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ON WEAK DIFFERENTIAL-FUNCTIONAL INEQUALITIES 

The purpose of t h i s paper i s to t r a n s f e r some J . S z a r s k i ' s 
theorem on weak d i f f e r e n t i a l i n e q u a l i t i e s [1] to d i f f e r e n -
t i a l - f u n c t i o n a l i n e q u a l i t i e s of V o l t e r r a ' s type . Owing to 
the modi f ica t ion of the method of proofs i n J . S z a r s k i ' s theo-
rems, whidh i s introduced i n t h i s paper, we can ob ta in theo-
rems on weak i n e q u a l i t i e s a l so i n the cases , where the s o - o a l -
led comparison f u n c t i o n (> does not belong to the c l a s s of 
comparison func t i ons i n [ 1 ] . 

1. In t roduc t ion 
Let t , . . . , x R ) , i = 1 be a system of f u n c -

t i o n s def ined in the s e t D = < 0 , T > x R n . Let the func t ions 
$ ( t ) = {fy ( t ) , . . . , <pn( t } | be continuous i n the i n t e r v a l 
<t,T> , where, - o o ^ t ^ O . We w i l l consider the operator 
! !*{• )= • { h * ( « ) ; . . . , h J ( « ) } , where H* (ft) = { h ^ ( ̂  ) , h j 2 ( y>2),. . . 

. i = having the p r o p e r t i e s : 

1* I f ft(6) = *(e) f o r any func t ions and f o r a l l 
8e <T,t> , t £ < 0,T > , then ^ ( f t ) = H1^*). 

2* I f ft(t) < * ( t ) f o r t e <c,T> , then H t(ft) 

We w i l l apply the n o t a t i o n : = X, 
{ f 1 t . . . f f n } = F, X $ ( < )X i f and only i f x± « ( < )x± 

f o r i = 1 , . . . , n . We w i l l wr i t e tha t a f unc t i on F s a t i s -
f i e s the condi t ion V+ i n the se t D, i f X $ X impl ies 

t ,X) $ t ,X) f o r i = 1 , . . . , n and f o r any points ( t , X ) , 
( t ,X) e D. 
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2. A theorem on the strong inequality for the system of 
d i f ferent ia l - funct iona l equations of Vol terra ' s type 

T h e o r e m 1. Suppose that: 
( i ) The function F sa t i s f i e s the condition V, in the T 

set D. 
( i i ) D_$(t) < P{ t , H t ( ^ ) ) , t e ( 0 , T > , 

D_¥(t) > i ' ( t ,H t ( V ) ) , t e (0,T> , 

$ ( t ) < ? ( t ) , t e < * , 0 > , 

where D . » ( t ) = { d ^ ( t ) , . . . ,D_? n ( t ) } , D ^ f t ) = 
<f* (t+h)-<p,(t) t 

= lim inf — r — fo r i = 1 , . . . , n and F ( t , I T ( $ ) ) = 
h*0~ n 

= { f 1 ( t , H ^ ( $ ) ) , . . . , f n ( t , H j ( $ ) ) } (analogously for the func-
tion Then 
(1) * { t ) < * ( t ) , t e < t , T > . 

P r o o f . By the continuity of $ i K and by ( i i ) , 
the inequality (1) is true in a certain interval < 0 , a ) . Let 
us consider the values a > 0 whioh sat i s fy the inequality 
( 1 ) . l e t ct* be the least upper bound of the set of these 
values. Suppose that <X* < T. Then, for at least one k we 
have 

<pk(t) < V k ( t ) 
t e <0, a* ) . 

</>k(oc*) = t|ik(ot*) 
Hence 

(2) > D_¥k(oc*). 

But, by ( i i ) and by properties 1* and 2* of the operator 
H^($), we have 

i i y 

D_$(<x*) £ F(oc*,H°C ( 4 ) ) C P(cc* ,Ha ( * ) ) < D^ ¥(«.*) 

which contradicts the inequality ( 2 ) . Therefore a * = T. 
This completes the proof. 
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R e n l a r k . If hj^if^) s then we can repla-
ce the condition V+ in the assumption (i) by the condition 
W + (see [1]). 

3. A theorem on the weak inequality for the system of 
differential-functional equations of Volterra's type 

We will prove the main theorem of this paper. 
T h e o r e m 2. We suppose that o 1 The function F satisfies the condition V\ in the set D + + 
(the condition W+, if h ^ i ^ ) = ^(t)), 

2° D_$(t) <P(t,!!*($)), t € (0,T>, 
D_V(t) > Pit^i«)), t 6 (0,T> , 
®(t) < *(t), t e <t,0> . 

There exists a sequenoe ti'(t) = ju* (t) ,Ug(t},... ,u*( t)}, 
9 = 1,2,..., wfiioh satisfies the conditions: 
3° The functions ^(t) are continuous, positive and non-

-decreasing in the interval <zr,T> t 
4° lim u"?(t) = 0 for t e <r ,T> and j=1,2,...,n, •¿—•oo J 

5° D_[*(t) + u'(t)] > Pjt.H*^) + U*(t)), t e (0,T > , 
6° H*(f) + U9(t) * H*C * + t e (0,1) , 9=1,2,... 
Then $(t) $ *(t) for t e <z>H> + 

P r o o f , Let l(t) = V(t) + U*(t). From the proper-
ties 1° and 6° we obtain P(ttHt(*)+u'(t)) 2 F(t,HtOi+u')) -
= Pit^i?)), t € (orT> . 

