polynomials for ' some f u r t h e r v a l u e s of n , 
based on the commutator i j i i i i , i t should be probab-
ly p o s s i b l e t o f ind the g e n e r a l r e l a t i o n . 
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CONTOUR-INTEGRAL METHOD APPLIED FOR SOLVING A CERTAIN 
MIXED PROBLEM FOR A PARABOLIC EQUATION OF ORDER FOUR 

I n t h i s paper , the e x i s t e n c e and uniqueness of a c e r t a i n 
mixed problem with nonhomogeneous boundary c o n d i t i o n s i s prov-
ed by us ing the o o n t o u r - i n t e g r a l ' method in t roduced by M.L.Ra-
su lov [ 1 ] . I n the c a s e of nonhomogeneoos boundary c o n d i t i o n s 
i t i s necess>iry t o use a c e r t a i n g e n e r a l i s e d L a p l a c e ' s t r a n s -
form g i v e n by the r e l a t i o n 

T 
f ( A ) = L p ( f ( t ) ) ( A ) = J e x p ( - A p t ) f ( t ) d t , 

0 

where p i s a n a t u r a l number. 
For the above t r a n s f o r m Lp the f o l l o w i n g theorem h a s 

been proved i n [ 2 ] . 
T h e o r e m 1. I f 
1 ° f i s c o n t i n u o u s l y d i f f e r a n t i a b l e f o r t £ 0 , excep t 

may-be countab le number of p o i n t s i n which f and i t s d e r i -
v a t i v e can p o s s e s s d i s c o n t i n u i t y of f i r s t k i n d , but on each 
bounded i n t e r v a l < 0 , t > the number of such p o i n t s i s f i n i t e , 

2 ° there e x i s t s a M > 0 and a s 2 0 such t h a t 

| f ( t ) | e x p ( s t ) , 

3 ° there e x i s t s an o t e ( 0 , such t h a t f o r an a n a l i t i o 
c o n t i n u a t i o n f ( A j the f o l l o w i n g fo rmula h o l d s : l im f (A) = 0 

uniformly with r e s p e c t to a r g X f o r | a r g A | < + a , 
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4° S is an infinite curve lying in a region | argA | 
$ 2p + ^ a n d coinoides, for sufficiently large , with 
half-lines |argA| 

then in each point of continuity of function f we have 

f(t) = — / A p- 1 exp(Apt)f(A)dA„ 
2 A V 3 ! I 

The Lp transform will be applied to solve the follow-
ing problem 

3 t k=0 1=0 d t d x 

2 3 <*> EE 
k=0 1=0 

a l ^ W x A ) + a 3 k + 1y(x.t) 
+ 'ski „*k,_l 

x=a at^ax-1 x=b 

= g (t) for s = 1,2,3,4, t e (0,T>, 

(3) a k v ( y ) 
at* 

= 0 for k = 0,1, x e (arb). 
t=0 

where are given functions and the constants T > 0, 
askl r Pskl r e a l n a m b e r a « 

Let us suppose that the following conditions are satis-
fied: 

(I) A k l e 
C ( < a,b > ), 2k+l = 2 + i for i = 1,2, 

C ( < a , b > ) , 2k+l ? 2 fork=0,1; 1=0,... ,4-2k, 

A Q 4(X) 4 0 for x e <a,b> , 

(II) g 0, s = 1,2,3,4, satisfy conditions 1°, 2° and 3° s 
of Theorem 1 for p = 2, 
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( I I I ) there e x i s t s 5 e (0 , suoh that | + 5 $ arg y $ 

^ ^ f - S, where y s a t i s f i e s the chsraoter is t ia equa-
t ion 

(4) A 0 4 (x) - A 1 2 ( X ) T - T 2 = 0 . 

This means that equation (1) i s parabolio in the Petrclvsky 
sense. 

