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OF PARTIAL DIFFERENTIAL EQUATIONS 

1. Introduction 
In the present paper we give the solution of a certain 

nonlocal problem with mixed boundary condition for a parabo-
l i c system of part ia l d i f f e r e n t i a l equations. The method pre-
sented in this paper makes possible the reduction of nonlocal 
problem to a system of Volterra integral equations. We sha l l 
make use of the resul t s established by the author in papers 

Consider the problem (N): 
Find a vector-function u(x , t ) sat is fy ing the system of 

equations 

in the domain ( x , t ) c Q = ( 0 , 1 ) * ( 0 , T ) , 0 < T < oo f where 

[1] and [2] 

(1 .1 ) 3u + f ( x , t ) 

u (x , t ) = 

U 1 (x , t ) 

u Q (x , t ) 

f - , ( x , t ) 
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2 M.Maj.chrowski 

land Re A > 0 for any eigenvalue A. of the matrix D, such 
that 

(1.2) lim iT(x,t) = y(x) for x e (0,1) 
t -0 + 

(1.3) A( t )u x (0 , t ) - B ( t ) u ( l , t ) = H(t ) , 

where 

u" (0 , t ) = lim u ( x , t ) , u ( l , t ) =" lim u(x , t ) for t e (0,T) 
X , A 

x-0 x-1" 

P 
(1.4) u ( l , t ) - £ fLj(t) .a(xd .pt) = h( t ) for t e (0 ,T) , 

J-1 

are fixed points of the interval (0 ,1 ) . 
We Assume that 

( i ) f*(x) i s a continuous vector-function with bounded va-
r i a t i o n in the interval (0 ,1 ) , 

( i i ) H(t ) , h( t ) are two continuous vector-functions, pie-•i 
cewise of c l a s s C in the interval <0,T> , 

( i i i ) A(t ) , B ( t ) , u . ( t ) ( j = 1 , . . . , p j are n-dimensional ma-
w 1 

t r i c e s piecewise of c l a s s C (0 ,T) , 
det A(t) 0 for every t e (0 ,T) . 

We r e c a l l that i f D = i s an n-dimensional matrix 
such that He A > 0 for any eigenvalue of the matrix D 
then by M(x,t) for ( x , t ) £ (-oo, + oo) x(0, + ©o) we sha l l 
understand the sum 

+ oo 

(1.5) M(x,t) = 1 + 2 ^ ^ exp[-k2jr2t d] cos k j rx . 
k=1 
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Certain nonlocal problem 3 

Introduce the following notations 
t 

(1.6) iTjfx.t) = -2D J |M(§, t-s) - t-s) 
0 

t 
(1.7) u2(x,t) = D J [m;(S=±, t-a) - t-s)j f2(s)da 

f^sjds 

(1.8) a3(x,t) = 1 ) t) + M ( f , t)- t) -

(1.9) u4(x,t) = 

- t)] f(s)ds 

lîî [«(¥.<-*)•«(¥. 
O 0 

- M(2=1=2, t-7) - m(S|=2, t-q)] T(s,9)ds drj, 

where f.j(s), f2(s), <p(s), f(s,i^) are some fixed functions. 

2. The auxiliary problem 
Let. us consider the problem (F): 
Find vector-function u"(x,t) such that (1.1) holds in Q 

subject to the following boundary conditions: 

(2.1) 

(2.2) 

(2.3) 

lim u(x,t) = ¡p(x) for x e (0,1) 
t-0+ ' 

lim i?(x,t) = f.(t) for t e (0,T) 
t-0+ * 1 

lim u(x,t) = f_(t) for t e (0,T). 
x~1~ * 

We shall construct solution of (P) problem explicitely, 
without refeiring|to integral equations. To this aim, let us 
recall the main results of the paper [l] . 
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T h e o r e m 1. I f f o r every e igenvalue % of the 
matr ix D the cond i t i on Re A > 0 i s s a t i s f i e d then : 

a) M(x, t ) i s of the c l a s s C°° i n the domain ( x , t ) 
(-<so,+oo)x(0,+oo) and the r e s p e c t i v e d e r i v a t i v e s oan be 

obtained by term-by-term d i f f e r e n t i a t i o n of the r e s p e c t i v e 
s e r i e s . 

