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Czestaw Bagiriski

ON THE PROPERTY W IN FINITE p-GROUPS

In this paper we shall study the property W considered
in [1,2,3,4] concerning sets of eslements of this same order.
In our considerations we restrict ourselves to the case of
finite p-groups (p > 2). In [1] it was shown that for two
groups G and H with the property W and of relatively
prime orderr, GxH has the property We. In [4] an analogous
result for p=-groups of exponent p2 was obtained. The aim
of the paper is to prove that the above results cannot be ge-
neralized to the class of p~groups of exponent grater than p2.
We also give the proof that the property W is not heredita-
ry under taking subgroups ahd homomorphism images., These Te-
sults are based on & characterization of p-groups of maximal
class,

Most of the notation used is standard. The basic results
concerning regular p-groups and groupe of maximal ¢lass can
be found in [5].

We recall the basic definition,

A p-group G has the property W if for each natural n
K (G) # ¢ implies K, (G)K (¢) <6, where K (G)s {xeG:o(x)

« o8} and 48 = {ab: aeA,beB}

We need the following simple but useful lemma which was
ppoved in [1] in a weaker form.

Lemma 1., If H isa subgroup of G and G # H
then
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2 Cz.Bagingki

{H if |G:H] = 2
(G -~ H)(G - H) =

G otherwise.

Proof. Pirst let us assume that |G:H| = 2. Then
there exists an element g eG such that G - H = g, There-
fore the normality of H in G implies (G - H)(G - H) =
= (gH)(gH) = g% = H. Suppose now that |G:H|>2. Thus
H = g'1(gH) c (G - H)(G ~ H). Moreover, there exists an ele-
ment g, in G - (HugH). 3Because g;1gH # H, we have

g = g1(g;1gﬂ) c (6 - H)(G - H), which ends the proof.
Theorem 2 ([2]). BEach regular p-group has
the property W.
This can be proved by observing that in a regular p-group
G the set of elzments of order less than pn (n fixed) con-
stitutes a subgroup of G ([5]).
Before going further in Lemma 3 we recall some results
on p-groups of maximal class, By G1 we denote the subgroup

of G

CG(z‘QG/a'4G) = {g €G: /\G [g,%] 53"4(}}

xef,

and we call this subgroup fundamental,

Lemma 3 ([5]). If a p-group G is of maximal
class and |G|> pp+2 then:

a) G1 is the unique maximal subgroup being regular;

b) Bach maximal subgroup of G not equal to G1 is
a group of maximal class;

¢) For each element xeG - G1 we have o(x) < pz,
{xg: geG}: x3,G and xPe z(c).

By III.14.6 ([5]) these are special cases of III.14.14
and 1II,14.22.

Lemmna 4. If G is of maximal c¢lass, |G|; pp+2,
then for each maximal subgroup M # GT- of G the set M-7,6
is contained in K,(G) or K,(G),
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On the property W 3

Proof. Let & be a maximal subgroup of G,
M # G,o By IIT.14.2 |LI:3'2G| = p and because of that
M= <x,3'2(}> for =x ¢ G1. Thus by Lemma 3c we obtain

W=~ 7,6 = xp,6 sza'zGu... uxp—1a'2G =
= {xg: geG}u{(x2)g: geG}u...u {(xp-1)g: geG}.
Bus by Lemma 3¢ the elsments x, xz,...,xp"1 are of this sa-

me order equal to p or p2. This yields il - g7,G CK.](G) or

W~ 7,6 CK,(G).

Yhecrem 5, If G 1is a p-group of maximal class,
then G has the property W.

Proof. If |6f<¢pP*! the result is known ( [4] Theo-
rem 1), so we may assume that |G| » pP*%. Since G, is re-
gular, by Theorem 2 we infer that the inclusion Ki(G) c G1
yields Ki(G)Ki(G) < G By Lemma 3¢ for x ¢ G, we have
olx) = p or o(x) = p2, tdus for i > .2 we obtain
Ki(G)Ki(G) < G1 in virtue of the above. So we shall consider
the sets Ki(G) for i =1,2 only. To prove our theorem it
is sufficient to consider the case where Ki(G) is not in-
cluded in G1. If Ki(G) is included in a maximal subgroup M,
M £ G4y then by Lemma 4 M - §,6 C Ki(G) and

Ry (G)K,(G) D (M - g,6)(M - g,6) = M >K, (G)K,(G).

