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A C H M Ü T O T H H E C K H E « D O P M Y J I L I H J I H I I E P E X O / I H O K I U I O T H O C T H 

B H H E P O B C K O r O I I P O I Í E C C A B T O H K H X T P y B K A X 

1 ° . nyCTi. wg - BHsepOBCKBi: apoirecc 3 P, , a ( a ) s [ C , t ] —» R 

«ocTaTOiHO ivra^jcas k p h b e i h . 06 oa,®HKe (npn Manaes £ > 0 

H 5 > 0) BôpOHTHOCTH BHflB P, aap iw„ - 5 a ( c ! <£ e 
: [ 0 , t ] 1 s 1 ' . " I 

KOTOpym MoacHO hh™epnpethpobbtb KaK BepoHraocfi npoxoar.js;eHHJi 
BHHepOBOKHM npODjeCCOM 3a BpeMH [ 0 , t ] BfiOJiB e - OKpeCTHO-
ctK KpHBOft S a { s ) (e - ipyfiKH), HrpaeT cyìi-ecTBeHHjno poat 
B OÔOCHOBaHHH 30HMIÏT0 TH^ÏÛ CKOÜ TBOpiIH, CBH3aHHOit C " $ y H K I Í H O -

HajiOM ^eñcTBHJí" ( A.Ä»Bei:Ti;eait, M.H.OpeñflJiKH» [i] ) . 0 ah aie o 
b 3T0Ï; MOHOrpagHH H3yqa30TOÄ TOjibKO rpy6ne xorapK$MHieciene 
acHMnTOTHKH. yToyHQHHHe jiorapíi$ilíHqeci.:-:2 oqeHKK toM see Bepo.sT-
h o c t h H a â s e H H b paÖOTe A»3-BeHTiíeji^ [ s ] , T o e í h s j í acHMnTOïHKa 
BepOHTHOCTH np0X03CjeHHß: rrporteccoM w b£Ojjï> OflHOMepHOîî 9 = 1 ii 
T p y ô K H n e p e M e H H O r o c e n e r a t a ( h o n p n a = 0 ) n o j i y T i e H a A ^ A « M o -

ryjiBCKHM [ 3 ] . HarcoHeiîî A.A.HOBHKOB [4], [5] , [ô] aKajiH3HpOBaji 
6jiH3KHe a a ^ a i H HeCKOj i tKO h h h m cnocoöou. B * i a o t h o c t h ¡ oh noj i -
h o c t b k H3yïHji c j i y r i a H TpyÖKH nepeMeHHOro, h o - cfepmiecKoro c e -
qeHHH b jiMÖoft p a 3 M e p H O C T H . C m o t p h no 3tOMy n O B O ^ y jieimy 2 HHxe 

B T 6 K C T 6 • 3 ï a JieMMa HBJLHeTOH HeÓOjIBffiHM 0606meHHeM pe3yjIBTaTa 
A«A«HOBHKOBa [6] h HfleÖHO ójiH3Ka k ero no^xo^y. 

MHOrOMepHSLH CHTyai^HH > 1 cymecTBeHHO cjioxHee. IIPHTOHH 
QToro: H S K O M M y T a T H b h o c t b rpynnH j iHHeitHHx irpe06pa3 0BaHHñ b 8 , 

•f 
V ^ 2 h c y m e c T B O B a n a e b R , \> % 2 b ö k t o p h h x nojieñ, He h b j i h -

KmHXCa nOTeHIIHajIBHHMH. IIpHXOflHTCa npHBJieKaTB HOBHe MeTO£H 
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2 C.A«M0jiqaH0B, J.Sidorowiaz 

( pa3Ji.oaceHHe no CO6CTB6HHHM (JiyHKUHHM onepaiopa Jlanjiaca B oCjia-
CTH, T60pHH B03MymeHHÌÌ H T*n.). 

2°. IlepeitfleM K TO^IHHM $0puyjiHp0BKaii. ILYCTT D(0) C R 
CBH3Haa orpaHHtieHHaa oÓjiacTB c rpammeft 3D(0) Kjiacca C 2 + a 
a > 0 | T(s), s e [0,t] - ceMsScTBó flH$$e0M0p$H3M0B R^ -*• R^ 
Kjiacca C^+Ct, KOTOpoe (icaic $yHKi(HJi napaMeTpa s ) HBJUI8TC/I 
raiaflKHM B CMHCjie Speme (Kjiacca C^ + C t ) . IIpeflnojiaraeTOH, i t o 
T(0)=E. Torja oSaacra D(s) = T(s)D(0)cR CBJi3aHH> orpaHHtieHN 
TI HMGKT no icpaiìHeiì Mepe TY xe raaflKOCTB rpammn 3D(s), i t o 
h 3D(0). ByfleM ctiHTaTB» ITO Kaatflaa H3 oCatacTeft D(s), se[0,t], 
coflepxHT Haiiajio icoopflHHaT 0 c R1'. 

