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ON SUBSPACES OF SUBSPACES OF A FINSLER SPACE 

This note i s devoted to a study of the properties of a 
subspace F 1 of a subspace Fm of a Finsler spaoe F f l with 
the help of ^der iva t ive given by Rund ( [ 2 ] , pp, 166-169). 
Thfe conditions under which F, i s minimal in Fm or i t i s J. m 

minimal in F have been investigated. 

1, Introduction 
Let Fm be a d i f fe rent ia l subspace of dimension of m of 

an n-dimensional Finsler spaoe F f l . The coordinates x^ ( re -
ferred to Fn) of a point of Fm are given by 
( 1 . 1 ) x = x ( u ) , i = 1 , . . . , n ; (X = 1 f . . . , m (m £ n ) . 

1 e± 
Suppose that a vector x ( or û ) tangent to Fm i s an 
element of support. We may then write 

(1.2) x 1 = B^ 6 a , 

where 

b J = axVau4*. 

The (n-m) vectors ^ ( ^ ¿ j ((i = m+1 , . . . ,n ) satisfying the 
conditions 
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(1.3) 

a) &±iix,x) B^nJ = 0; 

b) g13(x,x) = S a ({!,>>= m+1,...,n) 

are called normal vectors, g^^ being the components of the 
metric 

Th< 
p. 167) 

metric tensor of SV. 
O n i , r n The D-derivative of the projection faotors B ( [2j, 

(1.4) Ä B p - S i p - B ^ + - r;aA> 
i,j,h,k = 1,...,n; a,(i,-P,8,£= 1,...,m, where 

(1.5) 

n i def ¡̂ »i-nk .i Hk 1 hv — hit°\> + AhV nV 

b) 

d) B« = ¿ " g ^ , B ^ = . W f , F h J - H ^ 

and g a e being the contravariant components of the metric 
i if i tensor of F" and the symbols A.. and P h t have their hk 

usual meanings. 
° i Since H^ß is normal to F m, we have 

( 1 . 6 ) 

where 

(1.7) 

H 
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2. Mean curvature vectors and minimal subspaces 
D e f i n i t i o n 2 . 1 . The Veotor f i e l d 

of F„ i s called the mean curvattoe vector of F . This n m 
vector f i e l d i s normal to Fm. I f K/" -i • vanishes, m ( x , x j i m' nj ' 
then Pm i s called a minimal subspace of F n . 

How, l e t us consider a d i f ferent iable subspace F-p of 
dimehsion 1, of represented parametrically by the 
eq uations 

(2 .2 ) ua = u a ( z 0 ) ; (1 < m $n) ( c e = 1 m),; 
0 "f = 1 , . . . , 1 ) . 

Assuming that the vector u a i s tangent to F , the 
• A 

corresponding tangent vector to F-̂  wi l l be z and these 
two are related by 

(2 .3 ) ¿ « = B « z 9 , 

where 

BQ = 3u a /3z 9 . 

There ex is t (m-1) vectors (p = 1 + 1 , . . . , m ) normal 
to F-̂  sat is fy ing the conditions 

(2 .4 ) 

a) g ^ U . u i B j ^ = 0 

b) gap(u,u) N®nJ = (p,q = 1+1 m). 

The D-darivative of the projection factors B0 wi l l be given 
b7 
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. . « a o« oc a 6 —*a» ex 
(2 .5 ) DSg = H* = B ^ + r i 0 B e P e 0 \ , 

OT —*U> . M OC JL -. A10 where the quanti t ies n g 0 , r Q 0 , r 0 J , B£, Bf^ , H^ and gv 

in F 1 may be defined in tile same manner as the corresponding 
quanti t ies are defined in 

o a m 

Since H0 i s normal to F-^ we may write 

(2 .6) * = M^HPg, p = 1 + 1 , . . . . m , 

where 

(2 .7) H§0 = 

D e f i n i t i o n 2 . 2 . The vector f i e l d 

0« r i def 1 (Aaocx 
K ( u , u f { P l . F m } = i e H09 

( g ^ 0 being the contravariaint components of the metric tensor 
of Fn) of F„ i s normal to F-,. This i s called the mean 1 ' m 1 o o t f . 
curvature vector of F-ĵ  in I f j. j • JP-L,Pm = 0 , 
then F 1 i s called minimal subspace of Fm. 