Applying formally L2 to ( 1 ) , (2) and making use of "(3) 
we arrive at the following spectral problem 

(5) E E ^ A k l (x ) ¿ S j M . - A4 u(x.A) - 0 , 
k=0 1=0 d3C 

2 3 « I E 
k=0 1=0 dx ^ „ dx x=a dx 

+oo 
x=b 

s = 1 , 2 , 3 , 4 , where g s(Jl) = L 2 (g B ( t ) ) (A) = j exp(-A2t)> 
0 

x g s ( t ) d t . 
The solution of the problem (5) - (6) has the form 

4 4 
(7) u(x,A) J gk(A) J ] 7 i ( x , A ) - A k i ( A ) , 

k=1 i= l 

where i = 1 , 2 , 3 , 4 , i s a fundamental system of 
part icular solutions of ( 5 ) , 

( 8 ) A ( P i ) = det IVA,L a' L J 4*4 
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3 2 
(9 ) « k i t * ) - Z E * 2 r -

1=0 r=0 
a 

dx1 + ft kri 
x=a dxJ x-b 

and ¿^(A) denotes the cofactor of uki(A) In A(A). Sub-
stituting 

(10) 

a k l(A) = £ Ä k r l 
r=0 
2 

hl^ = E 
r=0 

into (9) we get 

a = 1 t 2 f 3 , 4 , 
1=0,1,2,3 

(11) u k l ( A ) = £ ; 
1=0 

a 
x=a x=b 

To obtain an asymptotic representation of the solution 
(7) and of its derivatives, we use the Tamarkin theorem [l]» 

Consider the differential equation 

( 1 2 ) 
dxn 1 ' dx 

with- coefficients having expansions of the form 

Piíx.A) = Y, 
r=0 

for x e <a,b> and |A| 2 R, where R > 0 is sufficiently 
large. 
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Tamarkin's theorem. I f 
1° the funct ions P i p i = 1 , . . . ,n:t r = 0 , 1 , . . . , are con t i -

nuous and uniformly bounded on i n t e r v a l <a,b> , 
2° at l e a s t one of the funct ions P i o , i = 1 , . . . , n , i s 

not i d e n t i c a l l y zero on the i n t e r v a l < a,b> , 
3° the solut ions <pk(x), k = 1 , . . . , n , of the quas i -cha-

r a c t e r i s t i o equation of (12) i . e . of 
n 

(13) e n + p i o ( x ) ®n" i ° 0 

i=1 

ai^ d i s t i n c t f o r a l l values of x e <a ,b> , 
dmp dm-1p 

— ? ' T 5 = 1 " " Pim £ < * « * ' * > ) > 1 = 1 n> dx dx 

where q £ 1 and m £ 1 are na tura l numbers, 
5° there ex i s t s an unbounded port ion of the region 

fig := {A ; U | £ h } i n which the i n e q u a l i t i e s 
Re Afy(x) £ Re Xf2(x) < < Re A?n(x) 
hold f o r a l l x e <a»b> with su i tab le numbering of the so-
lu t ions 

than (12) has fundamental system of pa r t i cu l a r so lu t ions 
y a (x ,A) , s=1**»>,n, which together with t h e i r f i r s t n-1 a 
der iva t ives have asymptotio represen ta t ions of the form 

dkys(x»A) v 
(14J v » A exp f , Ek s(x.A) 

'
 1 « P qDI 
r=0 A A 

'I» 

k - 0*-#n—1 ^ b • 1 , » . » f n , where the funct ions E^ are 
continuous .with respea t to x e <a,b> and bounded f o r A€& 1 t 

and f g ) e C q - 1 ( < a f b > ) . 

R e m a r k U The c o e f f i c i e n t s can be ob-

tained by d i f f e r e n t i a t i n g the expression exp (a / ? s ( p d f ) * 
m-1 _ r » . a 

* S 7ks ^ 5X1(1 expanding tae r e s u l t in decreasing po-
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wars of A . It can be shown as well that 7so0(x) s= 
i?(o,(x) 

:= — is independent of the index k. 
V * » * (aJ 
Asymptotic representation of yv ' is obtained by sub-

stituting into (12) the representations (14) for k=0,...,n-1. 
In our case the quasi-oharacteristic equation of (5) has 

the form 

(15) A04(X) 84 + A12(X) S2 - 1 = 0. 