CeMefiCTBO ofiaàCTeii D(s), s € [•(), t| o6pa3yei B [0,t] x R 
"TpyfiKy" 3)j-Q = l_J ({s}*D(s)) nepeM.eHHOro ce^emia (CM. 
p H O » , l a ) . 3 = 0 

R i c . l ( a , 6 ) 
r ^ 

IlycTt flaji.ee a ( s ) : [0,t] R , a(0)= 0 K p H B a s KJiaoca 
C 2 + « , e f S - n a p a M e i p n . B flanBHeftmeM npe^nojiaraeTca, t uo 
e 0, a 6 = 6(e) MeHaeTca c o r j i a c o B a H H H M c e 0 ó p a 3 0 M . flo-
NYOKAIOTCH BAPHAHTH S= 0 5 = const H 5 ( e ) — O O . Kpoiie OTO-

e o 
ro HaKJiaflHBaeTCH fl0n0jiHHTejiBH0e orpaHmieHHe lim è?5(e) = 0. 

e 0 • 
3TO o r p a m m e H H e BECBMA CYMECTBEHHO (CM. HHace), TAK KAK npa 
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AOHMIITOTH18 OKB 8 (jlOpMyjH 

e 3 6 ( c ) OO B03BHK&8T UpEBipiIIHajIBHO BOBHe 3<fKj)eKTH TSIIJlOBOft 
6-+0 

^H$paK5HH H BBfl aCBMIITOTHiieOKBX $OpMyjI pe3KO U8BH6TCJX ' • 
BB6AOM B0BH8 OfiaaOTH 

D6^ (s) = 5 (e)a(s) +eD(s), s e [o,t] 

oooTBeiOTByBuy» Tpytiicy 3) 
eS 
[o,t] c [ o , t ] * R 9 ( c m . p h c . 1 6 ) 

a 0603HaiHM jiepes pe (s,t,x,y) pemeaae cjiejyEomeft 3aflaqa b 

oCaaoTH 3 e j k t ] , 

( 1 ) 

JLS 

pe5(s,t,x,y) = 0 , x e 3 D e 5 (s); 

pe6(t,t,x,y) = Six - y ) . 

U 
Do.t] 

E* 

C TO^KH 3p6HHH TeOpHH CJiy^aiiHNX npOlieCCOB p £ (s,t,x,y 
nepexoflHaji njiOTHOOTB BHHepoBCKoro npoijecca b rpyCice 5) 

nepeMeaHoro ceieaafl De (s), s e [0,t], o6pHBaBiiieroc.il aa 
rpaaaiie TpyOxa. .HpyrnMH cjiOBaMH 

p£^(s,t,x,y)dy = 

= 9 jw^. e SaU) + eD(r), re[s,t] ; w t e y+dy|wg = x, xeD(s)|. 

Ilpa aamax npeflnojioxeanHx rjiajKOCTH 3a,u;aqa (1) HMeeT eflHHCTBea-
aoe pemeaae (Kjiacca C^ + a) h ¿pra Hero iipkmshhmh KJiaccimecKHe 
anpaopaae oneHKa layflepa b i w o t b flo rpammH ( cm. [7] ) . 

OcaOBaaa ijeat pafioTH - Haitia npa $BKcapoBaHHHX t; D(s), 
se[o,t]j a(a)f s e [o,t] ; xf, e D(0), y e D(t) acaMiiTOTBKy <5 u o 
npa e-*0, = 0 ( 1 ) nepexoflHoa i u i o t b o c t b 

CJiŷ ait Set3 = const. pa36apaeTca ieMH ace MeTOflaMa, 
qTO a b aacTOameft paCoie, x o t h C00TBeTCTBy»nait o iBeT aaoit. 
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4 C.A»M0ji^aH0B> J . S i d o r o w i c z 

p e 5 ( 0 , t , x o , 7 o ) = e V p e 5 ( 0 , t , £ x o , e y o + ffa(t)). 

3 . HanOMHHM ,b HyacHOit HaM (Jopite necKOjitKO xopomo H33ecT 

HHX $aKTOB H3 cnsKTpajLBHoS Teopnn ( ciyi. [ 9 ] ) H leopHH ,HH$$y-

3HOHHHX npon;eccOB : 

oc) JSpx Jiiodoro s e [ 0 , t ] cneKTpaji tHaa 3 â f l a i a - ^ A e = Ze 
e ( x ) - 0 , X e 3 D ( s ) b oßjiacTH D ( s ) HMeeT ancKpeTHHft cne ic ip 

0 < A 0 ( s ) < A-j ( S ) ^ A 2 ( s ) < • • • • UOOTBGTCTByiOmHe COÖC TBSHHHe 

tyHKipiH e ^ ( s , x ) , 1 = 0 , 1 , 2 , , . . , HOpMHpOBEHHHe yCJIOBHQM 

j e^ dx = 1 obpa3yi0T b c C 2 ( D ( 3 ) ) nojiHyio opTOroHajitHy» ch 

3)(s) 
CTeMy. MJiaflmaa co6cTBeHHaa $yHKipia e Q ( s , x ) TaKOBa, *ito 

e {SfXÌ > 0 , X e D(s) —•— e Is,x) > 0 , x e 3D(s),.r,ne n + - BHy-
0 dn 

TpeHHHH HOpMajib K rpaHHii;e D ( s ) . 

B CHjiy Hamnx npesnojioaceiailt rjia^KOCTH Ha ceiieñCTBO D { s ) 

s e [ 0 , t ] ou;eHKH 

A . i s ) - » ( s ) > 0 ; min — e . ( a , x ) > 0$ s u p | e n ( s , x ) | < 
1 0 dn x e D ( s ) 1 0 1 

paBHOMepHH no s e [ o , t ] , 

ß) nycTB p ( s ^ ( u , x , . y ) , ( a , x , y ) £ [ 0 , o o ) * D ( s ) x D ( s ) 

flaMeHTajiBHOe pemeHH.e 3afla*iH 

po 

$yH 

(2) 

i P ^ l _ 1 A D ( S ) _ 1 ( 9 ) . 
T i r ^ - 2 ^ x p 2 A y p » 

p ( s ) ( u , x , y ) = 0 , x € 3 D ( s ) ; 

