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ON THE PROPERTY W IN FINITE p-GROUPS 

In t h i s paper we s h a l l study the property V considered 
i n [1 ,2 ,3 ,4 ] concerning s e t s of elements of t h i s same o rde r . 
In our cons ide ra t ions we r e s t r i c t ourse lves to the case of 
f i n i t e p-groups (p > 2 ) . In [l] i t was shown tha t f o r two 
groups G and H with the property W and of r e l a t i v e l y 
prime o rde r s , G*H has the property W. In [4] an analogous o r e s u l t f o r p-groups of exponent p was obta ined. The aim 
of the paper i s t o prove t h a t the above r e s u l t s cannot be ge-

2 
ne ra l i zed to the c l a s s of p-groups of exponent g r a t e r than p . 
We a l so give the proof t h a t the property W i s not h e r e d i t a -
ry under tak ing subgroups ahd homomorphism images. These r e -
s u l t s are based on a c h a r a c t e r i z a t i o n of p-groups of maximal 
c l a s s . 

Most of the n o t a t i o n used i s s t andard . The bas ic r e s u l t s 
concerning r e g u l a r p-groups and groups of maximal o l a s s can 
be found i n [5]. 

We r e o a l l the bas ic d e f i n i t i o n . 
A p-group G has the property W i f f o r each n a t u r a l n 

Kn(G) i 0 impl ies Kn(G)Kn(G) ^ G, where Kf l(G)« {xcGio(x) = 
= p n } and AB = {ab: a e A, b e s ] , 

We need the fol lowing simple but u s e f u l lemma whioh was 
proved in [ l] i n a weaker form. 

L e m m a 1. I f H i s a subgroup of G and G / H 
then 
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fH i f |G:H| = 2 
(G - H)(G - H) = i 

[G otherwise. 

P r o o f . First l e t us assume that |G:H| = 2. Then 
there exists an element g eG such that G - H = gH. There-
fore the normality of H in G implies (G - H)(G - H) = 
= (gH) (gH) = g2H = H. Suppose now that |G:H| > 2. Thus 

A 

H = g (gH) c (G - H)(G - H). Moreover, there exists an e l e -
ment g^ in G - (HugH). Because g^ gH ^ H, we have 
gH = g.j ( g^gH) c (G - H)(G - H), which ends the proof. 

T h e o r e m 2 ( [ 2 ] ) . Bach regular p-group has 
the property W. 

This can be proved by observing that in a regular p-group 
G the set of elaments of order less than pn (n f i xed ) con-
st i tutes a subgroup of G ( [5] ) . 

Before going further in Lemma 3 we r eca l l some results 
on p-groups of maximal class. By Ĝ  we denote the subgroup 
of G 

CGU2G/f4G) = Jg e G: A [ g . x j e f y G l 
[ X £ F 2

G J 

and we ca l l this subgroup fundamental. 
L e m m a 3 ( [5] ) . I f a p-group G i s of maximal 

class and |G| £ pp+2 then: 
a) Ĝ  i s the unique maximal subgroup being regular; 
b) Bach maximal subgroup of G not equal to G1 i s 

a group of maximal class; 
p 

c) For each element x e G - Ĝ  we have o(x) < p , 
{ x 6 : g e g } = xy2G and x p e Z ( G ) . 

By 111.14.6 ( [ 5 ] ) these are special cases of I I I .14 .14 
and I I I .14 .22 . 

L e m m a 4. I f G i s of maximal class, |G| £ p p + 2 , 
then for each maximal subgjroup M £ G^ of G the set M-JFGG 
i s contained in K1(G) or K_(G). 
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P r o o f . L e t M b e a m a x i m a l s u b g r o u p o f G , 

M t G ^ . B y I I I . 1 4 . 2 | L i : j f 2 G | = p a n d b e c a u s e o f t h a t 

M - < x , j j T 2 G > f o r x i G ^ . T h u s b y L e m m a 3 c w e o b t a i n 

M - y 2 G = x j t 2 G u x 2 f 2 G u . . . u x P " 1 j f 2 G = 

= { x 6 : g e G } u { ( x 2 ) s : g e g } u . . . u { ( x p ~ 1 } s : g 6 g } . 

B u t ; b y ' L e m m a 3 c t h e e l e m e n t s x , a r e o f t h i s s a -

me o r d e r e q u a l t o p o r p . T h i s y i e l d s M - f ^ G C K ^ ( u ) o r 

M - ff2G C K 2 ( G ) . 

T h e o r e m 5 . I f G i s a p - g r o u p o f m a x i m a l c l a s s , 

t h e n G h a s t h e p r o p e r t y W . 

P r o o . f . I f | G | * p p + 1 t h e r e s u l t i s k n o w n ( [ 4 ] T h e o -

r e m 1 ) , s o w e m a y a s s u m e t h a t | g | 2 p p + 2 . S i n c e G^ i s r e -

g u l a r , b y T h e o r e m 2 w e i n f e r t h a t t h e i n c l u s i o n K ^ C G ) c G ^ 

y i e l d s K . ( G ) K . ( G ) ^ G . B y L e m m a 3 c f o r x 4 G . w e h a v e 
i i p , ' 

o ( x ) = p o r o ( x ) = p , t h j u s f o r i > 2 w e o b t a i n 

K ^ ( G ) K ^ ( G ) ^ G.j i n v i r t u e o f t h e a b o v e . S o w e s h a l l c o n s i d e r 

t h e s e t s K ^ G ) f o r i = 1 , 2 o n l y . T o p r o v e o u r t h e o r e m i t 

i s s u f f i c i e n t t o c o n s i d e r t h e c a s e w h e r e K ^ ( G ) i s n o t i n -

c l u d e d i n G . j . I f G ) i s i n c l u d e d i n a m a x i m a l s u b g r o u p M , 

M ^ G ^ , t h e n b y L e m m a 4 M - y 2 G c G ) a n d 

K ± ( G ) K ± ( G ) 3 ( M - J 2 G ) ( M - j r 2 G ) = M D K ^ G J K ^ G ) . 

