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ON SOME CLASS OF SYSTEMS 
OF NONLINEAR PROCESSES WITH A MEMORY 

I n t r o d u c t i o n 
In we have introduced the not ion of a CGi'k-process 

as a continuous f u n c t i o n x : <[0;+o©) — R s a t i s f y i n g f o r 
a l l t > k the cond i t ion 

where G: <k; + oo)x|R — • r an<3 i1; ( 0 ^ ' ) * ( k ; + o o ) x R - » p 
are given and continuous f u n c t i o n s , s a t i s f y i n g some condi -
t i o n s of L ipsch i t z type . CGFk-processes seem to be u s e f u l 
i n desc r ib ing some r e a l , gene ra l ly non l inea r processes i n -
v e s t i g a t e d in continuous time and which are cha rac t e r i zed 
by a "memory" whose l eng th i s k time u n i t s . I f G(t,,v) = v 
and i ' ( s , t , u ) = cx(s)»u, where a : F — i s a non-zero poly-
nomial, then CGïk-process i s a (a ,k ) -computa t ion int roduced 
i n Such processes occur i n many t e c h n i c a l , economical 
and b i o l o g i c a l problems, e . g . i n con t ro l t heo ry , renewal t heo -
r y , i n the d e s c r i p t i o n of c e l l s r ep roduc t ion [3^» [43 0 t c . 
Basic p r o p e r t i e s of (a ,k ) -computa t ions and CGFk-processea 
were i n v e s t i g a t e d by Zakowski i n [5]» [ 6 ] and [.7]. 

In t h i s paper we in t roduce the not ion of a CGFk-systera of 
processes (cont inuous GPk-system of processes) as some sya-

k 
» k > ü 

0 
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2 W.ftakowskl 

terns of n continuous functions satisfyings n integral 
conditions (4), generally nonlinear. The functions of a 
CGFk-systems seem to be useful in the description of some 
continuous processes, generally nonlinear and interrelated, 
i'hese processes have a "memory" with the length 
We also consider some qualitative properties of CGFk-systems. 

1. Basic notations and definitions 
Let R denote the set of all real numbers and n - an 

arbitrary but fixed natural integer <n > 1). By k = 
= [k1,k2,...»kn] we denote the system of real numbers such 
that 

(1) 0 < k1 < k2<... <k n < +oo. 

Let = k - k., i = 1,2,...,n. We define the sets l n l * ' * ' 
j = 1,2,...,n and <2. as follows J 

A^ = {(s,t,u) e F? : 0 < s A t > knAuefi} 

and 

S2 = {(t,v1,...,vn) e Fn+1 : t > kQA v± e F, i=1,2,... ,n}. 

Let j;'.. ; AT — a n d G. i = 1,2,...,n be 
continuous functions. We assume that for every 0 > kn there 
exist positive numbers 

T (Ci,5) . . _ 1 _ ij i ' ' ̂  ~ ' ''''' ' 

such that for svery s e <0}ki> , t > kn and u,ueR 
the inequalities 
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Systems; of nonlinear processes 3 

(2) i P ^ i s . t . u J - ^ ^ s . t . u ) ! < u-u|, i , j = 1 , 2 , . . . , n , 

hold, and for every t > kfl and v 1 , . . . » v f l , v n e F the 
inequal i t i es 

n 
(3) | G l ( t , v 1 , . . . , ? n ) - G i ( t , ^ , . . . , V U 4 G ' 6 ) . 2 I Vj-v^l 

d=i 

i = 1 , 2 , . . . , n , hold. 
D e f i n i t i o n « The system [ x . j , x 2 , . . . , x n ] of 

continuous functions x^ t <f i ;+oo)—»-F, i = 1 , 2 , . . . , n , f u l -
f i l l i n g for a l l t > kfl the conditions 

( r1 
(4) x ± ( t ) = G j t , J P i 1 ( s t t , x . | ( t - k 1 + s ) ) d 8 , . . . 

* 0 
kn v 

0 / 

i s said to be CGFk-system of processes (shorthy: CGFk-system). 
In the case of n=1, . the CGFk-system i s a CG^P^k^pro-

cess introduced in [ l ] . A»y CGPk-system describes Some sys-
tem of r e a l and interre la ted processes in continuous time. 
'.These processes are generally nonlinear with a "memory" of 
the f i n i t e length k 1 , k 2 , . . . , k n . 

