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ON BISEMILATTICES, I

1. Introduction

In [5] J.Ptonka introduced the concept of a quasilattice,
later R.Padmanabhan (see [4]) called it a bisemilattice. Re-
call that an algebra (B,+,°} of type (2,2) is said to be
a bisemilattice (or a quasilattice) if it satisfies the fol-
lowing identities:

(1) =x+x = x, XeX = X
(2) x4y = y+x, XeY = JoX
(3) (x+3)+2 = x+{y+2), (XeF)ez = Xe(Fez)

(in the sequel we shall write xy instead of xey).

By V(+) we denots the variety of all idempotent and
commutative groupoids (G,+). The class of all algebras of
type (2,2) satisfying (1) and (2) is denoted by V(+,) and
by B{+,°) we denote the variety of all bisemilattices,

Let f = f(x1,...,xn) be a function on a get 4. We say
that f admits a permutation 6 e 5, (where S, denotes the
symmetric group on n letters) of its variables if f = fg,
i.e., f(x1,.,.,xn) = f(x61,...,x6n) for all Xq,e..,X, € A

where fé(x1,...,xn) = f(x61""’xén)' The group of all ad-
missible permutations of f is denoted by G(f) (see [31).

A function £ = f(x1,...,xn) is called symmetric if G(f)=S5,,
and, f -is idempotent if f(X,.e.,X) = X for all x € 4.
Recall that an algebra &= (A,F) is symmetric (idempotent) if
every f € F (depends on all its variables) is symmetric

(idempotent), respectively.
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2 J+.Dudek

let f(x1,...,xn) be a polynomial in the variety B{(+,°)
and let 6 e Sn' Then 6‘ is said to be trivial for f (with
respect to B(+,+)) if the identity f = ol follows from the
identities of the variety B(+,¢) (of course, in this defi=-
nition B(+,.) can be replacsd by any variety of algebras),

4Ln aslgebra (4,F) is sald to be proper if all f’s from
¥ are different and every non-nullary f € F depends on all
its variables, For example, every at least two~element latti~
ce is proper in the variety B(+,+).

By Py = pnﬂ1) we denote the number of all essentially
n-ary polynomials over Of.

For the definitions and notations used here see [2],

In this note we prove the following

Theorem . If (B,+,°) is a proper bisemilattice,
then p,(B,+,+) 2> 2+n! for all n 3 3.

2. Lemmas and the proof of the theorem

In this section we present all lemmas being needed to
prove the above theorem,

let (B,+,*) be a bisemilattice. Consider two sequences
{fn} and {gn} of polynomials over (B,+,s). The sequences
are defined as follows

f2(x1,x2) = x1x2,f3(x1,12,x3) = X,Xy+X3, and in general

Looq(Xqseeesx, 4)x, if n is even
(*) fn(x1 geee ,xn_1 'xn) =
fn_1(x1,...,xn_1)+xn if n is odd

end
32(x1!12) = x1+x2,53(x1,x2,x3) = (x1+x2)xa, and in general,
we put
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On bisemilattices, II 3

gn_1(x1,...,xn?1)+xn if n is even
(%) g (XypeeesXy q9%y) =
gn_1(x1,...,xn_1)xn if n is odd.

Further, we also consider the following polynomialsi
spl+) = Xy + ose + X, and 8pl+) = xqeeex, for n 21,
Lemma 1. Let f(x1,...,xn) be essentially n-ary
on a set A and let (A,+) be proper in V(+). Then the
following polynomidal g = f(x1,...,xn) + f(y1,...,yn) is es-
sentially 2n-ary on A, DA
' Proof. Agsume that 'g 1is not essentially 2n-ary.
Therefcre there exists a'variable, say X such that the po-
lynom4al g does not depend'on Xy Using the fact that
g(x1,...,xn, y1,...,yn) = g(y1,,..,yn, x1....,xn) we infer
that 8 does not depend on both variables x, and J,. Thus
the following polynomial

g(x1,...,xk_1,xk,xk+1,...,xn,x1,...,xk_1,xk,xk+1,...,xn) =
= f(x1 go e ,xk_1 .xk,xk+1 gese ,xn)

also does not depend on Ko which is impossible.

Lemma 2. Under the assumption of Lemma 1, the po-
lynomial f(x1""’xn)+xn+1 is essentially n+1-ary.

Proof, It follows from Lemma 1 if we put £(Jyseees3y)
for the varisdble Xne

Lemma 3. If (B,+,*) 4is proper in B(+,.), then
the polynomials £,,g,,8,(+) and s,(*) are essentially n-ary
for all n 2 2.

Proof,. It follows from Lemma 2 and an easy induc-
tion on n.