A subspace of the subspace Fm can be regarded as 
a subspace of the enveloping space Ff l and i t can be express-
ed by the equations 

(2 .9) x 1 = x i ( u o l ( z 0 ) ) ; i = l , . . . , n ; 8=1 ( l < m < n ) 

and consequently 

(2.10) BI = B^Bj. 

The components g 0 0 ( z , z ) , g a j } (u,u) , g i ; j ( x , x ) of the metric 
tensors of F^, and ? n respectively are related by 

(2.11) g 0 8 U , 5 ) = g o t p i u . u ) ^ = g i ; J ( x , ± ) B j B j . 
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The or thogonal uni t normal v e c t o r s of i n Pfl are 

Np = NpBlx a n d Np i s t a n e e n t t 0 F
m

 a x l d Njii. 1 8 n o r m a : L 

t o F . The D-der iva t ive of Bq i s m w 

(2.12) = Hj 0 = B*0 + r j 0 B j - T J J B J , 

where 

(2.13) r h 0 = r i k B J + 

(2.14) m l = HJ 0 z 9 , Bg^ = a 2 * 1 / ^ 0 

— * Id 
and r Q 0 have the same meaning as i n ( 2 . 5 ) . 

OA 

Since H 0 0 i s normal to we have 

(2.15) S J e = NjjHgg. 

(2 .16) 5 S e - V & i ö -

3 . R e l a t i o n between mean cu rva tu res v e c t o r s 
The D-de r iva t ive of the equa t ion (2.10) g ives us 

where we have used the equa t ions ( 1 . 4 ) , (2 .5 ) and (2w12). 
On mul t ip ly ing (3 .1) by | • g 0 9 , we ge t 

< M ) i - (1 pW • a PA4) 
D e f i n i t i o n 3 . 1 . The v e c t o r f i e l d 

^ . « • ( W n l de f ined by 
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<3* 3) « ( X f x) ' {P1 ' P n } = ( l ) 
is said to be the relative mean curvature vector of F-̂  
with respect to Fm and Fn. I t is obvious that the above 
vector f ie ld is normal to F -m 

Using the equations (2.8), (3.2) and (3.3), we obtain 

(3.4) ¿ k i , n } = ê ( u, û) ' {P l 'Pm}BP + S fx . iJ ' l W n } 

which yields the following theorem. 
T h e o r e m 3.1. The mean curvature vector of a 

Finsler subspace F^ in Fn is the sum of the mean curva-
ture vector of F, in Fm and the relative mean curvature 

l m 

vector of F^ with respect to Fm and Fn. 

4. Concurrent vector f i e ld 
A vector f i e ld of fiiemannian manifold concurrent along 

a. submanifold has been considered by B.Y.Chen and K.Yano 
( [3 ] , p.551). In analogy to this, a vector f i e ld V1 of Fn 

wi l l be called concurrent along F^ i f 
(4.1) Bg + DqV1 = 0,. 

Taking the D-derivative of (4.1), we find 

(4.2) D0B* + D ^ V 1 = 0 

or 

°ii 0 0 1 
(4.3) H0Q + fylfeV1 = 0, 

where we have used equation (2.12). 
On multiplying (4.3) by ^ • g^ 9 and using the equation 

(2.17) we obtain 
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The equations (3.4) and (4.4) yields 

(4.5) ^ ' { V V i 4 + *{x,±)'{ Pl'V Fn} + 

+ 1 v 1 - 0. 

Sinoe K ^ ¿j •[pl»pm':pn} i s n o r m a l t o F
m» w e h a v e 

(4.6) 4 U , « - { * l ' F m } " 0 

1 AQO O f 
iff J- • gr D^DqV is normal to the subspace Pm. 

Henoe we have 
T h e o r e m 4*1. Suppose that there exists a veotor 

field V 1 of satisfying (4.1). Then in order for F 1 

to be minimal in P m it is neoessary and sufficient that 
g ^ D ^ V 1 to he normal to P m. 

Particular case: Let P„ = IV . In this oase the equation m n 
(4.4) gives the following theorem. 

T h e o r e m 4.2. Suppose that there exists a veotor 
field of whioh satisfies the equation of the type (4.1). 
Then in order for F-ĵ  to be minimal in Ffi it is neoessary 
and sufficient that g''9 fy DqV* = 0. 
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