P ( s ) ( 0 , x , y ) = 8 ( 9 - 7 ) 

b ÖecKOHeqHOM ipuiHHÄpe [ 0 , ® o ) x D ( s ) . .Hpyraira cjiOBaMH 

p ^ ( u , x , y ) - nepexOflHaa h j i o t h o c t b b h h s p o b c k o t o npon;eöca b 

oßjiacTH D ( s ) ( s - napaMeTp 1 ) , oöpHBaromeroca Ha rpaHH-

ue D ( s ) . 
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A O H M E T O T H i e C K H e CfrOpMyjIH 5_ 

T o r ^ a ( C M . [ 9 J ) 

\ Ä - A . ( s ) u 
( 2 ' } p l l s ; U , x , y ) = ¿ J e e k ( s f * ) e k ( s , 7 ) . 

k = 0 

P s ä ( 2 ' ) c x o ^ H T C f l paBHOMepHO n o ( x f y ) e D ( e ) * D ( s ) k u ? u 0 > 0 , 

n p H i e M p a B H O C T e n e H H O n o s e. [ 0 , t ] , 

H 3 n . n . ot) n e r i c o b h b o ^ k x o h { c p . [ 9 ] } , < j t o 

( 3 ) p ( s ) ( u , x , 7 ) = a " A o ( s ' ü
 Q o ( s , 3 C ) e 0 ( B , y ) . [ 1 + O ( e " 0 u ) ] , 

9 > 0 H H e 3 3 B H C I Ï T OT 8 » OI^SHKa 0 B ( 3 ) p a B H O M e p n a I iO 

s e [ O . t ] . 

¡p) C o ö c i ' B e H H O e 3 H a q e H H e Ä Q ( s ) H 0 O v T B 9 T O T B y B n a a i y H K i p î H 

e 0 ( a t x ) S B J i / c w r c a r s a f l K H M H n o s K j i a c c a C ¿ + Q t , n p n y e M ï i x 

s b o j p o i ^ h a O H H C H B a e T O a K j r a c o r i i e o K O l i Teopmetó B03MymeHH.ä [ 9 ] • 

S t o c r a a a H O e n p o c i o r o S Ä ^ f ' ) , 3 e [ o , t ] , 

5 ) H u x e G y a e T m h o t o k p s t h o n c n o j i : b 3 o s a b a n c i a H f l a p T H a a b 

nOflOÖHHx 3 o n p o c a x $ o p n y i a i ï i p c a H O B a - K a M e p o a a - l l a p ' r H K a ( T K M ) , 

c m . O K a x e M [ i ] . M h c $ o p M y j i H p y e M e e » h j t x h o m HaM t i a c r a O M c j i y -

i a s . 

I l y c T ï , w c 
e - B K H e p o B C K í i í í n p o q e c c b R ^ 

7 = w - 5 a ( a ) , s e [ 0 , t ] - " c â b e h , v t h î î " b h h s p o b c k h í í n p o q e c c . 

0 6 O 3 H a i H M T £ 8 p e 3 9 w a 9* 0 T B e i a r o n { H 6 s t e m n p o q e c c a M M e p H 

B n p O C T p a H C T B e C J"Q t J H e n p e p H B H H X (JyHKItflft CO 3Ha*ieHHHMH 

b t BHX0flS"4HX H 3 0 » T o r , n a M e p H 

H e n p e p H B H H h ( n p H ¿ ( s ) = d a ( s ) / d s ) 

< P W
H aÔCOJŒDIHO 

( 4 ) 
d!P 

diP 
,W 

W» e x p - ( M w a ) f l a i 2 d s 

4 . B s e ^ e M , HaKOHGiíj o c h o b h o ü o S ì s k t H a i n e r o H c c j i e ^ O B a H K H 

h npHMeHHM f o p i i y j i y ( 4 ) s 
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C.A. MojiqaHOB, J.Sidorowioz 

p C 5 ( 0 , t , x o , y o ) = ^ i P S 1 wseDe ( s ) , s e [ o , t ] ;w te5a(t)+ey0+edy I = 

„W *> 
dy M£xq * w s e D e 6 ( s ) , s e [o , t ] ; wt e Sa ( t ) + eyQ + edy 

1 mY 
ex0%yae eB(s), s c [ ú , t ] ¡ 7 t e e y 0 + e dy 

mW 
dy Mexf 

exp 
i* 2 0 

- f i j (á,dwg) - | - J | à | 2 ds 

* ^ w s e t D ( s ) , s e [0 , t ] ; w t e e y 0 + fdy 

HHierpHpya no mscthm b CTOxacTHiecKOM qjieHe, nojiaraa 
o 

a = a/e h Hcnojib3yfl sbtouo^sjibhoctb BHHepOBCKoro npoijecca 
w„-«-»-w „ o npaxoflHM K OCHOBHOUV npe^CTaBJieHHio s s / e ¿ 

^ t 
(5) p e 5 ( 0 , t , x o , y o ) = exp 

X k M^ exp 

r | J | á | 2 d s - 5 e [ ( á ( t ) , y o ) - ( á ( 0 ) , x o ) ] 

t / £ 2 ° 
5 e 3 J (ä(e 2u),w l l) du 

o 

*w € D(u e 2 ) , a e [ o , t / e 2 ] } w ? e yn + dy = 
u t / e 0 

2 * 
f | â | 2 ds - 5e [ ( à ( t ) , y 0 ) - ( à (o ) , x o ) ] 

•X 

def = exp 

* Q e 5 ( ü , t / e 2 , x 0 , y 0 ) . 