Lemma 4, If (B,+,») 18 a proper algebra from
B(+,+), then both polynomials (x+y)z and =xy+z do not ad-
mit any nontrivial permutation,

Proof. Observe that if (x+y)z admlts a nontrivial
permutation, then the polynomial is symmetric. Hence we have
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x+y = (x+y)(x+y) = ((x43)+y)x = (x+y)x = (x+x)y = xy, @& con-
tradiction. Analogously one can prove the statement for the
polynomial xy#z.

Lemma 5. If (B,+,*) 1is a proper bisemilattice
and n 1s the smallest number such that ¥, admits a non-
trivial permutation € € S,, then 6n £ n (the same is true
for the sequence {gn}).

Proof. By the assumption we have

(*;ﬂ fn(x1,ooo,xn) = fn(XG1..co,XGn)

for some nontrivial 6 e S, and all X;,...,X, € B. Applying
Lemma 4 we infer that n > 4. Assume, contrary that 6n = n.
Then putting £ 4(x;,eee,%, 4) for the variable x, in the
latter identity and using the idempotency and the commutati-
vity of + and .+, and, of course using (¥* we obtain

faet(Zpreean®yg) = £lxqseces®y gt g (Xgseeexy q)) =

Pn(xgyseeesXg(n 1)1 g (Xqseeesxyq)) =

fn(x1,.oo’xn_1,fn_1(xs1,oco,xé(n_1))) =

falXgqresesXg(nag)rTnoq(XgqreeesXg(nq)) =

= fn_.l(xe.l,...,xe(n_”).

Hence f, , {where n-1 > 3) admits a nontrivial permuta-
tion of ite variables which gives a contradiction with the
minimelity of n. The proof of the lemma is completed.

The next lemma can be found in [1]. We quote here this
lemma for convenience of the reader.
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Lemma 6, (Lemmga 2 in [1]'. If (B,+,*) is a bi-
semilattice and (x+y)y 1is commutative, then (x+y)y = x+y
(the dual version is true for the polynomial xy+y).

Lemma 7. If (B,+,*) is a proper bisemilattice,
then the polynomials f2m+1 and 8om41 do not admit the
transposition (1,2m+1).

Proof. We give only the proof for the polynomial
t P (the proof for the polynomial 8opsq Tuns similarly).
Assume that

* % - .
R Toneq(XqeXosecesXopeXon q) = op g (Xop q9%n0eeesXop,%q)
holds in (B,+,*).

Then we have

X+Xy = f2m+1(xvx’0~°9xvxy) =

= fon (X379 Xy000yX,x) = (eos((xy)xex)xtesotx)xex =

(eee (XJ+X)X +esot X)X+Xx = £ (X3 9XsXp0eeyX,X) =

2m+1

= f2m+1(y’x’x,x,oo.,x,x) = f2m+1(x,x,x,...,x‘,y) =
= f2m(x,x,...,x,x)+y = X+Y.

Using Lemma 6 we infer that =x+y = xy whioh is impossib=-
le" in a proper bisemilattice,

Lemma 8, If (B,+,*) 1is a proper bisemilattice
satisfying (x+y)y = x+y, then the polynomial f (x1,x2,x3,x4)=
= (x1x2+x3)x4 does not admit the transposition (1,4) (the
dual version is also true).

Proof,. Indeed, if (Jq1x2+x3)x4 = (x4x2+x3)x1,
then we have x+y = (x+4y)y = ((xx)+y)y = ((3x)+y)=x =
= (xy+ylx = {{yy)+(xy))x = ((xy)+(xy))y = (xy)y = xy, a con-
tradiction,
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6 JeDudek

Lemma 9, If (B,+,») 1is a proper bisemilattice
for which (x+y)y = x+y, then f,, does not admit the trans-
position (1,2m) of its variables for m > 2,

Proof. Assume, contrary that £, admits (1,2m)
where m 32 and let m be the smallest number such that

Lom(XgsXaseeesXopn 19%on) = Top(XonsXoseeesXop q9%q)e

Using Lemma 8 we infer that m > 3. From (x+y)y = x+y and
the latter identity we get

Lomea(XqsXpseeesXop 39X 5] =

Fon{¥19%20%30% 30 %3000 ¢ s Xop 30 o) =

fzm(x2m_2’x2’xB’x3,x3 ,X4’ oo ,xzm_3,11 , =

= f2m-2(x2m-2’x2’x3’x4""’x2m-3’x1)'

Hence
f2m—2(x1 ,x2’ o000 ,x2m-3 ’xbm_z) =
= f2m—2(x2m-2,x2’ s0 0 ’x2m-3 ,X1 )

which gives a contradiction with the minimaslity of m(2m-2 3> 4).
We should mention here that the previous lemma is also
true for the polynomials & of course, replacing (x+y)y =

= X4y by Xy+y = XY.

