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1. Introduction

In 1932, W.A.Wilson [9] showed that a complete, metrical-
1y and externally convex metrioc ‘space 1s congruent to a gene~
ralized euclidean space if and only if each four points of
the space are congruent to four points of euclidean spacs
(ses [1] for definitions and notation). Subsequent characte-
rizations of euclidean spaces by Blumenthal, Day [3] and
others have assumed weaker forms of the Wilson four point
property which consider only quadruples containing a linear
triple of points. (For a more complete summary of these and
other subsequent characterizations see [2]).

Another class of four point properties, the isosceles
euclidean four point properties, have been studied by Freese
[4] and Valentine [5]. In these properties it is assumed
only that guadruples contalning an isosceles triple, e. ey
a triple p, q, r with pg = pr, are embeddable in euclidean
space.

In Valentine and Wayment [ 7] and Valentine and Andalafte
[6] the conocept of an intrinsic four point property is intro-
duced. For example, & metrio space M satisfies the intrin-
sic feeble four point property provided any congruenoe between
triples of points p, g, r and p', 9', ®' of M is exten-
dable t¢ a congruence between p, g, r, m and p', qg', ',
m', where m and m' are the respective midpoints of q and
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ry, ¢' and r’. In[6] it is shown thet a finitely compact,
convex, externally convex metric space which satiasfies the

two triple property is euclidean or hyperbolic if and only if
it satisfies the intrinsic feeble four point property. It is
natural to ask whether an intrinsic isosceles four point pro-
perty suffices to characterize such spaces. In the present
paper an affirmative answer is provided. Following the termi-
nology of [6] we wlll say that a metric space satigfies the
intrihsic isosceles weak four point property if for every pair
of triples p,q, r, and p', q', v’ of M, if pg = pr

and if p, q, r~ p'y 9', »' this congruence can be extended
to a congruence {p}U L(g, ») X {p'} U L(g', ). The follow-
ing result is then obtained.

Theorem. Let I be a finitely compact, metrical-
ly oonvex, externally convex metric space which satisfies the
two triple property. The space M is suclidean or hyperbolic
if end only if it satisfies the intrinsic isosceles weak four
point property.

2. The characterization theorem

In the following, let M denote a finitely compact, me-
trically convex, externally convex metric space which satis-
fies the two triple property, and which satisfies the intrin-
gic isosceles weak four point property:

(*) If p, 9, ry, p', 9’ , ' are points of M with pg =pr,
and if p, q, r X p', ¢, ' then this congruence can be ex-
tended to a congruence {p}u L(q, ) '.b'{p'} U Lig’, v’).

Lemma 1. Let p, 9, * be noncollinear points of
M with pg = pr, and let m denote the midpoint of q and
r, If s 1is & point of L(q,r) and s* is the reflection
of 8 in m (the unique point of L(q,r) such that sms*
holds and sm = ms*) then ps = ps¥.

Proof. Since 8* is the reflection of & in m,
it follows easily that 4gs = rs* and qs* = rs. But
p» 4, * N p, T, g, 80 by Property (*) p, q, T, 8V p, r"q'S*
and the result follows.
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Isosceles four point property 3

Lemma 2, The foot of a point p on a line L is
unique, and if q, » € L with pg = pr, the foot of p on
L is the midpoint of q and »r.

Proof. Suppose p £ L, and suppose f and £’
are distinct feet of p on L. Since the distances px,

x € 1L are not bounded above, the set of feet of p on 1L

is & bounded subset of L and we may assume that f and £
are respectively the leftmost and rightmost feet of p on L.
Thus if ff't or £'ft, then t 418 not a foot of p on L,

Case 1: There is a foot T of p between f and £',
Then pf = pf' = pf and since - p, £, T X p, £, £, we have
by Property (*) p, f, £, £'Xp, £, £, t where t satisfies
fft and ft = ff'. But then pt = pf' = pf and t 1s a
foot of p, contrary to the choice of f and £,