N o w i e t < K i ( G ) > = G . T h e n t h e r e e x i s t a t l e a s t t w o 

d i s t i n c t m a x i m a l s u b g r o u p s M ^ , M 2 s u c h t h a t M^ - y ^ G c K ^ ( G ) 

a n d M 2 - y 2 G c T h i s i m p l i e s M^ = ( M ^ - j ^ G ) ( M ^ - ^ G ) c 

C K ^ G J K ^ G ) . H e n o e 

G = M 1 M 2 = [ ( M 1 - f 2 G ) u ^ G ] [ ( M 2 - ^ G ) u j r 2 G ] = 

= ( M 1 - y 2 G ) ( M 2 - ¡ f 2 G ) u ( M 1 - y 2 G ) f 2 G u j 2 G ( M 2 - ^ G ) u 

u f 2 G j r 2 G C K ± ( G ) ^ ( G ) . 

T h u s t h e t h e o r e m i s p r o v e d . 
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T h e o r e m 6. If A and B are p-groups of maxi-
raal class and of exponent grater than p , then the direct 
product G of these groups has not the property W. 

P r o o f . Let A1, B^ be fundamental subgroups of 
groups A and B respectively. If x e K^(A) is a fixed 
element, then for eaoh element y e B - B^ we have xyeK^iG). 
So B = (B-B^j(B-B^) = x~1(B - B^ )x(B - B.,) = [x"*1 (B-B.,)] 
[x(B - B.,)] c K3(G)K3(G). Similarly A c GjK^CG), There-
fore G = <K3(G)> . How we show that K3(G)K3(G) t G. Really, 
eaoh element from K,(G) is of the form xy, x e A, y e P, 

* & 

where both of multiplicators are of the order less than p^ 
and at least one of them is of the order p^. Thus for 
xy,uv e K3(G) (X,U e A, y,v e B) the element (xy)(uv) = 
= (xu)(yv) does not belong to K^(A)K^(B). Otherwise 
xu e A) c A^, yv c K^(B) c B^ and then we have the fol-
lowing cases: 

i) x,u e A1; y,v e B1 
ii) x,u € A ^ y,v e B - B1 
iii) x,u € A - A1; y,v e B1 
iV) x,u e A - A^; y,v e B - B^. 

By regularity of A^ and B^ we obtain in two first oases 
xu t K4(A) and in the third - yv i K4(B). In the fourth 
case by Lemma 3c all elements x,y,u,v are of the order less 
than p^ and then xy,uv i K3(G). 

C o r o l l a r y 7. If p-groups A and B have the. 2 
property W and are of exponent grater than p then their 
direct product need not have this property. 

P r o o f . For p-groups of exponent grater than p-̂  this 
is an immediate consequence of two last theorems. For groups 
of exponent p^ this can be easily proved using the method from 
the proof of Theorem 6 and by observing that if G is a 
p-group of maximal class, then G/Z(G) is of maximal class 
too, moreover, each element from G/Z(G) - G^/Z{G) is of 
order p. 

Now we show that there exist p-groups with the property W 
containing subgroups which have not this property. 

First we prove the following lemma. 
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L e m m a 8. I f A i s a p-group suoh that 
K^AJIK^A) = A, then in the direot product G of A and 
a oyclio group B of the order pn we have Kn(G)Kn(G) = G. 

n 
P r o o f . Let B = < b : b^ = 1> and le t G be the 

direct product of A and B. By assumption, for each a c A 
there ex i s t elements a ^ f a 2 c A of order p such that 
a-jBg = a . Let xy (x e A, y e B) be any element of G. 
Then x = /o(x^) = ofxg) = p/ and y = bm. Henoe 
xy = ( x ^ - ^ M x ^ - 1 * ) e Kn(G)Kn(G), where k i s a natural 
number such that k,m+k £ O(modp). Such a number e x i s t s by 
th*i assumption p > 2. 

T h e o r e m 9 . The c l a s s of a l l f i n i t e p-groups 
with the property W i s not closed under taking subgroups 
and homomorphism images. 

P r o o f . Let A and B be p-groups of maximal c l a s s o 
and of exponent grater than p such that (A - A^) c K^(A), 
(B - B 1) c K^(B), where Â  and B1 are fundamental sub-
groups of A and B respect ive ly . By Lemma 1 A = K^(A)K^(A), 
B = K^(B)K^(B) and i t i s easy to see that K^(H)K^(H) = H, 
where H denotes the direot product of A and B. As i t 
was shown in Theorem 6, H does not have the property W and 
by Lemma 8 G = H * C has the property W, where C i s 
a cyclic p-group of an order not smaller than the exponents 
of A and B. I t i s obvious that H < G and G/C - H. 
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