By the inequality 5°, we have 

(3) DjKt) > P t t ^ t f ) ) , t « (0,T>. 

Taking into consideration the assumptions 2° and 3° and the 
inequality (3), by the theorem on the strong inequality for 
the system of differential-functional equations, we obtain 

(4) $(t) << *(t) = *(t) + U*(t), te<r,T>, 9=1,2,... 
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P a s s i n g i n the i n e q u a l i t y ( 4 ) to the l i m i t as V + o o , we g e t 
the t h e s i s of our theorem. 

Now we w i l l g ive examples of the o p e r a t o r 1 ^ ( 4 ) which 
( a ) s a t i s f i e s the c o n d i t i o n s 1* and 2* f o r any cont inuous 

f u n c t i o n $ , 
(b) s a t i s f i e s the c o n d i t i o n 6 ° f o r any continuous f u n c t i o n $ 

and any f u n c t i o n U ( t ) = j u ^ ( t ) , . . . , u n ( t s u c h t h a t 
Uj_(t) f o r i = l , 2 , . . . , n i s c o n t i n u o u s , p o s i t i v e and non-
- d e c r e a s i n g i n the i n t e r v a l < T , T > . 
E x a m p l e 1 . Consider the o p e r a t o r = $ ( f l ( t ) ) , 

where 8 ( t ) = ( t ) , . . . ,Qn( t ) } , fl^t) « { « . ^ ( t ) , u 2 1 ( t ) , . . . 
. . . , u , ( t ) } , -oo < r . ( t ) £ t , t = min ( i n f o * A t ) ) . 

1 3 i j t c < 0 , T > 
Let us n o t i c e t h a t i n t h i s c a s e 

F i t . H ^ S ) ) = { ^ ( t / ^ U ^ i t ) ) f n ( u n 1 ( t ) ) ) , . . . 

By d e f i n i t i o n , t h i s o p e r a t o r s a t i s f i e s the c o n d i t i o n s ( a ) , 
( b ) , because 

® { f i ( t ) ) + U ( t ) * ® ( f l ( t j ) + U ( a ( t ) ) = ( 4 + U J ( f t ( t ) 

E x a m p l e 2* L e t 

A» 
H t ( $ ) = max $ ( t ) = ( m a x « ¡ p j t ) , max y 9 ( t ) , . . . « , max r n ( t ) j . 

<0i ,i> l < 0 , i > T 1 < o ^ > T 2 < o / f > r n J 

Then 

>( t»H*(&)) - ( f / i * max f - { t ) , max f 2 ( t ) , « . . , max f B ( t ) ) , . 
t <0^t> 1 <o ,¥> £ < 0 , i > n * 

• • » ^NSV^^SV2^ 
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The operator s a t i s f i e s the condit ions ( a ) , (b) and 
the following inequal i ty i s t rue 

maj $ ( t ) + U(i) = max $ ( t ) + max U( t )^ 
<0,t> <0,i> <0,i> 

^ max ($ ( t ) + U ( t ) ) . 
<0,t> 

E x a m p l e 3. Let 

t 
/ 

t - h 
H t ( f ) = f K(s)S(s)der, t e < t + h , T > f 

where K(s) = {k1 ( s ) . . t k f l ( s )} , k i ( B ) > 0 f o r i = 1 , 2 , . . . , n , 

s c <*,T> , and h i s chosen in such a way tha t u( t ) > 
t 

^ J k ( s )u (s )ds f o r any continuous, pos i t ive and non-de-
t - h 

creasing func t ion u ( t ) . This operator f u l f i l s the condit ions 
( a ) , (b ) . 

4. Proper t ies of the func t ion F implying the existenoe 
of the sequenoe | U v ( t ) 

Now we w i l l give c e r t a i n proper t ies of a func t ion P 
such tha t there e x i s t s a sequenoe { ^ ( t ) } f u l f i l l i n g the 
condit ions 3°, 4°, 5°, 6° i f the operator H ^ i ) f u l f i l s 
the condit ion? ( a ) , (b ) . 

P r o p e r t y A . l e t ¿ ( t , u ) be a comparison func* 
t i on of the f i r s t type (see [ l]) and l e t f o r a > 0 and 
(t ,X) € D 

(5) t,X+A) ^ ( t . X ) + d ( t , a ) , 

where A = ( ) e Hn . Let w ( t ) be the so lu t ion of 
the problem 
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.6} w ' ( t ) = ¿(t ,w) + ^ , t e < 0 , T * > , w(0) = l . 