We observe that for every system £ f 1 , f 2 , . . . , f n ^ of con-
tinuous functions f^ : < + e o ) —»-p , i = 1 , 2 , . . . , n , and 
for every system k = [k^ , k g , . . . fkn^J of r e a l numbers such 
that k^ = i = 1 , 2 , . . . , n sa t i s fy ing inequal i t i es ( 1 ) , 
the system [ f ^ » f ^ , . . . » f n 3 i s a CGPk-system i f , for example, 
F i j S 0 f o r = 1 » 2 » » ' ' » n a n d G i ( t » v 1 » " * » v n ^ = 

for a l l t > kfl and v^ e F , i = 1 , 2 , . . . , n . 
The dependence of the functions G i f i = 1 , 2 , . . . , n , 

on the f i r s t variable and the dependence of the functions F i i f 
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4 W.fcakowski 

1,3 = 1 , 2 , . . . , n , on the second variable describes the faot 
that CGFk-system i s generally time-varying ( in particular, 
controlled). If these functions are fixed and constant in the 
variable t ( i . e . i f Ĝ  are constant with respect to the 
f i r s t variable and F^ are constant with respect to the 
second variable, = 1 , 2 , . . . , n ) , then the values of x i ( t ) 
i = 1 , 2 , . . . , n , t ^ kn , depend only on the values of the 
functions x^ , x 2 , . . . , x f l on the internals <t-k^ j t ) ,<t-k2 ; t ) , . . 
. . . ,< t - k n ; t ) respectively. This i s expressed by saying that 
the CGFk-system "remembers" kn time units backwards. We 
observe, that in this case the values of x^ i t ) , i=1 ,2 , . . . , n , 
t > kn , depend on the values of this function only on the 
interval < t -k i ; t ) . This i s expressed by saying that the 
process x^ "remembers" k^ time units backwards, i . e . , 
that this process have a "memory" with the length k i . 

If x : <a; + ©°) —»-F , then the restr ict ion of x to 
the set U c < a;+o<>) i s denoted by x j U . In particular, 
i f [x.j , x 2 , . , . , x n ] i s a CGFk-system, then 

i s called the i n i t i a l state of this CGFk-system. 
The set of a l l rea l and continuous functions on the in-

terva l l <a;b > we denote by 

2. Basic properties of the CGFk-systems 
From the conditions (4) i t follows, that i f [ i ' 1 , f 2 , . . . , f 

i s the i n i t i a l state of any CGFk-system then 

[X1 I < V k n > » x2 K V 1 ^ , . . . , x f l l<0;kn>] 

(5) 

(t1+s)}ds s ,k r , , f n ( s ) )ds 
0 0 

i=1 
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Systems of n o n l i n e a r p r o c e s s e s 5 

T h e o r e m 1. I f the f u n c t i o n s f . e C-/w t \ , 
1 

i = 1 , 2 , . . . , n , s a t i s f y the o o n d i t i o n s ( 5 ) then t h e r e e x i s t s 
e x a c t l y one CGFk-syst6m [x^ • • • s a c i l t h a t 
x i | < t i ; k n > = ^ f o r i = 1 , 2 , . . . , n . Th i s CGPk-system 
i s a l i m i t of the sequence 

( 6 ) [ x S m , , 4 m ) m - 0 , 1 , 2 , . . . 
r( m) 

of s u c c e s i v e app rox ima t i ons , d e f i n e d a s f o l l o w s 

( 7 ) x [ ° > ( t ) = 
f ± ( t j f o r t e < ^ i ; k n > 

f i ( V f o r * > k n ' 

i = 1 , 2 , . . . , n , and 

( 8 ) x [ m , ( t ) =<j 

f . _ ( t ) f o r t e < r i ; k n > 
k (1 

/ ^ ( s . t . X ^ ^ i t - ^ + B j j d B , . . . 0 
k n \ 

. ' • • » / p i n ( 8 » t » x n m " 1 , ( t - i c n + a , ) d 8 ) f o r t > k n ' 
o / 

i = 1 , 2 , . . . , n and m = 1 , 2 i 'or eve ry i = 1 , 2 
the sequence ( x ^ ) , m= 1 , 2 , . . . , i s a lmost un i fo rmly con-
v e r g e n t on the i n t e r v a l ( ^ j + oo) , 

P r o o f . Let 6 denote s an a r b i t r a r y p o s i t i v e num-
ber g r e a t e r then We d e f i n e the met r i c space 

( 9 ) 4 k ' Ä ) = { [ x 1 f x 2 x J : X j L € C ^ . ^ A x J ^ , ;Kn>= f . , 

i = 1 , 2 , , , . , n | 
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6 W . Z a k o w e k i 

