DEMONSTRATIO MATHEMATICA
Vol. XV No 2 1982

Wojciech Zakowski

ON SOME CLASS OF SYSTEMS
OF NONLINEAR PROCESSES WITH A MEMORY

Introduction

In [1] we have introduced the notion of a Curk-process
as a continuous function x: <0;+oo) —R satisfying for
all t 2 k the condition

k
x{t) = G(t, J' F(s,t,x(t—k+s))ds), k>0
0

where G: (k;+o0)xR —R and ¥: 03k *{kj+ce)xR —R
sre given and continuous functions, satisfying some condi-
tions of Lipschitz type. CGFk-processes seem toc be useful
in describing some real, generally nonlinear processes in-
vestigated in continuous time and which are characterized
by a "memory" whose length is k time units. If G(t,v) = v
and ¥#(s,t,u) = a(s)eu, whers o:R—= R is a non-zero poly-
nomial, then CGFk-process is a (d,k)-computation introduced
in [2]. Such processes occur in many technical, economical
and biological problems, e.g. in control theory, renewal theo-
ry, in the description of cells reproduction [ 3], [4] etc.
Basic properties of (o,k)-computations and CGFk-processes.
were investigated by Zakowski in [5], [6] and [7].

In this paper we introduce the notion of a CGFk-system of
processes (continuous GFk-system of processes) as some sya-
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tems of n continuous functions satisfylngs n integral
conditions (4), generally nonlinear. The functions of a

CGFk-systems seem to be useful in the description of some
continuous processes, generally nonlinear and interrelated.
These processes have a “memory" with the length k1,...,k .

n
We also consider some qualitetive properties of CGFk-systems,

1. Basic notations and definitions

Let R denote the set of all real numbers and n - an
arbitrary but fixed natural integer {n > 1). By k =
= [k1,k2,...,kn] we denote the system of rsal numbers such
that

(1) 0<k1<k2§...<kn<+oo.

Let =, = kn - ki, i=1,24e0e,ns We define the sets

A J = 1,2,eee4n and Q as follows

j’

Aj ={(s,t,u) e R : 0gs skj AT >knAueR}

and

n+1

@={(t,vseee,v) e ¥ st >k AV € R, 1=1,2,0..,0}.

Let ”'ij : Aj—>R and Gi 2t Q—+R, 1=1,2,eeeyn Dbe
continuous functions. We assume that for every éd > kn there
exist positive numbers

ng,&) and L§ s i,3 = 1,2,0e.,n,

such that for svery s e (O;ki) , & an and 1,
the inequalities
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(2) | Byy0e,8,50-Fy s, 8,8 < 2B 5H], 1,3-1,2,0000m,

hold, and for every t >k, and 71,51,...,vn,% € R the
inequalities

n
(3) lGi(t v1’.'o’v )"Gi(t #1,...,'1 )l i 2 ’\7

i=1,2,o..,n' hold.

Definition, The system [x1,x2,...,xn]
continuous functions x; :<7Tj+co)—R, 1=1,2,...,n, ful-
£filling for all t > k the conditions

k
1
(4) xi(t) = G‘i(t,j Fi1(s,t,x1(t-k1+s))ds,...
0 .
kn
...,I Fin(s_,t,xn(t-kn+s))ds>
4]

is said to be CGFk-system of processes (shorthy: CGFk-system).

In the case of n=1,. the CGPk-gystem is a CG1 11 1-pro-
cess introduced in [1] Any CGFk-system describes Bome 8ysS=-
tem of real and interrelated processes in continuous time.
These processes are generally nonlinear with a "memory" of
the finite length Ki,ky,ees k.

We observe that for every system [f1,f2,...,fn] of con-
tinuous functions f; : (T ;+o9) -R, i =1,2,...,n, and
for every system k = [k1,k2,...,k ] of real numbers such
that k; = k-, i = 1,2,...,n satisfying inequalities (1),

i
the systenm [f1,f2,...,fn] is a CGFk-system if, for example,

Fij_E O for 1,j = 1,2,e¢e,n and Gi(t,v1,...,vn) = fi(t)
for all t 2 kn and v, € R, 1= 1,2,00e,40

The dependence of the functions Gy i=1,2,0eeyn,
on the first variable and the dependence of the functions Fij’
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i,J = 1,25ee¢,n, on the second variable describes the faot
that CGFPk-system is generally time-varying (in particular,
controlled). If these functions are fixed and constant in the
variable t (i.,e. if G; are constant with respect to the
first varlable and F;,; are constant with respect to the
second variable, 1,J = 1,24s4.,n), then the values of x,(t),
i=1,2,eee9n, t 2 k.» depend only on the values of the
functions XysXpseeesX, OR the intervals <t-k1;t),<t—k2;t)”..
eeey{t-k, ;t) respectively. This is expressed by saying that
the CGFk-system “remembers" kn time units bagkwards., We
observe, that in this case the values of xi(t), i=1,2,444,n,
t 2 kn, depend on the values of this function only on the
interval (t-ki;t). This is expressed by saying that the
process x; "remembers" k; time units backwands, i.e.,
that this process have a "memoary" with the length ki'