* ) Kaie oChsho, xx ~ HHflHK8TOp coÖhthä A onpeflejiaeTca 

$opMyjioÄ * A ( „ . , = f l ; " ¿ ¡ I 

- 584 -



ACHMnTOTHqeCKHe ffiOpMyjIH 7 

5°. IIpHBefleM CHaqajia rpyöyio oijeHKy Q e h, TeM caMHM, p 6 ^ 
HjiH ace p e^. Ohs cnpaBe«JiHBa Öe3 bchkhx orpammeHHft Ha p o d 
$yHKHHH S = 8(e), 6 - + Û h, KaK M03KH0 n0Ka3aTbi npH ropa3-
flo MeHee orpaHHTOTejiBHHx npeflnojioKeHHax rjiaflKOcra OTHOcmejiB — 
ho a( • ) h ceMeäCTBa D('). OrpaHH^HMca, oflHaKO, nepeyncjieH-
HHMH bhdiç B il.il. 2° ycjiOBHHMH, HMefl B BHfly flajibHeäniHe yioqHe-
HHH aCHMIITOTHKH. 

T e o p e m a 1. Ecjih x Z y MeHHioTCH b KOMnaKT-«M O w O u\ 
HHX noflMHOxecTBax D(0) C D(o) h D(t) c D(t) , cooTBeTCT-
B3HH01 to paBHOMepHO no x Q € D(0), y 0 e D(t) npn e Û 

2 t t 

(6) in p e 5(0,t, X ( 1,y 0)= - f - / | á | 2 d s - l g - J A 0(s)ds+O(e 5)+0 ( 
0 6 0 

,H0Ka3aTejiBCTB0 TeopeMH npoBO^HTca nyieM annpoKCHMaiiHH 
TpyÖKH OHCTeMaMH BIIHCaHHHX H OIIEC3HHHX qHJIHHflpOB C 
nocjieflyiomHM Hcn0jiB3 0BaHH€M oi^shkh (3). M h He npOBOflUM sthx 
paccyxfleHHñ, TaK KaK Hama niejit nojiy^iHTB TO^Hyro acHMiiTOTHKy. 

6 % IlepeitfleM TenepB k Öojiee fleiajiBHOMy anajiH3y BHpaxeHHH 
(5) npesnojiareui, ^ito = o(l). Ha^rneti co ejieflyœmefi 
jieMMHj npeflCTaBJiJiiomeít oaMOciOHTejibHHñ HHTepec ( coflepacamaß, 
B ijaCTHOCTH, pe3yjIBTaTH [3] B HeCKOJIbKO yTO^IHeHHOM BHfle ) . 
Hflea flOKa3aTejibCTBa otoä JieMMH, BnpoieM, 6jiH3Ka k Hcn0jib30-
BaHHOit b paÖOTax [3] h [4] xoth b hhx paccMaTpHBaeTca cay-
qaíí V = 1. 3ia Hj;efl npn 1? > 1 npoxoflHT jmmb npn oqeHb xe-

ctkom orpaHHtieHHH Ha cacTeMy D(s): roMOTeTHtiHOCTB othx 06-
jiacTeft npa pa?HHx s. ¡Ipn^HHa, no KOTOpoä oómnñ cjiyriaä Tpe-
6yeT hobhx MeTOflOB oÖiacHHJiacB Bume b n.n. 1°. 

JI e m m a 1. IïycTb T(s) = A(s)E - ceMeftcTBO rOMOTe-
THÔ R* — R ^ , A(s) - $yHKHHH Kjiacca C 2 + o t, A: [0,t] R 1 , 

' 3a60b npejnojiaraeM, m o Bee D(s) 3bö3,hhh OTHOCHTejiB-
HO 0. 
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A > 0 , A( 0 ) = 1 H D ( 0 ) - odaiacTÈ M a c c a C 2 + o c (oqeBUf lHO, ^ITO 
h D ( s ) = A( s ) D(0 ) npHHa^JiescHT TOMy see K a a c c y ) . j o r f l a 

( 7 ) 
d e f 

d = f " f e ^ x J ' V 6 D ( u g 2 ) ' u e W t / e 2 e ^ o ^ 7 
e o 

e - * • o 
e o ( 0 » a c o , e o { t » 7 o , e x p s ) d s 1 + 0 1 e x p ( - 9 t / e ' 

8 > 0 

( $ y H K m i H e Q ( s , x ) h A q ( s J , s € [ o , t ] o n p e f l e ^ e m i b n . n . 3 ° » 
oc)» ÄPyrHMH cj iOBaMH, ^ e f t c T B y e T ecTecTBeHHHÍ i a H a j i o r f o p M y -
JIH ( 3 ) . 

^ 0 K a 3 a i e j i i > C T B 0 . 3 a u e T H M , t u o 

• \ { l è r £ , ) ( 0 ) - U £ l o , , / ' 2 ] * ^ f e f t y + I 8 T ) 

w 
h B B e j e M HOBHit n p o q e c c Z = , Z = x . 

u A ( u e ) , 
l ò r a a 

, <fd7 = Ü > J | z u e D ( 0 ) , u 6 [ 0 , t / £ 2 ] , 
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ACHMüTOTimecKHe $opMt>rí;H_ 

dw„ 9 W A 
dz.. = dtt- Z o = x o 'u - A 

dw 
nOJlOHCHM = 

A( ue ) 
no $opMyjie MK 

V = X 

q*dy = M - M ^ 
-0 - 'o - d í ' 

•V. d ^ P i v > = M exp -e 
't/e' 

/ 
A w. 

dw,. -A u 

^ 'A'w,. -2 

4 t / £ /A'w \2 

OqeBH,HHO, ITO HB £ j ( — J ^ - J du = 0(e ) . 

