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A REMARK ON A CERTAIN SPACE OF SEQUENCES

1e Introduction and motivation
Agarwal and Bose [1] have recently studied a class S,
of integral functions defined as

. 8y = {f:f(z) = i an-zn; i Ian|1/2n+1< wo
n=o0 n=o0

They have provided S1 with a Banach algebraic structure
by defining binary operations and norm suitably.

There are several misprints and mistakes in their paper,
In section 2 of this paper, we have pointed them out and have
corrected the mistakes in section 3 and 4 of [1].

"+ In section 3, we have defined a class 3 of sequences
closely related with the class S; of [1]. Suitably defin-
ing binary operations and norm on & , we have provided it
with a sseparable, commutative Banach algebraic struoture,
Saection 4 is devoted 'to characterizing continuous linear fun~-
ctionals on 3 and studying weak and weak - » convergences
in 3. Topological zero divisors have been characterized in
the same seation. In section 5, an inner product has been
defined on 3+ which equips it with an inner producf space
structure, A superset ¥, of ¥ is shown to be a Hilbers
space with the same struocture as *ts
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2. The arguments in Section 3 of [1] do not hold, in ge-
neral. The fact that only real arithmetic roots of the quan~-
tities like 51111/‘2“'1 are considered, in order to make the
ordering well defined, should have been specifically mentioned.

In section 4 of [1], there are several mistakes in the
proof of Proposition 5., In the first part, (p.68, third line

from below), cn's should be defined as

ﬂ/2n+3 1/2n+3 b 1/2n+3
v |°n] ¢

I°n = max {Ianl
In the second part, the closure of S3 (considered as
a subset of S1) with respect to multiplication and not sca-.
lar multiplication should be asserted, the proof being ob-
vious, Moreover, the last sentence of the same proposition
should read:
Thus h(z) x f(z) 583, whioh shows that 33 is an ideal
in S1.

3. Let us consider a class 3 of sequences, defined by

H [ = {an}: a€C , i |an|1/2n+1<'oo] .
n=1 |

n

It may be noted that every member of 3+ forms the sequen~
ce of coefficients of an entire Taylor series.

We now define binary algebraic operations on 3£ as fol-
lows:

f+g-= {ah} + {bn} = {(an1/2n+1 + bn1/2n+1)2n+1};
. oef =°"{8n} = {(m. a;1/2n+1)2n+1}, “{GF ;

freg-= {an} * {bn} = {an. bn}’
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Certain space of segquences 3

where f = {an}, g = {bn} are arbitrary members of .
The norm on 3= is defined as

R N O

It is easy to verify that 3=+, equipped with these ope-
rations and norm, becomes a commutative Banach algebra. The
only possible identity element is {1,1...} which does not
belong to .

In H#, consider elements

with

(301) a(n) =

1 if i=n
i

0 4if i#n.

If £ = {ai} is any arbitrary element of $ , then we
put

. k
8, = f - 81/2 +1'fk'
k=1

Obviously, g, can be rewritten as {0,0,...,0,an+1,an+2,...}.

o
Henoce, "gn||= g;% lak|1/2k+1 — 0 &8 n —+>o0, because
o

the series k |ak|1/2k+1 converges. Consequently, f can
=1

be uniquely represented as

| S ,1/2k+1
(3.2) £=2 a/ g,
. k=1 .
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Consider the set of all polynomials of the type

n
_ Z 2k+1,
p = ) bk fkv
k=1

where bk is a rational complex number, This is a countable
set and can be shown to be dense in ¥, considered as the
set of elements of the type (3.2)4 Hence, we have

Theorenm 1. *+ is a separable, commutative Ba-
nach élgebra without identity.

4. Continuous linear functionals on %t

The dusl space of *t will be denoted by ﬂ#? and members
of " will be denoted by f£¥., Our main result of this sec-
tion is

Theorem 2. :The general form of any continuous
linear functional on ¥t is given by the formulas

OO
(4.1) e = 3 al/2 g
n=1
where f = ant € ¥+ and {dn} is a bounded sequence uni-
quely defined by f£*, :
Moreover, "ff" = sup Idn .
n

Proofa Let £* ¢ #=#". Consider the elements
f, = {agn)} in 3+ defined by (3.1)s If f is any arbitra-
ry element of + it can be expressed as (3.2), i.e.,

OQ
_ 1/2n+1
f = E : a, fn’
n=

-

Linearity and continuity of f£* implies that
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fn(f) - £* [i a1/2n+1.f] - i a1/2n+1 ™(f ) =
n n n n

n=1 n=1

1/2041 4
n n’

M

a

=
[}

1

where f*(fn{'= d, are uniguely determined by f£*.

snc o] <"1 ans o] = [2ie <] ] [, - | ]
for n=1,2,ses it follows that the sequence {dn} is
bounded.