Prom (4) and (15) we have 

(16) e - ^ T 

ir ^sfl) + 2k5r 

and arg 9 = ^ + ' k = Hence, under Con-
dition (III), we get 
(17) kJr+ | S arg 9 <-5J + kJi - | , k=0,1. 

Further we assume the condition 
(IV) the solutions 9(x) of equation (15) are distinot 

for all x e <a,b> and their arguments and the arguments of 
their differences are independent of x i.e. arg(8k(x)-8s(x)) = 
= : Vjj.g = const, k ji s. Henoe Re(AQk(x)) -ReU8s(x)) = |a| | 8k(x)-8s(x) | cos(argA + q>ks) 
Consequently, by condition (IV), we have 

(18 J Re A8k(x) = Re A 9Q(x) arg A * + \ - vk0. 
The last equalities determine the straight lines passing 
through the coordinate origin and dividing the A~plane into a 
finite number of sectors Sj* sac*1 of these sectors, for 
suitable numbering of the solutions yk^(x), the inequalities 

(19) Re Ay^tx) $Re Xf^U) $ Re A p ^ x ) $ Re Af4
3(x) 

are satisfied for all x e <a,b> . 
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Let 

(20) _/V: = ; |argA| S 

Consider the sectors P^ := -/Yn^^« By (17), it is easy 
to see, that in each sector P^ i 0 for suitable numbering 
of the solutions yjj.(x) of (15) the following inequali-
ties hold 

(21) Re A^(x) $ Re Af|{x) « - |A||f̂ (x)| e < 0 < 

<|A||?^(x)|e $ R e A ^ ( x ) 

where 

e 
(22) e := sin j > 0. 

Thus, by condition I r for suitable numbering of the solutions 
of (15) and for a sufficiently large |A| , the fundamental 
system y^x.A), i=1,2,3,4, of (5), has asymptotic represen-
tations 

<«> ̂  • lim)^ .hiipl). 
where E-^ are bounded functions for |A| £ R. 

Substituting (23) into (9) we get 

3 
(24) uki(A) = £ 

1=0 

/ b \ 
A 
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Denoting 

u 
W. := Jfitpdj, 

1=0 

1=0 

and keeping in mind Remark 1, we get 

(25) u k l W = A k iU)( 7 i 0 0(a) + + 

+ Bki<*> ( W ^ + 1 T i ) «PUWi);, 

where E denotes an arbitrary bounded function. 
Let 

(26) A := min inf |<ftU)| > 0, 
1*1*4 x<c<a,b> 1 1 1 

Prom (21) and (26) we get inequalities 

(27) 
Re(A Wk) £ - |A| eA(b-a) for k=1,2, 

Re( A Wk) £ |A| £ A(b-a) for k=3,4. 

By (27), putting A0(A) = exp(- A(.W3+W4)) A(A), we can state 
that the real parts of the exponential functions ooeurring in 
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the determinant approach to zero as |Aj +00 more 
rapidly than any positive power of Thus , A0(A) has 
following asymptotic representation 

(28) AQ(A) = *.(d.et M(A) + , 

where 

A - | 1 ( A ) , A 1 2 ( A ) , B 1 3 ( A ) , B U ( A ) 

A 2 1 ( A ) , A 2 2 ( A ) , B 2 3 ( A ) , B 2 4 ( A ) 

II 

A 3 1 ( A ) , A 3 2 ( A ) , B 3 3 ( A ) , B 3 4 ( A ) 

A 4 1 ( A ) , A 4 2 ( A ) , B 4 3 ( A ) , B 4 4 ( A ) 

and 

? 1 0 0 ( a ) '7200 ( a ) 7 3 0 0 ( b ) r ? 4 0 0 { b ) ' 

Further we assume the condition 

(V) V?/ o, det M(A) + 0 for |A| > E , R being a s u f f i c i e n t -
ly large number. Let d denote a degree of polynomial 
det M(A) and Ji coe f f i c ient of Ad. Thus, we can put 
det M(fc) = Ad (p + . 
Final ly 

(29) A(A) = exp(A(W3+W4)) A 0 (x ) = 

= expU(W3+W4)) Ad (py* l i * ] ) . 

