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ON SUBSPACES OF SUBSPACES OF A FINSLER SPACE

This note is devoted to a study of the properties of a
subspace Fl of a subspace Fm of a Finsler space Fn with
the help of D-derivative given by Rund ([2], pp.166-169).
The conditions under which Fl is minimel in Fm or it is
minimal in Fn have been investigated.

1« Introduction

- Let Fm be a differential subspace of dimension of m of

an n-dimensional PFinsler space Fn‘ The coordinates xi (reo-

ferred to Fn) of a point of F, are given by

i

(1.1) = = xt(u%),

i= 1,...,1’1; o = 1,...,m (m sn).

i (or &%) tangent to F_ is an

Suppose that a vector x m

element of'support. We may then write
(1.2) %t - BL 8%,
where

8xi/0ua.

i
Bd

i

ulx,x)

The (n-m) vectors N
conditions

(g = m+1,...,n) satisfying the
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a) 813,(::,:':) B;.-Ng = 03

(1.3)

"
(42}

b) gij(x,:’:) N&Ng (p,v = m+1,000,0)

are called normal vectors, gij being the components of the
metric tensor of Fn' .

The D-derivative of the projection factors B ([2],
pe167)

Q (-] 3 -
(1.4) Baj = 55 = Bgy + MpB" - FaoBes
ivj:hvk = 1,..-,1’1; a,p|91815 = 1,o-o,m, where

i def =#ipgk ik
=R * X o« 3 Jhok
( ) b) l"‘m= va + BiAthﬁHV’
1.5 1
) e Bd(Bi xiBh k)
c) Fpy= Bi(Bpy + MhiBpByls
L d) B = gaeging, By, = 9°x/aP e, Fil =ﬁ'§ﬁ&

ang g“e being the contravariant components of the metrie
i »*i .
tensor of F"m and the symbols Ajy and r'hk have their
usual meanings.
Py

Since Hi;p is normal to Fm, we have
o -] :
(1.6) H)’f.’) = N;:ng (p = m+1,o'oo ’n),
Where
o
(1.7) Hgﬁ = NE{H%W

p
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2. Mean curvature vectors and minimal subspaces
Definition 2.1, The veotor field

03 d
(2.1) KJ('x,i) . {Fm,Fn} dof % g"pr,p

of Fn is called the mean curvature vector of Fm. This

vector field is normal to F . I1f ﬁ%x,i)'{Fm’Fn} vanishes,
then Fm is called a minimal subspace of Fn'

Now, let us consider a differentiable subspace Fl, of
dimension 1, of Fm represented perametrically by the
equations

(2.2) ua= Q(Ze); (l<m$n) (d,ﬂ,?,a, £ = 1’00.,m)1;
9,¢, v=1,o00,1)o

Assuming that the vector 4% is tangent to F,, the

corresponding tangent vector to Fl will be 8 and these

two are related by
(2.3) % = Bg 28,
whers

Bg = 3ua/aze.

There exist (m~l) vectors N;?z 2) (p=121+1,¢se,m) normal
?
to Fl satisfying the conditions

a)  gplu,WENE = 0
(2.4)

_b) gaﬁ(uf&) N;Ns ="8% (p,q = l+1,...,m);

The ﬁ-darivative of the projection factors Bg will be given
by
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(2.5) 53: = H¢e Byg + Pngg - *:Bv ’

where the quantities Pg;,f:;:,‘P;g, B:, Hgd’ H; and §?¢
in Fl may be defined in tHe same manner as the corresponding
guantities are defined in F

Since H¢ is normal to Fl’ we may write

]
(2.6) * ﬁge N‘;ng’ p = l+1,.._.,m,
where
op _ °x
(2.7) H¢8 = NpaH¢9'

Definition 2¢2e The vector fisld

°a def 1 ¢8p
(2.8) K(u,a)'{Fl'Fm} = 18 Hyg

(g¢8 being the contravariagnt components of the metric tensor
of Fl) of P, is normal to F,. Th%g is called the mean
curvature vector of P, in F . If K(u,&)o{Fl,Fm}=O,
then Fl is called minimal subspace of Fm.