Now liet <Ki(G)> = G, Then there exist at least two
distinct maximal subgroups M,, M, such that M, ~7,G C Ki(G)
and M2 - WZG c Ki(G). This implies Mj = (MJ-TZG)(Mj-a'ZG)C
C Ki(G)Ki(G). Hence

(]
1]

MMy = [(My - 756) v g 6] [(My - 1p8) v g0] =
(Mg - 7,6 (My = 7,G) U (M) - 7,G)g,G U 7,G(My - 7,6) U

Thus the theorem is proved.
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Theorem 6, If A and B are p-groups of maxi~
mal class and of exponent grater than p3, then the direct
product G of these groups has not the property W.

Proof. Let A1, 31 be fundamental subgroups of
groups A and B respectively. If x ¢ K3(A) ig a fixed
element, then for each element y € B - B, we have xye:K (c).

So B-(B-B_l)(B-B) (B - B)x(B - B,) = [x7"(B- B)]
[x(B - B )] C K4(G)K4(G). Similarly AcC K3(G)K (G). There-
fore <K (G} . Now we show that K (G)K (G) # G. Really,
each element from KB(G) is of the form xy, x € A, J €BR,
where both of multiplicators are of the order less than p4
and at least one of them is of the order p3. Thus for
Xy, uv € KB(G) (x,0 € 4, y,v € B) the element (xy)(uv) =
= (xu)(yv) does not belong to X,(4)K, (B). Otherwise
Xu € K4(A) C 4y, v € K,(B) c B and then we have the fol-
lowing cases:
i) zx,u e Ay; ¥,V € By
ii) x,u € Ay; y,v € B - B,
1ii) =x,u € 4 - A;3 3,V € By
iV) x,u € 4 - A3 ¥,v € B - By,

By regularity of A1 and B1 we obtain in two first ceses
xu ¢ K4(A) and in the third - yv ¢ K4(B). In the fourth
case by Lemma 3¢ all elements x,y,u,v are of the order less
than p3 and then xy,uv ¢ K3(G).

Corollaxry Te If p-groups A and B have the
property W and are of exponent grater than p2 then their
direct product need not have this prioperty.

Proof, For p-groups of exponent grater than p3 this
is an immediate consequence of two last theorems. For groups
of exponent p3 this can be easily proved using the method from
the proof of Theorem 6 and by observing that if G is a
p~group of maximal class, then G/Z(G) is of maximal class
too, moreover, each element from G/Z(G) - G1/Z(G) is of

order p.
Now we show that there exist p-groups with the property W

containing subgroups which have not this propsrty.
First we prove the following lemma.
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On the property W 5

L emma 8, If A is a pe-group such that
K1(A)BH(A) = A, then in the direct product G of 4 and
a cyciic group B of the order pn we have Kn(G)Kn(G) = G,

Proof., Let B= <b: N 1> and let G be the
direct product of A and B. By assumption, for each a ¢ 4
there exist elements 8,18, € 4 of order p such that
8,8, = 8. Let xy (x e 4, y € B) be any element of G,
Then x = x,X, /o(x1) = o(x2) = p/ and y = b®, Henace
Xy = (x1bm+k)(x2b'k) € Kn(G)Kn(G), where k is a natural
number such that k,m+k £ O(modp). Such a number exists by
th= assumption p> 2

Theorem 9, The class of all finite p-groups
with the property W is not cXosed under taking subgroups
and homomorphism images.

Proof., Let A and B be p-groups of maximal class
and of exponent grater than p2 such that (4 - A1) c K1(A),
(B - B1) c K1(B), where A, and B, are fundamental sub-
groups of A and B respectively. By Lemma 1 4 =K1(A)K1(A),
B = K1(B)K1(B) and it is easy to see that K1(H)K1(H) = H,
where H denotes the direot product of A and B. As it
was shown in Theorem 6, H does not have the property W and
by Lemma 8 G = HxC ‘has the property W, where C 1is
a cyclic p-group of an order not smaller than the exponents
of 4 and B. It is obvious that H ¢ G and G/C = H,
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