Lemma 10, If (B,+,°) 1is a proper bisemilattice
and f, admits the transposition (1,2m) for some m » 2,
then (x+y)y = x+y holds in (B,+,+). (Analogously, for me).

- 470 -



On bisemilattices, II 7

Proof ., 4ssume that in the proper bisemilattice
(By+,°) the identity fzm(x1,x2,...,x2m_1,;2m) =
= f2m(x2m,x2,...,x2m_1,x1) holds., Then we have

(x+3)y = f2m(x,x,...,x,y,y) =
= LT X Xpeee s Xy 39X} = ((eee{(x7)4X)X + o0s + X)X4)x =
2 ((eoe((XP)X4X)X + ove + X)X+Y)x = f2m(xy,x,x,...,x,y,x) =

= fzm(x,x,...,x,y,xy) = f2m_1(x,x,...,x,y)(x.y.) = (x+y)(xy).

Hence I(x+y)y is symmetric., Using Lemma 6 we get (x+y)y =
= x+y which finishes the proof,

Lemma 11, If (B,+,*) 1is a proper bisemilattioce,
then f, and g,, do not admit the transposition (1,2m)
for m 2,

Proof. If so, for the polynomial f2m, then apply~
ing lLemma 10 we get that (x+y)y = x+y holds in (B,+,*). Now
using Lemma 9 we obtain the required assertion,

Lemma 12. If (B,+,*) 1is a proper bisemilattice,
then f, and g, do not admit the transposition {1,n) for
n 2 3.

Proof. It follows from Lemmas 7 and 11.

Lemma 13. If (B,+,) is proper in B(+,+) and
n 1s the smallest number such that (%¥) holds in (B,+,+),
then {1,2} ¥ {61, 62}' (the same is true for g,).

Proof. Assume that {1,2} ={€1,62} 1in the iden-
tity (M. Using Lemma 4 we infer that n 3 4. Now putting
x, = x; in (*¥)' we get a contradiction with the minimality
of n.

Lemma 14, If (B,+,+) 1is a proper bisemilattice,
then f, and g, do not admit any nontrivial permutations
of their variables for 3« k £ 4.

Proof, For k=3, the proof follows from Lem-
ma 4. Let now
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8 Je.Dudek

(+) (x1x2+x3)x4 = (xé1x62+163)x64

for some nontrivial 6’&84 (Analogously, we prove the asser-
tion for 34).

Iir {1,2}=={G1,62}, then putting x, = x, in (+) we get
a contradiction with Lemma 4. If g4 = 4, +then using the same
method as in Lemma 5 we infer that x1x2+x3 admits a nontri-
vial permutation, a contradiction with Lemma 4., Because of
the commutativity of the polynomial xy we infer from (+)
that the polynomial (x Xo+x )x, admits a nontrivial transpo=~
sition (61,62) (we know that {1,2} #{€1,62}). We have
the following possibilities for the set {61,62}, namely,
{13}, {1.4}, {2,3}, {2,4} and {3,4}. Using the commutati-
vity of + and Lemma 12 we infer that the possibilities
{1,4} and ‘{2,4} do not occur. If {1,3} = {61,62} or
{2,3} ='{61,62}, then the polynomial f4(x1,x2,x3,x4) =
= (x1x2+x3)x4 admits a nontrivial permutation ¢ with g4 =4.
Now using Lemmas 4 and 5 we get a contradiction, If {3,4} =
;{61,62}, . then (x1x2+x3)x4 admits the transposition (3,4).
Putting in the latter polynomial Xy = X, We get a contra-
diction with Lemma 4,

Lemma 15, If (B,+,*) 1is a proper bisemilattice,
then the polynomials f, and g, (n 2 3) do not admit any
nontrivial transpogsition (i,j) of its variables.

Proof. We again give the proof only for fn‘ Let
n be the smallest number such that

(++) fn(x1 ,12,. o0 ,Xi_1 'xi’xi+1 goee ,xj_1 ’xj ,xd+1 pvoe ,Xn_1 ,xn) =
= fn(x1,x2,...,xi_1,xj,xi+1,...,xj_1,xi,xj+1,...,xn_1,xn)

for some nontrivial transposition (i,j) where i < j. Using

Lemma 14 we infer that n 2 5, We also may assume that

{1,2} # {i,j} since the transposition (1,j) is nontrivial,

Now we prove that j = n. Indeed, if J < n, then i,jgn-1
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and putting fn_1(x1,...,xn_1) for x, in the identity (++)
and using the same method of proving as in Lemmg 5 we get a
contradiction that f,_, (n-1 >4) adnmits a nontrivial trans-
position, Therefore J =n. If i 2> 4, then putting Xy =
= X, = X5 in the identity (++) we get a contradiction with
the minimality of n. Let now 1 = 3. Then putting Xy = X,
in (++) we infer that .gn_1(x2;x3,...,xn_1,xn) =
= fn(xz,xz,xj,...,xn_1,xn) admits the transposition (2,n)
which gives a contradiction with Lemma 12, Therefore we infer
that 1 € {1,2} and J = n. Applying again Lemma 12 we get
a contradiction. The proof of the lemma is completed.
Lemma 16, If (B,+,*) is a proper bisemilattice,
then fn and 8 do not admit any nontrivial permutation
of their variables for n 2 3.