If x 3 <aj+9°) —=R, then the restriction of x to
the set U C( aj+%0) is denoted by x|L}. In particular,
if [x1,x2,.,.,xn] is a CGFk-system, then

[x1 | (1:1;kn> y X, ](‘r.’z;kn> yeeesXy | <03k, )J

is called the initial state of this CGFk-system,
The set of all real and continuous functions on the in-
tervall {a3;b > we denote by Clazn)°

2. Basic properiies of the CGrk-systems
From the conditions (4) it follows, that if [f1,f2,;..,fn]
is the initial state of any CGPk-system then

(5) fi(ky) =
k, k
= ui<kn, f Fi1(s,kn,f1(11+s)}ds,...,jp ¥ p(s,k T (8))ds
0 0

i=1,2,0ee 40
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Theorem 1, If the functions fie c‘<"‘"kn> .

1 =1,2,000yn, satisfy the conditions (5) then there exists
exactly one CGPk-system [x1,x2,...,xn] such that

x; | %3k, > = £; for i = 1,2,...,0. This CGFk-systenm

is a 1limit of the sequence

(6) [xgm),xém),...,xgm)], b= 0,1,24000
of succesive approximations, defined as follows

£;(t) for teu:i;kn>

(1) =0 (1) -
£;(k,) for t >k,

i-= 1,2,0.0,11, and

.
fi(t) for te(«:i;kn>

kq
(8) xj(.m)(t) =< Gi(t, f Fi1(s,t,xgm’*”(t-k1+s))ds,...
0

k
n

L ...,f Fin(s,t,xgm'1)(t-kn+s))ds> tfor t>kn,
0

i= 1,2,0..,!1 and m = 1,2,.0. . ror every is= 1,2,ooo’n,
the segquence (xgm)), m= 1,2,s0ee, 1is almost uniformly con-
vergent on the interval <{7%;;+oo).

Proof. Let & denotes an arbitrary positive num-

ber greater then kn’ We define the metric space

k,§
(9) c; ) . {[x1,x2,...,xn]f:xi € C<,ri;6>/\xil<1:'i ;xn>= iy

i=1,2’aa-,n}
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with the metric
(10) Q(i,?) = max sup (eltolii(t)-§i(t)n
1€ikn (73360

where A 1is a negative number such that

(6,80 4 o (Bs8)) o]

G, ' F e -1

. v . k.o ! .
(11) 1?iafn<Ll 21 3143 )—T_—k.] <1
J:

the space (9) is complete., On this space we define an opera-
tor A as follows

Y (EXENRNE ) B (WS RETRURWED) P

where x =,[x1,12,...,xn] and
r

£,(¢)  for te Tk, Y
k

1
(12} Ai[x](t) =J Gi<t,f F‘i1(s,t,x1(t—k1+8))ds,...
0

kn

L""c[ Fin(s,t,xn(t-kn+s))ds> for te(kn;é),
0

i = 1,eee4ne On the basis of (8) we observe that the opera-

tor 4 transformes the space (9) into itself. In view of

(12), (2) and (3) we have for every t € (kn;é > and for
every X,X e cfk’ :
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e t.'Ai['i'](t) - Ai[ﬁj(t)]s

o.1(6:) 2 J‘ L(F 3) [%;(t-k;08) = ¥, (t-k;4s)|ds

- 1{®8), :S L(F 6)J’ A(k;=8) Alt-kgss)
=1

| j(t’kj+s) - ?c‘j(t-kj+s)|ds.

i=1,2,s.0yns From the above and basing on (10) and (12) we
have for every t €<{7%;;6 p

°3t°lAit§J(t) - 4, [X1(t)]<

ij Ak,
=1 J
e (6,6) S .1(F)6)
e - 1 G ~ = P
£ » L;Yr .Q(x,x)-z kJ-Lij’ ,
J=1
s — m gt (kga)
i=19,2,ec0yns This implies that for every x,x € cf

n Ak
~ =~ d 1... ~
g(Ar_X],A[_X]) S‘l?g-’({n (Lj(.G'6) .2 kj.b£§96)>g_.xk1.—1. - q(x’x).

From this end from (11), applying the Banach fixed point
theorem, it follows that there exists exactly one system of

functions [x:,xz*,...,x;] € Cék’d) such that
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A(Ex?,x;,...,x:]) = [x?,x;,...,x;].

Moreover, this system is a limit of the sequence (6), defined
by (7) and (8). FProm (10) it follows that for every
i=1,2,.e.,n, the sequence (x§m)), M= 1,2,000ey i8 uniform=-
1y convergent on the interval (¥ ;3;6)>. Because § denotes
an arbitrary positive number greatsr then kn, the proof is
complete.

We observe, that the exponential factor in definition (10)
gives that the numbers

L}_G'd) and Lg.l‘.;’&), ipj = 1425000,y

in Lipschitz’s conditions (2) and (3) may be arbitrarily
large.