PaçQMOTpHM tenepi. CTOxac-THiecKHô tijieH h npzMeHHM $opMyjiy 
H TO, i . e . 

t/e' t / r , 

A( ue ) 

Ñ>e 
t / e 2 , 

/ i du - f - i A' 2 
A w u 

t /e 2 t / e 2 

- / 

,2 2 a"A-A' 2 e wu — ^ du 

I m A ( t ) - o ( 6 2 ) . 
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ZraK 

qe(0,t/e2,x ,y 0 ° £ * O 

def 
r (a, t/e2, X ^ ) . 

no npoueocy v a OTBeqaeT HeoflHopoflHHÍt (no BpeueHH) np0H3B0-
onepaTop X 0

 A
 9 , noaTOMy ero nepexoflHaH njioi-

A (ae ) r , 21 / , 
hoctb r yAOBjieTBOpaeT b nniiHflpe Oft/e J*D(0) napaoojm-
xiecKOMy ypaBHSHHio 

1 ^ 4 = 0 » r(t/e2,t/e2,x,y) = J(x-y). 
A 

Oho pemaeTCH pa3ji03¡ceHneM $ypi>e no oo6ctb6hhhm fyHKE[HjiM ek(o,x) 
oßjiaOTH D(O). IlojiyTiHM 

r ^ . t / e 2 ^ , ^ ) = 

t/£, A. (o) 
= E e k^,x 0)e k(o, -jfty) exp - / - ^ - ¿ y du 

= A 9 / 2(t) ek(0.*o) ek(t'3'o) e x p 

k 

t/c£ 
J Ak(ii£2)du 
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ACHMHTOTHqeCKHe (fOpMyjIH l i 

Av / ¿(t)e0(O fx0)e0(t,y0) exp 
t / £ ¿ I T J ( u. e2 ) d u 1+0 (e 6 J 

= A9/2(t)e0(0,x0)e0(t,y0) exp 
M O 

" V j v u , d u i,+i°(® e 2 ) 

et 
.2 

(Mh HCn0ji¿30B&JiH B nocjieflHefi BHKJiaflKe fopMyjra npe06pa30BaHHH 
COÖCTBeHHHX 3Haq6HZÌt H COÖCTBeHHHX $yHKI£IÌÌ npH rOMOTSTHH ) • 
noflCTaBJiHa 3T0 3HaieHHe B nojijnieHHyK) $opMyjiy fljUH qe , 3a-

A0Ka3aT6SBCTB0 JteMMH 1. 
•3 

JI e M M a 2 . N Y C T B T = T T 3 K O B O } *ITO T 5 e —•> 0 , p p 
T e —» 0, T(e)-*-oo . Tor.ua paBHOMepHO no xQe D(0), 
70eD(Te2) 

(8) pe*(0,T,x e ( Te 2 , y> n (0 , x>xp 
e-»- o o' o' ' o 

Tec 

~ / *°(3)dS + 
e" o 

+ o ( T2 e2 ) [l + 0(exp( -8ï) )] 

flHH flOKa3aTeaii.CTBa HyacHO annp0KCHMnp0BaTB "TpyôKy" <2) ï £2] , 
TpyÔKaMH, ceieHHH KOTOPHX roMOTeTHtjHH D(0) c K03$<fmçieHTa-
MH nOflOÔHJI paBHHUH 1 +0 ( T e ) , BOOI IOJ IBSOBQTBCß $opMyjioü ( 5 ) , 

JieMMOñ 1 H OqeBHflHHMH OlfeHKaUH THna 

T 
S e 3 j (ä,ws)ds = ü(Te3). 

O 

HyacHas B JI6MM6 2 annpdKCHMarpiH noscHseTca: Ha pnc.2. 3Ta annpo-
KCHMaiíHa n03B0jiHeT nojiy?iHTi> paBHOMepHyK oitemcy no x e U(ü). 
ÜOfliepKHeM, i to ipiJiHHflpHiecKaH annpoKCHMaiijiH, npuMeHeHHaa B 
leopeiie 1 , flaei njioxyio oijemcy npn xQ 6 J IH3KHX K 3 D ( O ) . 
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¿ ( T C ^ r k Ä I O ) 

E H C . 2 

7 • B e p H e M C H T e n e p B k 6 o j i e e T O ^ H O g o x t e H K e o o H O B H o r o b h -

p a s e H K H ( . 5 ) ( n . n . 4 ° ) . p a a o e - t p M [ û , t / e 2 ] n a H H T e p a a s H ä j i k -

HH T = T { £ ) H B O C n O J l B 3 y e M C H M à p K O B C K H M C B O Ë C T B O M . Ü M e e M 

( 5 ' ) Q e 5 i O , t / e 2 , x n , y ) = - 4 - e x 
o o " d y l l x 

5 e 3 J ( a ( e 2 u ) , w u ) d a 

" ^ e D U e 2 ) , a e [ 0 , T ] \ S X P 

2 Î 

6 e 3 j ( ë , w u ) d u 

T 

x ^ w u e D ( u e 2 ) , u e [ T , 2 T ] x 

X \ t / £ 2 - T « P 

t / c * 

S e 3 j ( ä , w u ) d u 

t / e 2 - T 

Z w u e D ( u e 2 ) , u e [ t / e 2 - T , t / e 2 ] 5 w
t / e

2 e ^ o + d y * 

- 590 -



AcHMiiïûTHqecKHe (JupMyjiH 1 3 

iüOHHOCTB Jie.'MfíH 2 ne ÄOCTaTO^Ha flan nojiyyeHHH HyacHOM acHMnio-
THqeCKOH (ÍOpMyjIH, TaK KaK OCTaTOIHHÍÍ qjieH B 3KCII0HÖHT6 Öyflei 