•vith t h e m e t r i c 

( 1 0 ) P ( x , x ) = max s u p ( e A t . I x , ( t } - x , ( t ) | i 
K K n C ^ j é ^ 1 1 1 

w h e r e X i s a n e g a t i v e n u m b e r s u c h t h a t 

( 1 1 ) 

T h e s p a c e ' ( 9 ) i s c o m p l e t e . On t h i s s p a c e we d e f i n e a n o p e r a -

t o r A a s f o l l o w s 

A I [ x 1 , X 2 » . . . t = ^^^ i b g i x ) f * » j x t 

w h e r e x = [x^ ,7.^, • • • >x
n ] 

( 1 2 ) A ± [ x J ( t ) = « 

f ^ t ) f o r t e < r i ; k n > 

4*- f 
\ 0 

í ' ^ Í S j t . x ^ t - k . j + s ) ) d s , , 

•"•ti \ 

• • * » / í W s ' t ' x n ( t ~ k n + 8 ^ d s ) f o r t € ( k
n » ¿ > » 

i = 1 , . . . , n . On t h e b a s i s o f ( 8 ) we o b s e r v e t h a t t h e o p e r a -

t o r A t r a n s f o r m e s t h e s p a c e ( 9 ) i n t o i t s e l f . I n v i e w o f 

( 1 2 ) , ( 2 ) and ( 3 ) we h a v e f o r e v e r y , t 6 ( k n ; 6 > a n d f o r 

e v e r y x , x e ' s 
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Systems of nonlinear processes 7 

e^.fA^xHt) - Ai[:?](t)|< 

k. n j 
lL(G,6).2 J L ( M ) , i . ( t . V s ) . ? ; j ( t _ V s ) , d s = 

j=1 0 

k. 
fG 6) ^ (? 8) P3 ¿ ( V s ̂  a Li Lid J 8 6 J fi^t-k.+s) -?.(t-k.+s)|ds. 

j=1 

i = 1,2,...,n. iTom the above and basing on (10) and (12) we 
have for every t 6 d > 

e^'lAifSKt) - A ^ x K t ) ^ 

n Ak, 

j =1 3 

Ak1 n 

1 
d=i 

i = 1,2,...fn. This implies that for every x,x e (D^»^) 

¿Ik, 

3=1 

Prom this and from (11), applying the Banach fixed point 
theorem, it follows that there exists exactly one system oJ 
functions [x*,x2* ... ,x* J e such that 

/ x / , n , \ 

D — ̂  
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8 W.;Zakowskl 

^ *x2' * * * ,xxD ̂  ~ CX1 >x2»# • • »xnl* 

Moreover, this system is a limit of the sequence (6), defined 
by (7) and (8). Prom (10) it follows that for every 
i = 1,2,...,n, the sequence (xj^), m = 1,2,..., is uniform-
ly convergent on the interval Because 6 denotes 
an arbitrary positive number greater then kn, the proof is 
complete. 

We observe, that the exponential factor in definition (10) 
gives that the numbers 

L[G'i) and " 

in Lipschitz's conditions (.2) and (3) may be arbitrarily 
large. 

T h e o r e m 2. If £x1 ,Xg,... i s && CGFk-sye-
tem, and moreover, if 

1° there exist continuous functions 

: j (s,t) € R 2 : 3 f ( t . i k j > A t > k n j — <0; + ©°) 

= 1,2,...,n, such that for every (s,t,u) e Aij the con-
ditions 

(13) I P±d(B,t,u)| < Mj_J}(B,t).| u| 

= 1,2,...,n, hold 
2° there exist functions Iflj0*: <kn;+oo) — < 0 } + o o ) , 

i = 1,2,...,n, such that for every (t,v1,...,vn) e fl the 
conditions 

- 556 -



tiysteras of nonlinear processes 9 

n 
( 14) | G i ( t , v 1 v n ) U M | G , ( t ) - 2 | v d | 

J = 1 

i = 1 , 2 , . . . , n , hold 
3° f o r every t ^ kf l the conditions 

n n o 
( 15 ) M[ G , ( t ) - 2 / 4 j , ( 8 » t , d 8 < 1 

j = 1 0 

i = 1 , 2 , . . . , n , hold, then there existB an integer r , 
1 < r < n , and a number c p € > such that f o r every 
i = 1 , 2 , . . . , n , and t > t \ 

( 16) | x±(-t)|< | x r ( c r ) | . 