- Conversely, let '{dn} be a bounded sequence. The series

(4.1) converges, since f = {an}c +# , and thus % defi-

nes a linear functional on . For continuity of f*, we
ndte that

le*(2)] - |za;1/2n+1 dnl’
i;eo"
(4.2) le*e)] <« 32 |an|1/2n+1 |dn] < son

We further note that, (4.2) gives

|e*(2)] < (eup ENINEE

Hence | £*||= H§ﬁ21 li%%ﬁll < sup ld,

On the other hand, if

fn - {sgn. (a;)}2n+1’

then f e # and "fn" =1 forevery n 2 1,
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Also,
|£%(2,)| = |dpe sene (@ )| = |d,],
iees,
leal = e ] < e el = 12l
80 that

2 318
sup [dy | <ll£¥]l.

Hence the theorem follows,

Theorem 3. The set of all topological zero di-
visors In % is = itself.

Proof. For the definition of topological zero di-
vigors, we refer to Larsen [2]. v

Let = {a, be any arbitrary element of 3. Let
f = { n)} be defined by (3.1). Obviously, ”fn" 1 for

n
every n » 1. Also,

so that

“f x fn|l= "fn x f” = lanl1/2n+1 —+ (0 a8 n-—eo00 ,

Hence the theorem,

It is easy to see that weak and strong convergences are
equivalent in #. We now prove a result on weak convergen-
ce in H", '

Theorem 4., A sequence {f*} in #* converges
weakly to £* e & if and only if the following conditions
hold: ’

i) {"f;"} is bounded; and

ii) "d,.. ~» dn for every n- 2 1 as p —woo, where

on
*

t, = {dpn} and f£* = {dn}.
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Proof. "Necessity”" part is obvious.
Next, assume that (i) and (ii) hold. By (i) and the fact
that f£%¢ &#* , we can find M, such that

Idpnl <M, Idnl <M for every n.
By the definition of &, given f = {a;n}e ¥ and €> o,
we ocan find n, = no(e) such that

o0

Z |'an|1/2n+1 < e/4M.
n°+T
Further, by (ii), we can choose Py = po(e), such that
]dpn-dn|<e/2N, for p > p,»
By
where N = :E: Ian|1/zn*1.
n=1

Now, for p > p,, we have

oo
I(f; _ f*)(f)l - §‘ (dpn_dn).a;ll/2n+1 <
n, -
S:E: ldpn'dnl |an|1/2n+1 + :E: ldpn_dnl Ian|1/2n+1 <
n=1 n0+1
<5+ N+ 2M =

Hence f; converges to ¥ weakly in ##*.
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5. Inner product in
We define, in 3+ , an inner product as follows

(5.1) {£f,8) = Z . agl/2n+ b;/zn”
n=1

where f = {an}, g = {bn} € & and En is the complex con-
jugation of bn.

This evidently satisfies all the axioms of inner pro-
duct, The norm induced by this inner product is

(5.2) [el-{35 e/} ™,

n=1

‘Thus, 3t becomes a unitary Space as well as a normed
algebra. It is neither a Hilbert space nor a Banach algebra.
In fact, ¥ is not comple“o with respect to the norm (5.2).
Let, for instance,

£, = {1'3, 273, 3'7,.._.,p"(2p+”,b,o... } .

Obviously, f € ¥ <for every p > 1. _Moreover, in the horm
(5.2), £ oo £ = {n-(2ns1)} 5 £} 4

2], p converges to = in '« Hence p} is
a Cauchy sequence. However, the limit function f does not
belong to ¥, since,

i | p=(2041) | 1/2041 i 1/n ¢oo.
n=1 n=1

Let us now consider the cet of sequences defined as

, - [f _ {an}; e, € C ’<Z Ian|2/2n+1>1/2 < w].
n="1
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The binary operations in ##1 are the same as in ., The
norm and inner product in ¢¢1 are defined by (5.2) and (5.1),
respectively, thus ¥ , Dbecomes a Hilbert space,

From the preceding discussions regarding the inner pro-
duct (5.1), we infer that

Theorem 6, ¥, is a Hilbert space. 3 1is not
a closed linear subspace of *#1.
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