2 2 
H M 8 T B nOpaflOK ï S x t / F I ^ T = 0 ( T ) . OflHaKO MH H e M0X6M BOCNOJIB 

3 O B A T B C H JIEMMOÄ 2 JIHDIB B iioc.ieflHeM YJIEHE N P E ^ C T A B J I E H H H ( 5 ' ) 
3 T 0 n 0 3 B 0 J I H T HaM 3 3M6HHTB 3 a f l a ^ i y 0 6 O q e H K e ( 5 ) H ( 5 ' ) T e X H H -

yecKH r0pa3fl0 Öojiee npodoft 3a¿aye3 HcojíeloBaHHH BHpaxeHHH 
Í5") Q e 5 ( 0 , t / e 2 t x o , e o ( t , . ) ) = 

= Mx exp 
t/e2 

S e 3 f ( ä ( i 2 u ) , w u ) d u 

e o ( t ' w t / £ 2 ) ^ w ü e D ( u £ 2 ) , u e [ 0 , t / e 2 ] 

K O T O p o e , K a K A e r e o B H ^ s t b ( $ o p M y j i a K a i j a - f l e f t H M i a H a ) s B j i J i e T O f l o 
p e m e H H B M Q ( s , t / e t x ) (upa s = 0, x = x Q ) cjieayiomeä 3a,naiH 
KOfflH 

( 9 ) 

^ A Q + 5 e 3 ( ä ( s e 2 ) , x ) Q = 0, se [ o , t / £ 2 ] , 

Q l t ¡ / £ 2 , t / e ' ¿ , x ) m e 0 ( t , x ) , Q Í s . t / e * , * ) = 0 npa X € 3 D (SÊ* ) 

t / « 2 

B tpyÖKe <flr OL " O f s } * D ( s e 2 ) . 
[ O F T / E } ' • B - 0 

N O C K O A M C Y E 3 5 - ^ 0 F T E 3 5 0 R TO HA O T P E 3 * E Lt/fi 2 -T , t/e 2 J 
B 000TBeT0TByx>meií NOOJIAJTHEM qjr«H9 npeflCTaBaeHHJi ( 5 ' ) cnpaBQ-
ÄIHB eozeoTB6HHHft aHajior jieMMH 2. 

l e m a z'» BCJIH Te26" 0, T 2 c 2 - » 0 , e - ^ 0 , TO 
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14 C.AtMojxqaHOB, J . S i d o r o w i c z 

( 8 '> à exp 

t/e£ 

S e 3 J ( ä ( u e 2 ) , w u ) d u 

t / e 2 - T 

; t w u e D ( a c 2 ) , u c [ t / e 2 - T , t / 6 2 ] *7 0 +d;y 

i ^ o V W ' 

r—O 
£ • 0 

exp 

X/tc 

J A 0 ( a e 2 ) d u + 0 ( T 2 e 2 ) 

L t / e ¿ - T 

r a e e ( s , x ) , Â Q ( s ) CTapmae COÖCTBGHHHB (JIYHKÎ EH H 3HaqeHHe 

onepaTOpa A - 5 e 3 ( ä ( s ) , x ) B oÖjiacTH D ( s ) c HyneBHMH 
rpaHHqHHMH ycjiOBHHMH Ha 8 D ( s ) . 

B CHjiy JI8MMH 2 ' B 3aflame ( 9 ) MH MOaceM 3aMeHHT£ e Q ( t , x ) 
Ha e Q ( t f x ) H c00TB6TCTBy»MEE pemeHHe Q C y ^ e i QKBEBBJISHT-

HO npH e 0 (paBHOMepHO no x Q H HCXOFLHOMY pemeHH» 
Q . 3A^aqy ( 9 ) BuroflHO peina i t B a p y r a x nepeMeHHHX« IIOJXOSHM 

D = D ( t ) H 3 a u e TUM T TITO D ( S ) = T ( S ) ; T ~ 1 ( t ) D F R ^ E T ( s ) - Ä H $ -

$EOMOP$H3MH, BBEFLEHHHE B n . n . 2 ° . OTOÖpaateHHe D — ^ D ( s ) s a -

flaei 6 C T 6 C T B 6 H H U 6 K O O p f l H H a T H B D ( s ) B H P E B P A M A O T HCXOFLHY» 

i p y ß a y B IÇHJIHHÂP [ 0 , t ] * I } . B S T H X H O B H X K O O P ^ H H A -

Tax 3 a f l a i a ( 9 ) Axa $yHKipiH Q*^ npHOÖpeiaeT oxexynwä BHÄ 

( A A ^ A J I B H H E Y C J I O B H Ä MOFLHGAMNPOBAHH) 

fr* £ tjf« 2.*» + S + 

1 J i 1 . 

( 9 7 ) + X ] C ^ + f f ^ O í s e 2 , * ) = A t s e 2 ) ^ , ( s , x ) e [ o , t / e 2 ] "D , 

Q ( t / e 2 , t / c 2 , x ) = S 0 ( t , x ) , Q ( s r s , x ) = 0 , x e 3 D . 
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ACUMI!! 0TH16 CKH6 $OpMyjIH 1 5 