b) l im ^ M i Z i l i = o f o r s = 0 , 1 , 2 , . . . , x i 0 , + 2 , + 4 , . . . 
t - 0 + 3 x s ~ ~ 

c) For ( x , t ) e ( -oo ,+oo)x(0 ,+°o) each column of the ma-
t r i x M(x,t) i s a s o l u t i o n of the homogeneous system (1 .1 ) 
i . e . 

3M(x. t ) . ^ 32M(x.t) 
3x2 ' 

Now, we can prove the fo l lowing theorem. 
T h e o r e m 2. I f the v e c t o r - f u n c t i o n s f ^ t j j f g i t ) 

are cont inuous i n the i n t e r v a l <0,T> and possess bounded 
and piecewise continuous d e r i v a t i v e s f , f ^ f o r t c (0,T) 
then : 
a) the f u n c t i o n s u^, u^ def ined by ( 1 . 6 ) , (1 .7 ) s a t i s f y 

the homogeneous system of equat ions (1 .1) ( f ( x , t ) = 0 ) ) 
b) l im i T ( x , t ) = 0 ( i=1 ,2 ) f o r every f ixed x e (0 ,1) 

t~0+ 1 

c) l im ul' ( x , t ) = f . , ( t ) , l im u l ( x , t ) = 0 f o r every t e (0,T) 
x-0 + 1 X 1 x - 1 " 1 

d) l im f x , t ) = 0, l im t u ( x , t ) = f 0 ( t ) f o r every t e ( 0 , T ) . 
x~0+ x - 1 - /L * 

P r o o f . The v a l i d i t y of par t a) and b) of Theorem 2 
r e s u l t s from Theorem 1 and from elementary a n a l y t i c a l c a l c u -
l a t i o n s ( c f . [l] ) . Now, we e s t a b l i s h the v a l i d i t y of par t c) 
of the theorem. To t h i s aim l e t us note t h a t l im u".j(x,t) = 0 
because ^ (2» " t~s) = t _ s ) an(* 
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Certain nonlooal problem 5 

a ^ U . t ) - -2D | [J M^(f , t-s) - \ M ^ , t-e)] ^(sjds = 
0 

" " D / Mi(f' t"8) V s ) d s + D } "i^»--*- 8) f-iisJds. 
0 0 

By Theorem 5 of paper [2] it follows that 

t 
11m D f M'(§, t-s) fl(s) ds = -flit) for t e (0,T) 
x-0+ 0 

and 
t 

lim D j t-s) f!j(sjds = 0 for t e (0,T) 

which completes the proof of the part 0), Analogously part d) 
can be proved. 

T h e o r e m 3 . If the vector-function y(x) posses-
ses a bounded variation in the interval x e (0,1) and it is 
a sum of its trigonometrio Fourier series for every x e (0,1), 
then the vector-function u".j(x,t) defined by (1.8) is a solu-
tion of the homogeneous system (1.1) (f(x,t) = 0)) and sa-
tisfies the conditions 

lim u',_(x,t) = 0, 
x-0+ •>* 

lim u,(x,t) = 0 for t c (0,T). 
x—1" 3 

P r o o f . Prom the definition (1.5) we obtain 
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I [ n ( * j * f t ) + u ( * f f t ) - M ( * = § = 2 , t ) -

+00 
= 2 exp[-(2k+l)2*r2t d] cos arx 00s 

k=0 

This series is uniformly convergent with respect to x and s 
(t being fixed). Thus, we have 