Let us observe that i t comas out from the asymptotic 
representation (29) that zeros of function A (A) for X e 7N. 
l i e in certain c i r c l e with radius R. Really, i f j 
for |A| = R, then by the Rouche theorem, the function 
f.iD + has not zeros outside the c i r c l e with radius R, 
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Thus, the function described by (7) 1B analyt ic with respeot 
to A on the set a R nv\ . , where := { A j |a|j:R}. 

Prom (29) and above consideration we obtain in QR n A. 

(30) | A ( A ) | ^ C |A|d |exp A(W3+ff4)| , 

where C > 0 depends on R. 
To get an asymptotio estimation of the function ti and 

of i t s der ivat ives , we must f ind estimations of the cofaotors 
Aj^iA). lief c be the maximum of degree in A for a l l dev 
terminants of 3-rd degree of elements of matrix M(A). Thus, 
for At SlR n A we have 

(31) 

|A k s (A)| $ d|a|° |exp(A(W3+W4))| , 3=1*2, 

|Ak 3 (A)| $ D|*|° | exp(A W4)| , 

|Ak 4 (A)| < D | A p | exp( A W3) | , 

for k=l,2,3,4« D being positive constant. 
By (7) , (23), (30) and (31) we get estimations 

(32) dmu(x,A) 
dx' .m 

k=l 1=1 a 

Ak l (A) 
A(A) 

max |g. (A)| |A|m-d+c {exp(-eA |A|(x-a)) + 
U k U 1 * 1 1 

+ exp(- e A |A| (b-x))}, m=0,1,2,3,4, 

where H := ( max sup t)i?^(x) + l ) . 
0 v0«m<4 xe<a,b> f m l 1 ' 

1<1<4 
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Oontoor-integral method 11 

How for the problem (1) - (3) we shall prove the following 
theorem. 

T h e o r e m 2. If 
1° the conditions (I)-(V) are satisfied, 
2° S is an infinite ourve lying in n ,/Y and coincid-

ing with half-lines |argA| = for sufficiently 
large , 

then the problem (1)~(3) has in the space ((0,T> ) n 
nC^((a,b)) the solution 

(33) v(x,t) = - 1 — f Aexp(A2t)u(x,A)dA. 
jrV^ Js 

P r o o f . We shall first prove that the integrals 

are uniformly convergent with respect to x e <a,b> for any 
t e (0,T> . Let Q and Q0 denote points on S in the XI o 
distance respectively r and r_ from 0. We assume that XI s 
s*> n and lim r = +oo. We must prove that 

-» 

dA. =£ 0 for all s > n, 
n oo 

By (32)T we obtain estimation 

(35) dA $ 

r s 
2k+1+h 

r n 
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12 R . M a ì e c k l , E . Z i e l i n s k a 

where 

e. = , - c o s ^ ^ > 0 , m ( p ) = s u p | g „ ( A ) | , h = nx+o-.d, 
1 2 3 5 |A|= ? 

T h u s 

/ A 2 k + 1 + h e x p ( A 2 t ) dA 
d x 

max nb ( r „ ) e x p ( ~ e . , t r 2 ) ( e x p ( - e A r ( x - a ) ) + 
1$i$4 i n i n 

r 2 k + 2 + h _ r 2 k + 2 + h 

+ e x p ( ~ e A r n ( b - x ) ) } g k T I i E 

w h i c h i m p l i e s 

( 3 6 ) l i m / A 2 k + 1 e x p ( A 2 t ) ¿ " ^ ( ' t * ) dA = 0 s > n , 

« A 

f o r a l l t e ( 0 , T > and x e < a , b > o r t e < 0 , T > and 

x e ( a , b ) . 