4 subspace Fl of the subspacs Fm can be regarded as
a subspace of the enveloping space Fn and it can be express~
ed by the equations

(2.9) o= x(u™28));  1=1,...,n; 0=1,...,m; (1<m<n)

and consequently
i pige
(2.10) Bg = B Bge

The components gggl(z,2), gab(u,&), gij(x,i) of the metric
tensors of Fl, Em and Fn respectively are related by

2.11) g¢8(z,é) &xﬁ 1, u)BeBr5 g J(x x)BeB¢.
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The orthogonal unit normal vectors of Fl in Fn are

Ni = NSQ& and Ni. Ni is tangent to F_ and Ni is normal

p L ) m ©
to Fg. The D-derivative of Bg is

° 4 o 4 i h  =wy
(2.12) DyBg = Hyg = Bgg + MygBy - 8¢Bw,
where

3 def

(2.13) Fap — rth + Ath¢,
(2.14) re = K%, BE, - 9%l/0d® 02°

and o ¢ have the same meaning as in (2.5).

Since H¢8 is normal to F,, we have

of ig
(2.15) Hgg = Npﬂge.

op _ Oi
(2.16) Hyg = NPiH“.

3. Relation between mean curvatures vectors
The D-derivative of the equation (2.10) gives us

(3.1) ﬁi &Y 13:L + :ﬁB\;B ,

where we have used the equations (1.4), (2.5) and (2.12),
On multiplying (3.1) by % . g¢e we get

(320 1 &% 5 - (F 08585 « (J #O5)8f) By

Definition 3,1« The vector fisld

. -{Fl,Fm,Fn} defined by

K%x,x)
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(3.3) Ic(’:Eix,ic)'{Fl’Fm’Fn} §g£=(l g¢eﬁ;Bﬁ) H?ﬂ

is said to be the relative mean curvature vector of Fl
with respect to Fm and Fn’ It is obvious that the above
vector field is normal to Fm.

Using the equations (2.8), (3.2) and (3.3), we obtain

(3.4) ﬁ?&,i)'{F } = K(u,u) {F ¥ }Bt + I%(ix,n’c)'{-Fl’—Fm"Fn}

which yields the following theorem.

Theorem 3.1. The mean curvature vector of g
Finsler subspace Fl in Fn is the sum of the mean curva-
ture vector of Fl in Fm and the relative mean curvature
vector of Fl with respect to Fm and Fn.

4, Concurrent vector field

A vector field of Riemannian manifold concurrent along
a submanifold has been considered by B,Y,Chen and K.Yano
([3], pe551). In analogy to this, a vector field Vi oof F
will be called concurrent along ’Fl if

n

i e .4
(4.1) Bg + DgV™ = O.

Taking the D-derivative of (4.1), we find

(402) :B¢Bg' + B¢Bevi =
or

3
(4.3) fpg + DoVt = 0,

where we have used equation (2.12).
On multiplying (4.3) by % i g¢s and using the equation
(2.17) we obtain }
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(404) ﬁ?.x X) {F P }+ % g¢ef)¢ﬁevi = 0.
The eguations (364) and {(4.4) yields
[ i of
(4.5) 'K(u,a)'{Fl'Fm} By + K(x, ) {Fl’F } +
1 ¢8° -] i
+ 718 D¢D9V =

LAY
Since K(x,i) {Fl,Fm,Fn} is normal to Fm, we have

(4.6) ﬁru,&)-{pl,Fm} =0

iff %
Henoe‘we have
T h e or e m 4ul. Suppose that there exists a veotor
field V* of F, satisfying (4¢1)e Then in order for Py
to be minimal" in F it is necessary and suffiocient that

DQDGV is normal to the subspace Fm.

D vai to be normal to Fj
Particular case: lLet F = Fn. In this case the equation
(4.4) gives the following theorem.

-Theorem 4,2 Suppose that there exists g vector
field of F, which satisfies the equation of the type (41).
Then in order for Fl to be minimal in F it is necessary
and sufficlient that g nyDeV = O,

REFERENCES

[1] CéBe Weatherbdburn: Riemannian geometry and
the tensor calculus. Cambridge 1966. "

[2] Ho, Rund: The differential geometry of Finsler spa~
ces, Berlin 1959.

- 577 -



8 G.'D.Awasthi, 4.K.Shukla

[3] B.Yo Chen, K, Yano: On submanifolds of a
Riemannian manifold, J.Math.Soc.Japan 23 (1971) 548-554.

DEPARTMENT OF MATHEMATICS, LUCKNOW UNIVERSITY, LUCKNOW, INDIA
Received March 29, 1980; revised version October 29, 1981,

- 578 -



