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ON WEAK DIFFERENTIAL-FUNCTIONAL INEQUALITIES

The purpose of this paper is to transfer some J.Szarski’s
the~rem on weak differential inequalities [1] to differen-
tiel - functional inequalities of Volterra’s type. Owing to
the modification of the method of proofs in J.Szarski?’s theo-
rems, whidh is introduced in this paper, we can obtain theo-
rems on weak inequalities also in the cases, where the so-cal-
led comparison function 6 does not belong to the class of
comparison functions in [1].

1. Introduction
Let fi(t,x1,...,xn), i = 1,eee4n, be a system of func-
tions defined in the set D = < 0,T)> x R%, Let the functions
d(t) = {¢1(t),...,4h(t)} be continuous in the interval
{t,T» , where, - cog7¢0. We will consider the operztor
t Tt . t t t t
%0 = {ri@);...,55(0)}, wheve uf(2) = {nf (g),0f5(p,),0e

ey hzn(yn)} for i = 1,s..,n, having the properties:

* 1If ®(6) = ¥(8) for any functions &,¥ and for all
0e<7,t>, te <0,T>, then H'(®) = H'(¥).
2* If O(t) <¥(t) for te {¢,T>, then HY(®) <H'(¥).

We will apply the notation: {x1,...,xn} = X,
{f1""’fn} =PF, X < (<)X if and only if x; € (<)Ei
for i =1,4ee,ne We will write that a function F satis-
fies the condition ¥_ in the set D, if X <X implies
£(t,X) € £;(t,X) for 1= 1,...,n and for any points (t,X),
(t,X) € D.
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2. A theorem on the strong inequality for the system of
differential~functional equations of Volterra’s type
Theorem 1, Suppose that:
(1) The function F satisfies the condition ¥ _ in the
set D.
(11) D_8(t) < P(t,15%(8)), te (0,7),
D_¥(t) > F(t,H%(v)), te (0,7),
o(t) <¥(t), te<lr,0>,
where D_<1>(t)( =h){D_;p1;t),...,D_cpn(t)}, D_gy(t) =
o g PalTHR)-g (6
ilg_ inf M L for i=1,...,0 and F(t,Ht(Q)) =
-
{2406, H (D)), 00,2, (4,H2(2))}  (analogously for the func-
tion ¥. Then

(1) d(t) < w(t), tecz,T>.

Proof. By the continuity of ¢ i ¥ and by (ii),
the inequality (1) is true in a certain interval < 0,a). Let
us consider the values o« > 0 which satisfy the inequality
(1). Let o be the least upper bound of the set of these
values. Suppose that o < T, Then, for at least one k we
have

‘fk(t) < ?k(t)
te ¢(0,0¥.
Ppcla®) = yy (o)
Hence

(2) Ds‘fk(q') 2 D_!’k(oc*)-

But, by (ii) and by properties 1* and 2% of the operator
Ht(O), we have

»* %
D_B(a*) < Flo* H (8)) € Plo¥ B (¥)) < D_9(oc*)

which contradicts the inequality (2). Therefore o = T.
This completes the proof,
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Differential~-functional inequalities 3

Rednark, If hzi(?i) s ¢;(t), then we can repla-
ce the condition V+ in the assumption (i) by the condition
W, (see [1]).

3. 4 theorem on the wesk inequality for the system of
differential~-functional equations of Volterra’s type

We will prove the main theorem of this papser.

Theoren 2e We suppose that
1° The function F satisfies the condition V+ in the set D

(the condition W,, if hi,(e;) = ylt)),

20 D_8(t) < P(t,5Y(8)), te (0,77,
D_(t) > F(t,H (w)), te (0,7,
o(t) <¥(t), t e {t,0).

There exists a sequence U”(t) = {u:(t),u;(t),..s,u;(t)},

? = 142,004, which satisfies the conditions:

3° The functions u’(t) are continyous, positive and non-
~decreasing in the interval <z ,T),