Case 2, There is no foot of p between f and f’'. In
particular, pm > pf, where m is the midpoint of £ and £/,
and by continuity of the metric, there is a point n* of L
such that the betwseenness mfm™ holds and pm® = pm, Now
p, m*, m ¥ p, m, m* and by Property (¥), p, m¥%m, £'xp, m,m%
where t 1s the point of 1L which satisfies mm*t- and
@t = mf’, and hence satisfies f’ft. But again pt = pf’ =
= pf and 't is a foot of p on L, contrary to the cholce
of £ and £/,

Thus in each case we reach a contradiction, so the foot
of p on L 1is unique. To complete the proof, suppose
g, r € L with pg = pr. Suppose the foot f of p on L
18 not the midpoint m of ¢ and r, Then by Lemma 1 the
reflection f£* of £ in m is a second foot of p on L,

a contradiction. Thus f = m, and the proof is complete.

Lemma 3. (Monotone Property). If point p gL
has foot £ on 1, the distance px 1is monotone increasing
as x recedes from f on either half line of L determined
by £ on L.

Froof. If not, by continuity of the metric, there
exist points q, r € L with fqr holding and pq = pr. Butf
then by Lemma 2, the midpoint m of g and r is the unigque
foot.of p on L, contrary to fpg: This completes the proof,
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Lemma 4, Let p, g, * be noncollinear points of
M, If qr > pg and gqr > pr then the foot f of p on
I{q, ) satisfies gqfr.

Proof. Since the conclusion follows from Lemma 2
if pq = pr, without loss of generality, we may assume
pa > pr. Then if qfr does not hold, we have by Lemma 3 the
relation frq or f = r. Let q*¥ denote the reflection
of 9 in f. Then from Lemma 2 it follows that pg = pg*
and since qf > qr we have qq¥ = 29f » 2g9r » 2pq = qp + pa¥,
contrary to the trinagle inequality, since p, q, q¥* are not
linear, Thus qfr holds, and the proof is complete,

Lemma ‘5  Let p, q, r and p’, g, ©/ be non-
collinear triples of points of M. If p, q, »~p', q', '
and qr » pq, qr » pr, then the congruence p, q, r ~p'yay 2
can be extended to {p}UL(q, )~ {p’}u Lig', »').

Proof. We may assume that pq > pr, since the re-
sult is immediate if pg = pr. If £, £’ denote the feet
of p, p’ on L(g, r), L(¢, r') respectively, we ha-
ve by Lemma 4 the betweennesses qfr and q'f'r’. We will
show that gqf = q’f’. If not, we may assume without loass of
generality that qf <q'f'. Then let G satisfy dqqf and
3f = q'f'. Now p'Q >q’'f’, for otherwise, if q'* denotes
the reflection of q’ in f', we would have p’q’*+ p/q’ =
= 2p'q’€ 29'f' = q'q'*, a contradiction, Thus pq > pq =
= p'q'>q'f’ = qf, and there exists, by continuity of the
metric, a point P satisfying ppf and pgd = pq = p'q’ . Cle-
arly f is the foot of p on L(g, r), and if 9* denotes
the reflection of ¢ in f, we have pP3* =g = p'q’ =
= p'a"*, and qg* = 23f = 2q¢'f' = q’q'* and by Property (%)
the congruence p, 4, 9% A p’, ', 9’ * can be extended to
{p}uL(s, 78 ¥ {p’} U n{q’, ¢’*). Clearly pr <pr, for
otherwise the foot f,, of » on L(p, £f) would satisfy
for and a contradiction would result as before by observing
that rf > rp and if r* 1s the reflection of » in f,
pr¥* = Pr and rp + pr¥<rr¥
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Thus the uhique point T which satisfies 3fT  and
Pr = pr also satisfies frr. But under the congruence
{E}UL(E,ﬁ*) ’&’{p'} U L{q', ¢g'*) we have p, g, T X p', '
so g = g¢'r’ = qr, contrary to Gqf and frr. A similar
contradiction is obtained if qf > q'f’'. Thus gqf =q'f£', -
rf = »'f’, and as above, if q¢¥* denotes the reflection of
q in f, we have {pPUL(q, q*) % {p} U L(a’, ¢'*), end
since points r and r'’ correspond under this congruence we
have extended p, 9, » ¥ p’, ¢', ' to {p}UL(q, r) ,’L’{p'}u
U L{g’, r') as desired.

Lemma 6. The space M satisfies the intrinsic
feeble four point property.