K0 9 $ $ I M H E H T H a . •, b . , 0 BO BCJIKOM c j iyqae icaacca C 2 + C T , ax -L J -1-
HBHHÖ BHFL He CymeCTBeH, HaflO TOJI&KO nOMHHTbj ^TO COOTBeTCTBy-

K>mH0 DJuiHiiTH^jecKHÖ onepaTop A ( s e ) 9 T O ITOOCTO ^A+ e 5 ( ä , x ) 
B HAFLJIE»AMHX KOOPFLHHATAX. P A 3 O 6 I E M [ o , t / e 2 ] HA HHTSPBAJIU 

fljiHHH T = T ( e ) (9Ta iyHKiïHs ÔHjia BBefleHa paHee) h pemHM 

Ha KaKOM-TO HHTepBaae kT £ ( k + l ) T - TO<IHEE ROBOPA B IÇH-

jiHHflpe [kT , (k+1 ) T ] X D - 3AAAQY ( 9 ' ) C HYJIEBHMH RPAHHIHHMH 

YCJIOBHHMZ HA 3D h YCJIOBWEM Q ( ( k + 1 ) T , ( k + 1 ) T , x ) = 
= e Q ( k + 1 ) T e 2 , x ) na BepxHeä rpaHH ipiJiHHflpa. B flajiBHeftmeM qepe3 
e k ( a e 2 , x ) , A k(se

2), k = 0 , 1 , 2 , . . . ßyflyT o6o3HatiaTBCfl coßciTBeH-

HH6 3Hai6HHa onepaTopa A(se2) B ofijiacra D, se [o,t/e2] 

( OJiaBHH C 0603HaieHHHMH JieMMH 2 ' ) . 
CFLBHHEM HAQAJIO OTCTIEIA BPENIEHH B TOTIICY ( k + 1 ) T IIOJIOJSHM 

s ' = ( k + L ) T - s H CFT(s'e2) = A ( ( k + 1 ) T 2 - S E 2 ) . B HTOre MH NPN^EM 

K 3aflaqe ( onycKaa XJUI KpaTKOCTH HTPHXH) 

(9") 

M 
§J- = A(se 2)Q, (S,X) e [0,T] X D; 

Q(0,x) = e0((k+l)Te
2,x)j 

Q(s,x) = 0 , X E 3D. 

PemeHHe 3aflaqn (9") Sy^eM hck8tb MeiOflOM pa3jioaceHZH no napa-

MeTpy. OÖnaa Teopna TaKoro copia pa3BZia B [ ]9 ] , CJI-IV. - o p 
06o3HaqHM xnx KpaTKOCTH qepe3 ^ ( a e ), ifc(se ,x), 

K H D , 1 , 2 . . . CO6CTB6HHH6 3 H 8 1 6 H H H H ÍYHKHHH onepaTopa 

A ( e r l B D ( c HyaeBHMH yciOBHHMH Ha 3 D ) . í a i cnmec io i 
^ ( s e 2 ) = X k { ( k + 1 ) T - s ) e 2 ) h T . n . Oiqbh^ho 0 > ÄQ> ^ * Ä g . . . , Ä /S _ _ 

nyCTi flaaee, A q = 0, À k = k=1,2,... - ooöCTBeHHHe 

3HaieHHH onepaiopa A(se 2) = <ft(se2) + Ä Q(se
2)j e k(se

2,*) = 

= 8 k(se
2,*) - COOTBeTCTBJTDHtHe C06CTB8HHHe (fyHKIlHH. 

ftsx pemeHHa safla*iH (9") CHaiajia npoasBe^eM 3aM6Hy 

Q ( s E2,x) = Q ( s c 2 , x ) e x p / Ä ö ( s e 2 ) d s j , P O R « » 
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16 C.A.MQjitiaHOB, J . S i d o r o w i c z 

( 9 ) 

A 
§ = [Mat2) + A ( S £ 2 ) ] Q = A ( s e 2 ) Q ; 

Q ( 0 , x ) = a o ( 0 , x ) = e 0 ( ( k + 1 ) T e 2 , x ) ; Q ( s , x } = 0 , x e 3 D . 

I I O J I O K H M ( B 0 3 M O K H O O T B TaKoro pa3JioateHHa 060CH0BaHa B [ ? ] ) 

A ( s e 2 ) = A ( 0 ) + S S 2 B + S 2 6 4 H , 

( 1 0 ) 

Q ( s , x ) = u ( s , x ) + e 2 a 1 ( s , - x ) + e 4 u 2 ( s , x ) l 

r ^ e | | u 2 | | 2 + o t £ c o n s t , a fyHKnpH uQ h yaoBJieTBopHioT C T a » -

flapTHHM y p a B H 6 H H H M T 6 0 p H H B O 3 M y i q e H H 0 

( 1 1 ) 

8 u * 9 u 1 A r T 
a = A ( 0 ) u 0 ; g ^ 1 = A ( 0 ) u n + s B u 0 , s e [ 0 , T j ; 3s 

u o ( 0 , x ) = e o ( 0 , x ) s u^ ( 0 , x ) = 0 , x £ D. 