PTheorem 2, If [x1,x2,...,xn] is an CGFk-sys~-
tem, and moreover, if

1° there exist continuous functions

M(“ {(st)eR t € {n5ky D> AL D k}——<o+°o)

i,3 = 1,2,e+.,0, sSuch that for every (s,t,u) € Aj the con~-
ditions ‘ '

(13) | ¥y 40858, < M§F’(s,t).|u|

i,3 = 1,24e4.,0, hold

2° there exist functions M(G) 1<k 3+00) —= <03 +00) ,
i =1,2,es0,n, such that for eveﬂy (t v1,...,v ) € Q the
conditions '
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n

(14) ]Gi(t,v1,...,vn)|<h]§_ )(t)~2 ]vj]
=1

i = 1,2,...,n, h°1d

3° for every t 2 kn the conditions

?T

n K
(15) u{®) () ZI m§§)(s,t)ds<1

<

i = 1,2,eeeyn, hold, then there exists an integer =,
1< T<n, end a number c, €<":r’k > such that for every
i = 1_,2,.-.,!1, and t > 't‘l

(16) x5 (t)] < | xp(en)].
Proof. The CeFk-system [x1,x2,...,xn:] is & limit

of the sequence (6), defined by equalities (7) and (8), where
fi = xil<'ti;kn> y i = 1'2,.--,110 Let

M= max sup | x;(%)].
i<n <1 5k >

On the basis of (13) and (14) we have for every t 2k
i = 1,2,...,11, and m= 1,2,..0

n’

a3
[

n
(11 a0 < e)- S [ u{B (s,0) |22 (ok18)] s,
=1

We observe that ]xéo)(t)]s M for aevery t )‘Ci, i=1,2,000y8,
From this, on the basis of inequalities (15) and (17), apply-
ing mathematical induction, we get
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(18) |x(m’(t)| <M

for every ¢ ?t‘i, i-= 1,2,0..,11’, and m = Oy142504e ¢« Pag=
eing in the inequalities (18) to the limit with m —» +o0 we
get ' :

lx;(8)] < M

for every t 27%;, i = 1,2,...,n. On the other hand, there
exists an integer r, 1grgn, such that M = sup ~|xr(t)] .
Obvicusly, there exists a number ¢, € {T,;k,> such that

| xn(en)] =<Ts?£ ‘JXf(t)l, so we get inequality (16).

T’'"n :
CorollarTy 1« If the hypotheses of the Theo=-

rem 2 hold, then any CGFk-system [x1,x2,,..,xn] is bounded,
i.e. there exists the positive numbers M1 ,M2,...,Mn such
that

| x,(8)] € M

for every ¢ >fci, i= 1,2,,...,11.

“Theorem 3. If [x1,x2,...,xn] is an CGFk-sys-
tem and the hypotheses 10 and 2° of Theorem 2 hold, and
ki = k for i = 1,2,¢..4n, and there exisis a number t 20
for whlch the functions x, I(to,t +k >, i=1 2,...,n, are

nonnegative (nonpositive) and rnonzero and, moreover

(19) ;;§_G)(t +k "Z )(s t +k Jds < 1

3=1

ol E
%1

Q Coy, ¥

i=1,2,e.0yn, then there existis an integer r, 1< T«KK,
guch that the function xrl (to;to+ko> is not nondecreasing
{or rot ronincreasing, respectively].

Froof. If the functions xy I (to;to+ko>,
1 = 1,2,ees,1t, 2aTe nonnegative and nonzero, then in view of

(4), {13) and (14, we have
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b
°

n
(20) xo(t°+ko)< Mj(.G)(t°+ko) 2 I (F)(s ttk, )x (t ots)ds
el

i=1,2,ee.yn. Hence we get

(21) x (6 +k )<
< max sup x4 M(G)(t +k Z f (F)(s ] +k )ds

1<J<n .
<t°,to+ko> 0

i=1,25eeeyns If there exists an integer r, 1L rgn,
.such that '

F)

(o]
u{% (5 4k, ) mij (3,t 4k )ds = 0

<
[
-

M s

then by (21) we have xr(t +k, ) = 0. Since the function
X, l Ctost vk > is nunnegatlve and nonzero, this implies that
this function is not nondecreasing. If

X
n 0

o <u{¥(t 4k )-S J' M§g)(s,to+ko)ds <1
=10

i=1,2,0e.,n, we have, on the basis of (19) and (21), the
inequalities

(22) x5 (t +ko) < max sup
1€3¢n b3t +ky> 3

for i = 1,2,40¢yne On the other hand, thers exist integers
r, 1< rgn such that
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(23) sup X = max up .
Ctostovkd T 1gien <t ;t +k > *3

From (23) and (22), by substitution i = r, we get

x. (t +k)< sup
T "0 0 3t +k > Xp

which complstes the proof for the case of nonnegative and
nonzero functions x; l(to;t°+k°> sy 1 =1,2,,02,n, In the
case when this functions are nonpositive and nonzero the
proof is snalogous,

Theorems 1, 2 and 3 generalize some analogous theorems
of the papers [1] and [7].
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