+00 
(2.4) u^(x,t) = ^ exp[-(2k+1 )2ir2t d] cos xx'ak, 

k=1 

where 
1 

®k = '2 / 0 0 3 ^ H T ^ s d s f o r k = °»1»2»"« 
0 

The series (2.4) converges uniformly for t e <0,T> because 
4-00 

the series it converges (cf. lemma in [2]). Then 
k=0 K 

+ 0 0 

lim Uo(x,t) = c os JTx*a"k = f(x) 
k=0 

by the assumption. 
The formula (2.4) implies that lim "u.1 (x,t) = 

_ x-0+ J x 

= lim u,(x,t) = 0. The series (2.4) is almost uniformly 
x-1 " J 

convergent in Q, so it can be differentiated term-by-term 
and it is clear that u^(x,t) satisfies the homogeneous sys-
tem of equations (1.1). 

Ivow, we can prove the following theorem. 
T h e 0 r e m 4. If: 
a) f(x,t) is continuous in the rectangle Q, 
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b) lim f(x,t) = lim f(x,t) = 0, 
x—0 x-1 ~ o 

c) f(x,t) is piecewise of the class C with respect to x 
(t being fixed), 

1 
d) sup / llf" (x,t)||dx < +oo, 

te(0,T) 0 M x x " 
e) the number of points of discontinuity a s 3 

ction of x is not greater than nQ (nQ is independent 
on t), 

then the vector-function u^(x,t) defined by (1.9) is a so-
lution of the system (1.1) and satisfies the homogeneous boun-
dary and initial conditions 

limj uA(x,t) = lirn̂  u^x(x,t) = lim_ uA(x,t) = 0. 
t-0+ xO+ x~1 

P r o o f . According to the theory of Fourier series, 
the function f(x,t) which satisfies given assumptions can 
be written in the form 

+oo 
f(x,t) = Y 1 V t J c 

k=0 
os ,rXf 

where 

b"k(t) = 2 J f(s,t) cos ^f-irs ds for k=0,1,2,... 

are continuous functions for t e (0,T) satisfying the ine-
q uality 

M t ) ^ o » k - 0,1,2,... . k 

A is a positive constant. 
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í t o m t h e u n i f o r m c o n v e r g e n c e o f t h e s e r i e s 

I ) [ « ( ^ 1 , • , . - , ) - . f t f * . , - , ) -

M 

+00 

= e x p [ - ( 2 k + i ) 2 j r 2 ( t - r | ) D ] c o s 2 * + ! v x b ^ ) 

k = 0 

i t f o l l o w s t h a t 

( 2 . 5 ) a ^ ( x ( t ) = 

+00 t 

= c o s ^ - J T x f e x p [ - ( 2 k + l ) 2 j i 2 ( t - r j ) D ] b k ( i ? ) d 7 . 

k = 0 0 

H e n o « 

+00 

u ^ t x . t ) = h l t l 0 0 8 * x + 

k = 0 

+00 t 

^ D ^ c o s J ( 2 k + 1 ) 2 j r 2 e x p [ - ( 2 k + D 2 j r 2 ( t - r j ) D ] r k ( r ? ) d i 7 

k = 0 

9 2 I T , 
f ( x , t ) + 4D ^ 

T h e p r o o f o f t h e s e c o n d p a r t o f t h e t h e o r e m f o l l o w s f r o m 

( 2 . 5 ) 
T h e o r e m s 2 , 3 a n d 4 i m p l y t h e f o l l o w i n g c o r o l l a r y . 
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C o r o l l a r y . I f the f u n c t i o n s f ^, f" 2»f"> 
s a t i s f y the assumptions of Theorems 2 , 3 anc1 4 r e s p e c t i v e l y , 
then the problem ( r ) possesses the s o l u t i o n . This s o l u t i o n 
can be w r i t t e n i n the form 

( 2 . 6 ) iT(x , t ) = u ^ x . t ) + u " 2 ( x , t ) + u 3 ( x , t ) + r 4 ( X , t ) 

where u^, ïïg, u^, u^ are defined by ( 1 . 6 ) , ( 1 . 7 ) , ( 1 . 6 ) , 
( 1 . 9 ) . 