OnepaTopH 3 H R B (jopMyie ( 1 0 ) BTOporo nopaflKa, HX 

K 0 9 $ $ H r t H e H T H KJiacca C2+Cx, T S K , » I T O , cKaaceM, 

B e 0 ( s , x ) 2+ex. < c o n s t 

h T . n . 3 a , 
Y P A B H S H H E nepaoro npn 6 J I U S E E H U H G ^ = < A ( 0 ) U O H M E E T O Q E B H F L -

A 

Hoe pemeHHe \xQ(a,x) = e Q ( 0 , x ) nocicojiBKy = 0* ypaBHeime 

B T o p o r o n p a C S a H x e H H H 

*) 
3 J I E O B H B FLAJIBHESMEM i oc - rejiB^epoBCKaa HOpua ̂ no— 

paflKa a , t x < l | | | ' l . a f a ~ cyMMapHaa rejitflepOBCKaa: H O p u a B T O -

pHX np0H3B0flHHX. 
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2u 
äs 

1 * 1 = á(0)u1 + s B uo, (s,x) e [0,ï]xD; 

u^O.x) = 0} ^(s.x) = 0 , X e 9 D 

pem&eTOH pasjioaceHiieM no coÔcïBeHHHM $yHKipiHM êk(0,x) = ek(x), 
k=Ò,1,.,. onepaTopa <ft(0) b D. Hm66m 

(12) a^s.x) = 2 ° e 0 + 2__, ek(B e0,ek)> 
k=1 

xexp V ] / 
~ V „ s 2 ( b V g

0 > * uè da = — — e Q + 

+ ê k ( B êo' êk ) 

k=l 

g 1 exp(Aks) 
~ ~ a J * 2 ~ 

3aMeTHM Tenepi., îto corjiacHO KjiaccmiecKOiì Teopmi B03MymeHHñ 
npocToro cneKTpa (cm. [9] ) CTapmjno coScTBeHHyio (JiyHKipiio one-«O paTOpa A (se' ) mohcho npe,ncTaBHTi> b bh^b (nona 6e3 hopmh-
pOBKH) 

(13) S0(.«?.x) - í0(x) • g h ^ ^ M . 
k=1 

—C~ 
A,. 

•+ 0(s e4). 

3aMeTHM TenepL, *ito 

A ( s e2) e0( s e2,X) s 0 =>-|f e 0 + A ^ 2 - = 0. 

nO^CTaBJLHH S = 0 nOJiyqHM 

d eo + S e k ( x ) ? = Ü-
k=1 ak 
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18 C.A. MojiqaHOB, J .Sidorówioz 

OTon.ua Heite ĴieHHO cjieayeT, tjTO (B ê _ ) a O.CoÖHpaa o i i s h k h , A A O Ü 
noj iy iHM, q i o pemeHH« Q iäaaaqH ( 9 ) aonycKaet oqemcy 

(14) Q<af*> - ê 0 ( x ) - e 2 s g ê k ( B > , ê k )
 + 0{«3) + O ( e V ) . 

k=1 

Ho H3 f i 3 ) 
A / _ A A « 

o ° 2 0i,(B e „ , e , J . o 
fx) - e 2 s V A ° ' k = 1 + O U 4 ! 2 ) . 

) a 
k=1 

Ten caMHM, aha pemeHHH Q (9") uh nojiyqaeM npejCTaB-
JieHHQ 

(15) Q(Te 2 ,x) = e 0 ( T e 2 , x ) e x p 
X 

- J Ä o (se 2 )ds+0(|e 2 )+0( e V ) 
L 0 

= e 0 ( e kT,x)exp 
(k+l)T 

/ A o ( s e 2 ) d s + 0 ( e 2 ) + 0 ( e 4 T 2 ) 
kT 

nocae JI6MMH 2 (h j ih 2 ' ) im HMejiH no cyfcH oqeHB 6jiH3Kyio oijeHxy, n p p ¿ 
HO OCTaTOK B SKCII0H6HT6 HM8JE BHJ 0(T C ) a H6 0(T C ) . 
yTO^HeHHe ( 15) HBJLaeTCH pemaKmHM. IlojiB3yjiCB Ha icaxflOM mary, 

p / 
( a Hx t / e T) b ocHOBHOfi $opMyjie ( 5 ) oijeHicoñ ( 15) 6ea Tpyfla 
npHXOflHM K oijeHKe 

( 1 6 ) 0 e 5 ( 0 , t / e 2 , X o , y o ) = 

= e 0 ( t , y 0 ) e 0 ( 0 , x 0 ) e x p 
X 

" ~ T f ^ o ( s , d s + + ° ( T e 2 ) £ » 

BcnoMHHaa <$opMyjiy (5) h nojib3yjiCB coOTHOineHHeM (16) npaxo^HM 
k ocHOBHOMy pe3yji£Taiy paôoiH ( o6o3H316hhh CHOBa ŷ oÖHO c a e r -
Ka H3MeHHT£ 
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T e o p e m a 2 . Bojih t^S(t) —* 0 , c - • 0 , to npn 
nepeiHCjieHHHx bhb6 orpaHzqeHHax 

( 1 7 ) p e 5 ( o , t , x o t y o ) = | w g e 5 a ( s ) + e D ( s ) , s e [ o . t ] , 

w t e 5 a ( t ) + e y 0 + e d y j ^ j 

e ^ e x p 1 
2 
- J |a| 2 ds - 5 c ( ( a ( t ) , y o ) - ( a ( 0 ) , x o ) ) -

b 
• e

o
8 ( 0 , x o ) e e

o
8 ( t f 7 o ) f 

rfle h - ciapmee coCcTBeHHOe 3HaqeHiie h O ' 0 j 

cooTBeTCTBymnaa coOcTBeHHaH (fyHKHHH 3afla*iH - ^ A e -
- ( a ( s ) , x ) e^Se = Ae b oCaactH D(s) c Hya©bhmh ycjuoBHHioi Ha 
30(b) . 
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