'.Ve p r o v e a n a l o g i c a l l y t h a t 

( 3 7 ) l i m / A 2 k + 1 e x P U 2 t ) dA = 0 , s > n , 
rn-"00QrC/ d X 

^ n s 

where Q ' , Q' d e n o t e t h e m i r r o r image p o i n t s o f Q , Q n s ij» ts 
w i t h r e s p e c t t o t h e r e a l c o o r d i n a t e a x i s . P r o m ( 3 6 ) and ( 3 7 ) 

we c o n c l u d e t h a t v e C £ ° ( ( 0 , T > ) n C ^ ( < a , b > ) . By ( 5 ) , we 

h a v e 
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Contour-integral aiethod 13 

1 4-2k 

k=0 1=0 3 x d t 

3 k + 1 v (x . t ) 32v(x, t ) _ 
" at2 = 

= - 3 — f exp(A2t; 
jrV^T S 

1 4-2k , i 
S E d * l î ' X ) ~ A ( x , A ) dA=0. 
k=0 1=0 d x J 

We ahall ver i fy the boundary conditions. Prom boundary condi-
tions (6) and by Theorem 1, we get 

2 3 

s z 
k=0 1=0 

ak+1y(x t ) 
aakl a4.k' 1 a t 3 x 

+ Pskl tk„ i: 
x=a at 3xJ 

x=b 

"Y-'1 S k=0 1=0 I d x 

Ai 
x=a 

. ft .2k d1a(x,A) 

x=b 
dA = — U f exp(A2t)g (A)dfl, » g ( t ) 

îtV-1 s 

for B = 1,2,3,4. 
Final ly, for i n i t i a l condition (3) we must state that 

f A2k+1u(x,A)dA = 0 fo r k=0,1. 
S 

Prom the analysis of asymptotic representation of the fun-
ction u there results i t s analyticity in n A. including 
contour Sr Suppose that Sn is an arc of the curve S lying 
inside the cirole with radius r , and 0D - i s an aro of 
this c irc le lying in By the Cauchy theorem we ob-
tain 
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14 R.Matecki, E.Zielinska 

/' A2k+1u(x,A)dA = lim ( A2k+1u(x,A)dA = 
c n-»oo • 

Sn 

lim / A.2k+1u(x,;i)dA. 
n-oo 0 

n 

In Yirtae of (32), we obtain 

jr+5 

/ A2k+1u(x,A)dA 
0 n 

a / r 2 k + 1 + h max m i r j x 
¿ 5 

' 4 

¡{exp(»iAern(x-a) ) + exp(-Aern(b-x) ) } dp ^ 

y+5 _2k+1+h 
2 r n i H ^ r " T I T " max m_(r )« {exp(-Aer (x-a) ) + 

n 1 R 

+ exp(-Aern (b-x ) ) } , 

Finally 

I j r i x ^ l i = f A2k+1u(x»A)dA = 0 f o r x e (a ,b ) . 
a t i 

Assuming additionally that the function v increases 
at least exponentially i * e . the application of transform L2 

to ( U - ( 3 ) i s sensible, we can proveit by Theorem 1, the uni-
city of (33)«i Let us suppose that v^ and v2 are distinct 
solutions of the problem ( U - ( 3 ) . Henoe, v ( x , t ) = v ^ x ^ t ) -
- v 2 ( x , t ) i s the solution of the same problem with homoge-
neous boundary conditions. The corresponding spectral problem 
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Contour-integral method 15 

i s a problem (5 ) - ( 6 ) with homogeneous boundary conditions. 
Let u(x,A) be the solution of this spectral problem. But 
u(x,/U = 0, by (32) . Thus,by Theorem 1, we get v ( x , t ) = 0 
on the set < a , b > x < 0 , T > which contradicts the assumption 
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