Proof., Since the property is clearly satisfied of
Py 9, * are linear, 'suppose p, 9, * and p’; q', r/ are
two noncollinear triples of points of M with p, g, r X
~p'yq',r" and let m and m' denote the respective mid-
points of q and r, ¢’ and r'. We must show p, g, T, m R
~p', ¢, r, m. This follows from Lemma 5 if qr > pg
and qr > pr, and is immediate by Property (¥) if pq = pr.
We may therefore assume labelling so that pq > pr and '
pg > qr. Then by Lemma 5 the congruence r, p, q. X r’, p’', ¢/
can be extended to {r}UL(p, q) ’A’,{r'}UL(p’, g'}). Since
pg > pr, by continui?ty of the metric there is 'a point p sa-
tisfying gqpp and pg = pr. If p’ denotes the corresponding
point under the above congruence, ws have |q’ p’'p’ and P, 4T
~p’, ¢/, »’ and by Property (*) this congruence can be ex~-
tended to {’p}u'L(q, r)%{ﬁ'}uL(q' , ). In particular
pm = p'm's But pg > pm since m is the foot of p on
L(g, r}), and Pq > qm, for otherwise qr = gm + mr »qp + pr,
a contradiction. Thus the hypotheses of Lemma 5 are satisfied
and the congruence m, p, 9 ¥ m’, p’, g’/ ocan be extended to
{m}UL(E, q) %{m'}UL(B', qQ’) and since p and p' cor-
respond under this congruence we obtain pm = p’m’, 4dand the
desired result follows. '

The main theorem is now an immediate consequence of the
result of Valentine and 4ndalafte ([6]1, Theorem 1').
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Theorem 1. Let M be a finitely compact, metri-
cally convex, externally convex meiric space which satisfies
the two triple property. The space M is euclidean or hyper-
bolic if and only if it satisfies the intrinsic isosceles weak
four point property.

3. Concluding remarks

It is not known whether the four point property in the hy-
pothesis may be replaced by a weaker four point property, such
as an intrinsic isosceles feeble or intrinsic external isosce-
les feeble four point property analogous to those used in [4]
or [5]¢ The intrinsic isosceles weak four point property is
satisfied by the convexly metrized tripod, the metric space
whose points are the points of three closed esuclidean half-li-
nes with a common end point p in which distance gqr 1is de-
fined as the euclidean distance between q and r» if both
points are on the same closed half-line, and 4qr = gp + pr,
if g and T are on different half-lines, Thus the hypothe~-
8is of the two triple property cannot be removed.

It is ‘also noted that the result of Valentine, Wayment and
Andalafte [8] permits an extension of Theorem 1. We will say
a metric space M satisfies the intrinsic ‘isosceles weak four
point property at a point provided there exists a point 9 € M
such that for all Pys T € M with Bl = PoToe if Pyq, T A
A Pys 9gs Tgs then this congruence can be extended to
{p}U L(q’ r) Q’,{po} U L(Qoy 1‘0)0 .

Theorenmn 2 Let M be a finitely compact, metri-
cally convex, externally convex metric space which satisfies
the two triple property. The space M is euclidean or hyper-
bolic if and only if it satisfies the intrinsic isosckles weak
four point property at a point,

Proof. It suffices to show that the intrinsic iso-
sceles weak four point property is satisfied in . Suppose
Py 9, T, p', ', ' €U with p, g, 2 p', ¢, *'. Since
the result is clear if p, q, r are linear, we may assume
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Isosceles four point property 1

Py G, * are nonlinear. Let 90 be the point whose existence
is guaranteed by the intrinsic isoscelss weak four point pro-
perty at a point. By ([8], Theorem 2.2) there exist PyiTp € K
such that p, g, * R Pgs 9pr Tge But then. p/, ¢/, ' %

ijo, 9gr T and these congruences can be extended %o
{P}UL(Q’ r) "3{90} v L(Qov ro) .and {P'}U L{q’, r')’.\;’{po}u
LJL(QO. ro) respectively. But then it is clear that {p}lJ

U L{g, ) %{‘p'}u L(q’, r'’), so the intrinsic isosceles weak
four point property is satisfied, and the conclusion follows
by Theorem 1.
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