Proof, ILet f esatisfy the identity (%%, 1.e.,

fn(x1,x2,...,xn_1,xn) = fn(x61’XGZ""’xG(n-1)’x6n)

for some nontrivial permutation 6 e Sn (n> 3)s Of course,
we may assume that n is the smallest number for which (ﬂf)
holds. Using Lemma 13, we infer that {1,2} #{#1,62} . Be-
canse °* 1is commutative we deduce from (*¢*) that £, ad-
mits a nontrivial transposition (61,62) which gives & con-
tradiction with Lemma 15.

~Lemma 17, if (B,+,*) 1is a proper bisemilattice,
then G(f) = G(gy) =S, for ell n > 2.

Proof. If n =2, then it follows from the ecommu~
tativity of + and <. Observe, using Lemma 16 that the only
admissible permutations for the polynomials fn and 8, are:
the identity permutation and the transposition (1,2). Of cour-
ge, these permutations are the only trivial permutations for
f, end g, in any proper bisemilattice., Therefore G(fn) =
E G(gn) = Sy _

Lemma 18, If (B,+,+) is proper in B(+,*), then
fn # 8n for all n 2 2,

- 473 -



10 J.Dudek

Proof. ILet fn(x1,x2,...,xn_1,xn) = gn(x1,x2,...
...,xn_1,xn). Putting x = X; = X, = ¢es =X, 4 and y =X/
in the latter identity we get x+y = xy, which is impossible
in any proper bisemilattice.

Lemma 19, If (B,+,¢) is proper in B{(+,*), then
£, #85 forall 6 €S, and all n> 2

Proot. Let n be the smallest number such that

(.'::') fn(x1 ’x2,000 ’xn_1 'xn) = gn(x61 ,x62,o X} ,xs(n_.] ) ,Xan) .

If {1,2} #A{61,62}, then by the commutativity of + we in-
fer that f, admits a nontrivial trensposition (61,62) which
is a contradiction with Lemma 16, Ir {1,2} = {61,62} in (¥}),
then putting x, = x, we get from (:f) fn(xz,xz,xB,...,
seesX_19Xy) = gn_1(x2,x3,...,xn_1,xn) = 5n(x2’x2’363""
...,xc(n_1),x5n) = fn—1(x2’x63""'x6(n-1)’xén)' Hence we
have fn_1(x2,x63,...,xs(n_1),x6n) = gn_1(x2,x3,...,xn_1,xn).
If in the latter identity &3 # 3, then the polynomial
gn_1(x2,x3,...,xn_1,xn) admits a nontrivial transposition
(2, 63) and therefore applying Lemma 16 we get a contradic-
tion, So, we have 61 =1, 62 =2 and 83 =3 or 61 = 2,
B2 = 1 and €3 = 3. In both cases putting x4 = x, = Xy
in the identity (tf) we get fn-2(x3’x4’°"’xn-1’xn) =
= fn(xB,xB,xB,x4,...,xn_1,xn) = gﬂ(xB’XB’XB’x64""
”"xé(n—ﬂ’xén) = gn_z(x3,x64,...,xs(n_”,xén). Continuing
this process we infer that € is or the identity permutation
or the trivial transposition (1,2)« Now an application of
Lemma 18 completes the proof of the lemma.

Proof of the Theorem, Let (B,+,») be a proper
bisemilattice, Using Lemma 3 we infer that all polynomials

6
sn(+),sn(g), fn1 and fﬁé are esgentially n-ary for all
6, 6, € 5, and n > 2, It is clear that G(s, (+})Ta(s (+))¥

nt

S, for all n. It is also obvious that the' identity
fgi = giz is equivalént to the identity fn== gg for some
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6¢ S,e Now using the above faots and Lempa 19 we get permu-
ting the varlables in the polynomials fn and &n the re-
guired assertion since

n! n! nl n!
Pn(Bs+s*) > Goraaz.y + Sardtle,T * TaraGls,(+)7 * cardlls [+ 11"

nl nl nt nt _
=5 +5 *tartar-c 2 + nl.

The proof of the Thsorem is completed.
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