3 . S o l u t i o n of the problem (K) 
We can prove the fol lowing theorem. 
T h e o r e m 5 . I f h , f , H, a , B, ( j = 1 , . . . , p ) 

s a t i s f y c o n d i t i o n s ( i ) , ( i i ) , ( i i i ) , and f ( x , t ) s a t i s f i e s 
the assumptions of Theorem 4 then there e x i s t s a s o l u t i o n of 
the problem (N). 

P r o o f . Let us denote 

f l ( t ) = lim u " ' ( x , t ) , f „ ( t ) = l im u ( x , t ) 
1 x d x - 1 " 

where a s o l u t i o n u ( x , t ) of the problem (Ii) i s sought i n 
the form ( 2 . 6 ) . 

From the f i r s t nonlocal c o n d i t i o n ( 1 . 3 ) we obta in 

( 3 . 1 ) f 1 ( t j = A ~ 1 ( t ) H ( t ) + A - 1 ( t ) B ( t ) f 2 ( t ) . 

Combining formulas ( 2 . 6 ) and ( 3 . 1 ) we can w r i t e 

t 
u ( x , t ) = J K ( x , t , s ) f ^ ( s ) d s -

0 

- 2D j* |m(§, t - s ) - t - s ) A ~ 1 ( s ) H ( s ) d 8 + 
0 

+ l u ^ U . t ) + l T 4 ( x , t ) , 
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where 

K ( x , t , s ) = D[1^(2=1, t - s ) - t - s ) -

- 2b[m(|, t - s ) - t - s ) ] A"1( .s)B(s), 

i s continuous with respect to t e <0,T> , a e < 0 , t > for 
every fixed x €, ( 0 , 1 ) . 

Prom the second nonlocal condition ( 1 . 4 ) we infer that 
the function f 2 ( t ) must sat isfy the following system of 
Volterra integral equations of the second kind 

} P 

( 3 . 2 ) f 2 ( t ) - J f ^ * ) K ( x j , t , s ) f 2 ( B ) d B = i ( t ) , 
0 j = 1 

where 

t 
( 3 . 3 ) F ( t ) = -2 p j ( t ) D j t - s ) -

3=1 0 

- M & , t - a ) A""1(s)H(s)ds + 

R 
+ hfot) + ^ ( t ) [ u 3 ( x . . , t ) + u ^ x ^ t ) ] . 

3=1 

Hence we conolude that there exis ts eocactly one solution of 
the system ( 3 . 2 ) . This solution i s continuous and piecewise 
of class C1. The formulas ( 3 . 1 ) and ( 2 . 6 ) define the solu-
tion of the problem (N). 

R e m a r k . I f the condition lim f ( x , t ) = 
x - 0 i 

= lim f ( x , t ) = 0 i s not satisfied but f ( x , t ) i s conti -
x - 1 -

nuous in <0,1> x <0,T> , theii we can use the substitution 
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Ti Ti 

v ( x , t ) = u" (x , t ) - x J [ f ( l , s ) - ? ( 0 , s ) ] d s - j f ( 0 , s ) d s . 

0 0 

T h i s s u b s t i t u t i o n r e d u c e s the problem (N) to the problem (K*) 

v ; = 4D TX X + g , 

where 

g ( x , t ) = f ( x , t ) - x [ f ( l , t ) - f ( 0 , t ) ] - f ( 0 , t ) 

g ( 0 , t ) = g ( l , t ) = 0 

v ( x , 0 ) = f ( x ) 

w i t h c o n d i t i o n s 

A ( t ) v ' ( 0 , t ) - B ( t ) v ( l , t ) 

= H ( t ) - A ( t ) J [ f ( l , s ) - ? ( 0 , s ) ] ds + B ( t ) | ? ( 1 , s ) d s , 

7 ( 1 , t ) - j i j i t j v i x j . t ) = 

= h ( t ) f ( l , s ) d s + ^ jjlj {-6 ) « | [ f ( l , s ) - f ( 0 , s ) ] ds + | f ( 0 , s ) d s 

0 .1=1 0 0 
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