F r o o f . The CGPk-system [ x 1 ,xn]] i s a l imit 
of the sequence (6) , defined by e q u a l i t i e s (7) and (8) , where 
f ± = x ± | ^ i » 1 ^ » i = 1 , 2 , . . . , n . Let 

M = max sup I x . (t)| . 
1<i<n < T i } k n > 1 

On the bas i s of ( 1 3 ) and ( 14) we have f o r every t > k n , 
i = 1 , 2 , . . . , n , and m = 1 , 2 , . . . 

» ko 
( 17) | x [ m , ( t ) | < l [ G , ( t ) . 2 / M [ ^ ( s , t ) | x $ m - 1 ) ( t - k . + s ) | d s . 

3-1 o 

We observe that | x j ° ^ ( t ) ] < M f o r every t i = 1 , 2 , . . . 
Prom t h i s , on the bas is of inequa l i t i e s ( 15) and ( 1 7 ) , apply-
ing mathematical induction, we get 
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10 W.Zakowski 

(18) | 4 m , ( t ) | < 

for every t i = 1,2,...,n, and m = 0,1,2,... . Pas-
eing in the inequalities (18) to the limit with m — + o o we 
get 

| ̂ (t)! < M 

for every t > t^, i = 1,2,...,n. Oji the other hand, there 
exists an integer r, such that M = sup |x (t)| . 

< * r i k n > 

Obviously, there exists a number cr € ̂ ^»^n^ s u c^ that 
| x (c ) | = sup |x (t)| , so we get inequality (16). 

< T r ' k n 

C o r o l l a r y 1. If the hypotheses of the Theo-
rem 2 hold, then any CGFk-system .Xg,...fxn3

 i a bounded, 
i.e. there exists the positive numbers M1,M2,...,Mn such 
that 

| ^ ( t ) ) < M± 

f o r every t > t l f i = 1 , 2 , . . . , n . 

T h e o r e m 3. If [x1,x2,...,xn3
 i s an CGFk-sys-

tem and the hypotheses 1° and 2° of Theorem 2 hold, and 
k^ = kQ for i = 1,2,...,n, and there exists a number tQ ^ 0 
for which the functions x^ | ^^Q J^Q+^O^» i - 1»2,...,n, are 
nonnegative (nonpositive) and nonzero and, moreover 

n ko 
(19) I 4 i , i 8 ' V k o , d B < 1 

j=1 C 

i = l , 2 , . . . , n , then there e x i s t s an i n t e g e r r , 1 < r < n f 

such that the f unc t i on x r | O 0 J t 0 + k Q > i s not nondecrea3ing 

(o r rjot r o n i n c r e a s i n g , r e s p e c t i v e l y ) . 

P r o o f . If the functions x̂ ^ | O 0»t 0+k o ^ » 
i = 1,2,...,u, are nonnegative and nonzero, then in view of 
(41, (13) and (14; we have 
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(20) V V V ^ i ^ V V ' S ; / M g > ( s , V k o ) X j < V 8 ) d s 
0=1 0 

i = 1 , 2 , . . . , n . Henoe we get 

(21) x ^ t ^ K 

n ko 
< max sap x^ M ^ W ' S / ' ( 8 » t o + k o , d s 

KKn <to jt0+k0> o 

i = 1 , 2 , . . . , n . If there ex i s t s an integer r , 1 ^ r < n , 
such that 

n ko 

^ W J 4 d , ( s ' t o + k o ) d s - 0 

0=1 0 

then by (21) we have Xp{i^k^ = Since the function 
x r | < W k o > i 3 n o m i e6 a ' f c i v e nonzero, th is implies that 
th is function i s not nondecreasing. If 

„ k„ 
•0 <M[G,(tQ+k0) - J / Mg>(s,t0 +k0)ds < 1 

j = 1 0 

i = 1 , 2 , . . . „n , we have, on the basis of (19) and (21), the 
ineq ua l i t i e s 

(22) Xi (V k o> 

for i = 1 , 2 , . . . , n . On the 
r , 1<r<n such that 

< max sup x. 
< t 0 ' to+ko^ 

other hand, there exist integers 
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12 W.Zakowski 

(23) sup x = max sap x., . 
< W k o > K ; ) < n < toi to + ko > 3 

Prom (23) and (22), by substitution i = r , we get 

^ r ^ o + V < • SUP -v x r 
r ° ° < W k o > 

which complete s the proof for the case of nonnegative and 
nonzero functions Xĵ  [ <C't0;t0+k0> , i. = l,2,.'.J,n. In the 
esse when this functions are nonpositive and nonzero the 
proof is analogous. 

Theorems 1, 2 and 3 generalize some analogous theorems 
of the papers [ l ] and [7 ] . 
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