We define the sequence {u^ ( t ) | = t ) , . . . t ) } , 9=1,2,., 
in the following way: 

(7) u^(t) = 
w^it) for t e <0,T*> 

1 
7 

1=1,2, .n. 
for t e <r,0> 

By the properties of a comparison function 6 and by (5) , 
(6 ) , the sequence (4) f u l f i l s the conditions 3°, 4°i 5°, 6°. 

P r o p e r t y B. Let ( ) ( t ,u) be a comparison func-
tion of I I type (see [ l ] ) and le t for a > 0, ( t ,X) e D 

( 8 ) f^ t .X+A) < f i ( t , Z ) + 6{t,a), 

where A = ( a , a , » . . , a ) e R . I f w^(t) i s the solution of 
the problem 

(9) w' = ¿ ( t ,w) , w(T) = 1 , t e (0,T> , 9=1,2, 

then the sequence {u^ ( t ) } = {ulj( t ) , . . . , t ) } , 9=1 ,2 , . . . 
defined in the following way 

u*(t ) 
w- ( t ) for t e (0,1> 

ot̂  for t £ <z ,0> 
3»s 1121 • • • y xi| 

where <x0 = lim w 0 ( t ) , f u l f i l s the conditions 3° - 6°. 
v t-»0+ 

Really, a solution Wy(t) of the equation (9) i s de-
fined and non-decreasing in the whole interval (0,T> and 
ot^>0 for any 9=1,2, . . . . Therefore w^(t) > 0 for 
t £ (0,T> . With regard to the fact that the function w^(t) 
is non-deoreasingj, we have 
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0 < Wy(t) < wv(T), t e (0 ,T>. 

Moreover w0(T) >= 4- . Therefore lim wo(t) = 0 for ' V ^ - »M r 

t € (0 ,T>. The conditions 3°,4°,6° are s a t i s f i ed . With r e -
gard to the inequality (8) the condition 5° i s s a t i s f i ed , too. 

We oan replace the inequality (8) by the weak inequal i ty , 
but then we ought to modify the equation adequately. In C 
and D we give examples of such a oase, where (8) i s repla-
ced by a weak inequal i ty . 

P r o p e r t y C. Let ¿(u) be a continuous func-
tion for u > 0, d(u) > 0 and 

uo 

! 4 f t - = +o°» uo > 
0 

Let for a > 0, (t,X) € D 
f^(t,X+A) ^ ^ ( t j X ) + 6(a ) , where A = ( a , a , . . . , a ) e Rn. 

_Let w^(t) be a solution of the problem 

Let us notice that 

( 1 0 ) 

Since the integral 

(10), we havie w*(T) 0, as S> — + o o . 

We construct the sequence {u^(t)| = {<^(t) 
l ike in A. 

P r o p e r t y D. Let for t e (0,T> , a > Oi 

f j (t,X+A) ^ f ± ( t ,X ) + |In 11 a, A = ( a , a , . . . , a ) e Hn. 

w' = 2tf(w), w(0) = J . 

^ S w ^ t ) ^ w î'T) for t e <0,T> and 

w^T) 

1 

/ dfu) i s d i v e r 6 e n t » t l l e equality 
0 
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Let w ( t ) be a so lu t ion of the problem 

w ' ( t ) = ( | l n t | + w(T) « , y > 0 , t e (0,T->. 

I f f o r etaample T ^ 1, then w*(t) has the form 

w*(t) = e"t(jT-1-lnt)^ 

In t h i s oase we oonstruot the sequenoe { u ' ( t ) } = 
= { u * ( t ) , . . . , u * ( t ) } in the following way 

u ' ( t ) = 
w 9 ( t ) f o r t e (0,T > 

^ T d - j T - l n T ) f o r t e < r f 0 > . 

I t i s easy to v e r i f y tha t t h i s sequenoe has the proper t ies 
3° - 6°. There ex is t examples of the comparison func t ion 
of I I I type (see [l] ) t ha t there e x i s t s the sequenoe {u*( t )} 
fo r them. The existence of the sequence {u^ i t )} i s possible 

«4 

i n the case, when ¿ ( t ) = ^ a . 
P r o p e r t y E. Let f o r t e (0,T> , a £ 0, 

i = 1 , . . . , n t 

f±(t ,X+A) < f ± ( t f X ) + j a , where A = ( a , a , . . . , a ) e Rn . 

Let w^(t) be a so lu t ion of the problem 

(11) w' = + l)w, w(T) = i , t e (0,T> , 

0 1 —T "f namely w ( t ) = -^r e~ e . We see tha t the sequenoe 

{ u ^ t ) } = { u * ( t ) , . . . , u £ ( t ) } , 9 - 1 , 2 , . . . , defined i n the 
following way 
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w 9 ( t ) f o r X € (0 ,T > 
i = 1 , 2 , . . . , n 

0 f o r t e < t , 0 > 

e a t i a f i e s t he c o n d i t i o n s 3° - 6 ° . 
C o r o l l a r y . I f the assumpt ions 1° and 2° a r e 

s a t i s f i e d and the f u n c t i o n F has one of t he p r o p e r t i e s 
A, B, C, D, E, t h e n the theorem on weak d i f f e r e n t i a l i n e -
q u a l i t i e s i s t r u e . 
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