4° un ug(t) =0 for te<dr,T> and §=1,2,e0e,0,

5° p_[e(t) « v'(6)] > B(¢,B%(w) + U(8)), ¢ e (0,7>,

6° B¥(g) + U (1) > H (9 + U”), te (0,0>, 9 =1,2,000

Then ¥ t) S¥(t) for te <7,T)e
Proof, Let ¥(t) =w¥(t)+ U (t). PFrom the proper-
ties 1° and 6° we obtain F(t,HF(¥)+U”(t)) » F(t,HY(240”)) =

- P(t,HY(¥)), te (0,7,
By the inequality 5°, we have
(3) D_¥(t) > F(t,H5(§)), e (0,75,

Taking into consideration the assumptions 2° and 3° and the
inequality (3), by the theorem on the strong inequality for
the system of differential-functional equations, we obtain
(4) &(t) < ¥(t) = w(t) + U (t), te <r,T>, v=1,2,00

- 617 -
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Passing in the inequality (4) to the limit as v -»oo, we get

the thesis of our theorem.

Now we will give examples of the operator Ht(Q) which

(a) satisfies the conditions 1* and 2" for any continuous
function &,

(b) satisfies the condition 6° for any continuous function &
and any function U(t) = {u1(t),...,un(t)} such that
ui(t) for i=1,2,...,n is continuous, positive and non-
~decreasing in the interval <7,T).

Example 1. Consider the operator Ht(Q) = d(Q(*)),
where Q(t) = {R(t),000,@(8)}, (8] = {03(8) 0, (4),00s

ooy W (%) 00 T SW, . (t) €£t, t=min ( inf w.:(%t)).
(81} 13 ’ ij  teco,T> 3
Let us notice that in this case

F(4,85(0)) = {£,06,9,(094(8))yeunrqnlup ($1))50nn
vens B (b9 (00, (8)) senespplap ()10}

By definition, this operator satisfies the conditions (a),
(b), because

o(a(t)) + Ult) > B((t)) + Ul@(t)) = (@+U)(Q(t)).

Example 24 Let

%
H @ = Q t = t) . t geee t)l.
(3) = pag 0(t) = [ mex ¢,(t), mog g(t),een, mag g(t)]

Then

~ :E ~ !
P t,H @ -{f t t t)’coo mnax t) X R
(5278 =1 1( '<3?€>"1( ‘)'<o,¥>"2( 0, n(*)

e fn(%’,<g§>(f1(t),<g% fz(t),ooo,<g-?¥>‘fn(t))}o
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Differential~functional inequalities 5

The operator HY(8) satisfies the conditions (a), (b) and
the following inequality is true

max ®(t) + (%) = max ®(t) + max U(t)2
<0, 0, <0,%

> max (&(t) + u(t)).
<0,%>

Example 3e Let

£
#%(®) = [ K(s)®(s)ds, te Ceen,T>,
t=h

where K(s) = {k1(s),...,kn(s)}, ki(s)> 0O Tor 1i=1,2,ee0,40,
8¢ <¥,T> , and h 1is chosen in such a way that u(t)2
t

2 f k(s)u(s)ds for any continuous, positive and non-de-
t-h

oreasing function u(t). This operator fulfils the conditions
(a), (b).

4. Properties of the function F implying the existence
of the sequence {Uv(t)}
" Now we will give certain properties of a function F
such that there exists a sequenas Uv(t) fulfilling the
conditions 3°, 4%, 5%, 6° if the operator HY($) fulfils
the conditions (a), (b). _
Property A. Let é(t,u) be a comparison func~
tion of the first type (see [1])  and let for a > 0 and
(t,X) e D

(5) £3(%,X+4) < £,(%,X) + 6(%,a),

where A4 = (&8,844e.4,8) € R%, et wo(t) be the solution of
the problem
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6 R.Dolidiski, K.Zima

5) w'(t) = 8(t,w) +3, te<0,T¥, T¥¢T, w(0)=

<=

We define the sequence {Uq(t)} = {u‘;(t),...,u;(t)}, V21,2500
in the following way:

. w’(t) for te <0,T* _
(7) ui(t) = [} i=1’2,uoo,no
' -35 for te <z,0>

By the properties of a comparison function 6 and by (5),
(6), the sequence (4) fulfils the conditisns 3°, 4°, 5°, 6°,

Property B, Let 6(t,u) be a comparison func-
tipn of II type (see [1]) and let for a > 0, (t,X) € D

(8) _ fi(t,-X+A). <fi(t,X) + 6(t,a),

where A = (8,8ye¢e,8) € R, 1If wy(t) is the solution of
the problem

(9) w' = 8(t,w), w(T) =1, te (0,T>, v=1,2,000,

<l

then the sequence {Uo(t)} = {u‘:(t),...,u;(t)}, V=1,24000
defined in the following way

wo(t) for t e (0,15
uz(t) = i=1,2,oo.’n,
o, for te <7,0>

whers o, = 1lim wy(t), fulfils the conditions 3% - 6°.

t+»0t
Really, a solution w,(t) of the equation (9) is de-

fined and non-decreasing in the whole interval (0,"1‘) and
a,>0 for any v=1,2,... o« Therefore wv(t)> 0 for

t e (0,T>, With regard to the fact that the function w,(t)
is non-decreasing|, we have
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0 < wy(t) <wylT), te (0,7>.

Moreover wy(T) =.-3— - Therefors lim wy(t) = 0 for

t € (0,7 >, The conditions 3°,40,6° are satisfied. With re-
gard to the inequality (8) the condition 5° is satisfied, too.

We can replace the inequality (8) by the weak inequality,
but then we ought to modify the equation adequately. In C
and D we give examples of such a oase, where (8) is repla-
ced by a weak inequality.

Property Co Let 6(u) be a continuous fune-
tion for u > 0, 4(u) > 0 and

%

a%%)‘=+oo, u°> Oe

Let for a > 0, (t,X) €D
£5(t,X+4) sfi(t,x) + 6(a), where 4 = (a,3,...,8) € RO

Let w'(%t) be a solution of the problem

w’ = 26(w), W(O) = %’ °

Let us notice that + <w (%) ¢ w (T) for t e <0,T> and
w’(T)
1
vy

u

0
Since the integral j 3'%"3")’ is divergent, by th9 equality

6}
{10), we havie wv(T) — 0, as V—» +oo,

We construct the sequence {U‘?(t)} = {ug(t),...,u:(t)}
like in A.
Property D. Let for t e (0,T>, a> 01

£,(t,X+44) <£(t,X) + [1n t|a, &= (a,8,...,a) ¢ B%,
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8 : _ R.Dolifiski, K.Zima

Let w"(%) be a solution of the problem

w'(t) = (I1n ¢] + ghw, w(®) =%, g>0, te (00>,
If for exmmple ‘T < 1, then w' (%) has the form

w (%) = T(1-a'-1nT) ot(F-1-1nt)

In this ocase we construot the sequence {Uq(t)} =
u%(t),...,d;(t)} in the following way

w (t) for t e (0,7

W (t) =

1 gP01=g-10T) o0 4 ¢ {r, 0> .

<

It is easy to verify that this sequence has the properties
3% - 6°. There exist examples of the comparison function
of III type (see [1]) that there exists the sequenae {Uq(t)
for them, The existence of the sequence {U (t) is possible
in the case, when 6(t) = % a.

Property E. Let for t e (0,7), a2 0,
i=15e00yn, '

fi(t X+4) € fi(t X) + — a, where A = (&,8,...,8) € R™,

Let w’(t) be a solution of the problem

(11) w' = (%+ 1)w, w(it) =1, te(0,2>,

namely w(t) =-la o T 6. We see that the sequehoce

{U (t)} { (t)y0ee,u (t)} v = 1,2,40., defined in the
following way
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w(t) for +t e (0,T >
ui(t) = i =‘1,2,oo',n
0 for ¢t e <z,0)>

satisfies the conditions 3% - 6°,

Corollary. If the assumptions 1° and 2° are
satlsfied and the function P has one of the properties
4, B, Cy D, E, then the theorem on weak differential ine-
qualities is truse.
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