
DEMONSTRATE MATHEMATICA 

Vol. XV No 2 19U 

Jdzef Dudek 

ON BISEMILATTICES, II 

1. In t roduct ion 
In [ 5 ] J .Pionka introduced the concept of a q u a s i l a t t i c e , 

l a t e r R.Padmanabhan (see C4G) cal led i t a b i s emi l a t t i c e . Re-
c a l l tha t an algebra (B,+,*) of type (2,2) i a said to be 
a b i semi la t t ioe (or a q u a s i l a t t i c e ) i f i t s a t i s f i e s the f o l -
lowing i d e n t i t i e s : 

(1) x+x = x, x»x = x 

(2) x+y = y+x, x.y = y x 

(3) (x+y)+z = x+(y+z), (x .y ) . z = x . ( y . z ) 
( in the sequel we s h a l l wri te xy instead of x*y). 

By V( + ) we denote the va r ie ty of a l l idempotent and 
commutative groupoids (G,+). The c lass of a l l algebras of 
type (2,2) s a t i s f y i n g (1) and (2) i s denoted by V(+,«) and 
by. B(+,•) we denote the va r ie ty of a l l b i s e m i l a t t i c e s . 

Let f = f ( x ^ , . . . , x n ) be a func t ion on a set A. We say 
tha t f admits a permutation € e (where Sn denotes the 
symmetric group on n l e t t e r s ) of i t s va r iab les i f f = f ^ , 
i . e . , f ( x 1 , . . . , x n ) = f ( x g 1 , . . . , x g n ) f o r a l l x 1 , . . . , x n e A 

where , . . . , x n ) = f ( x g 1 , . . . , x ^ n ) . The group of a l l ad-
missible permutations of f i s denoted by G(f) (see T3D). 
A func t ion f••= f ( x ^ , . . . , x n ) i s cal led symmetric i f G(f) = S n , 
and, f i s idempotent i f f ( x , . . . , x ) = x fo r a l l x e A. 
Recall that an algebra OL= (A,F) i s symmetric (idempotent) i f 
every f e P (depends on a l l i t s var iab les ) i s symmetric 
(idempotent), r e spec t ive ly . 
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Let ..,xn) be a polynomial in the variety B(+,*) 
and let <> e S„. Then 6 is said to be trivial for f (with 
respect to B(+,»)) if the identity f = f follows from the 
identities of the variety B(+,*) {of course, in this defi-
nition B(+,.) can be replaced by any variety of algebras)* 

An algebra (A,F) is said to be proper if all f's from 
F are different and every non-nullary f € P depends on all 
its variables. For example, every at least two-element latti-
ce is proper in the variety B(+,*). 

B7 Pn = P n ^ w e denote t*16 number of all essentially 
n-ary polynomials over. (X• 

For the definitions and notations used here see [2] , 
In this note we prove the following 
T h e o r e m . If (B,+,») is a proper bisemilattice, 

then pn(B,+t*) > 2+n! for all n > 3. 

2. Lemmas and the proof of the theorem 
In this section we present all lemmas being needed to 

prove the above theorem* 
Let (B,+,*) be a bisemilattice. Consider two sequences 

{fn} and {gn} of polynomials over (B,+,«). The sequences 
are defined as follows 

fgix^xg) = x1x2»f^(x1 »XgjX^) = x-jxg+x^, and in general 

fn_1(x1,...,xn_1)xn if n is even 
( *) ffl(x^ , • . • fXjj) 

+x„ if n is odd n 

and 

+x2)x,, and in general, 

we put 
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( * * ) • * ' * ,3Cn-1 
g n - 1 » • • • » X n - 1 ' + x n i f n i B e V 9 f l 

g n _ 1 ( x 1 , . . . , x n _ 1 ) x n i f n i s odd. 

Further, we also consider the following polynomialsi 
s n (+) = x^ + . . . + x f l and e n ( . ) = x r . . x n for n > 1. 

L e m m a 1. Let f ( x 1 , . . . , x n ) be essentia l ly n-ary 
on a set A and let (A,+) be proper in V(+). Then the 
following polynomial g = f ( x . j , . . . ,x f l) + f ( y . , , . . . , y n ) i s es-
sential ly 2n-ary on A. 

P r o o f . Assume that g i s not essential ly 2n-ary. 
Therefore there ex i s t s a^variable, say x^ such that the po-
lynomial g does not depend on x^. Using the fact that 
g ( x 1 , . . . , x n , , . . . »ya) « s(7-| » • • • » 7 n j »»*n ) w e infer 
that g does not depend on both variables x^ and y^. Thus 
the following polynomial 

g(x^, * • • » i ' x k , x k + 1 ' * * * , x n ' x 1 •" * * ' x k - 1 , x k , x k + 1 ' * * * , xn^ ~ 

= f ( x 1 , . . . , x k _ 1 , x k , x k + 1 , . . . , x n ) 

also does not depend on x^, which i s impossible. 
L e m m a 2. Under the assumption of Lemma 1, the po-

lynomial f ( x 1 f . . . , x n ) + x n + 1 i s essential ly n+1-ary. 
P r o o f . I t follows from Lemma 1 i f we put f (y 1 f . . . ,y n ) 

for the variable x f l + 1 

L e m m a 3. I f (B,+, * ) i s proper in B(+ ,» ) , then 
the polynomials f„ ,g r . ,e„( + ) and s_( * ) are essential ly n-ary Q U il XI 
for a l l n > 2. 

P r o o f . I t follows from Lemma 2 and an easy induc-
tion on n. 

L e m m a 4. I f (B,+,») i s a proper algebra from 
B ( + , • ) , then both polynomials (x+y)z and xy+z do not ad-
mit any nontrivial permutation. 

P r o o f . Observe that i f (x+y)z admits a nontrivial 
permutation, then the polynomial i s symmetric. Hence we have 
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x+y = (x+y)(x+y) = ((x+y)+y)x = (x+y)x = (x+x)y = xy, à con-
tradict ion. Analogously one can prove the statement for the 
polynomial xy+z. 

L e m m a 5. I f (B,+,*) i s a proper bisemilattice 
and n i s the smallest number such that ? admits a non-
t r i v i a l permutation 6 e S n , then ^n / n (the same i s true 
for the sequenoe { g ^ ) » 

P r o o f . By the assumption we have 

(**) ' n ( x 1 * n ) - f n ( x é V " x é n ) 

for some nontrivial é e SQ and a l l x ^ , . . . , x f l e B. Applying 
Lemma 4 we infer that n ^ 4. Assume, contrary that én = n. 
Then putting f n _ ^ ( x ^ , . . . ) for the variable x n in the 
l a t t e r identity and using the idempotency and the commutati-
vity of + and and, of course using (***) we obtain 

fn-1 »•*•• , x n-1 ^ = f n ^ x 1 * , x n - 1 , f n - 1 ' * * ' ' x n - 1 ^ = 

= f n ^ x é 1 ' * ' * , x 6 ( n - 1 ) ' ^ n - 1 , x n - 1 \ ^ = 

= f n ( X l x n - 1 ' f n - 1 ( x 6 1 * 6 ( n - 1 ) , ) = 

= f n ( x g i » • • • »-̂ g (n-1 ) »fn-1 '* * * ' x g(n-1 ) ' = 

= ^n-1^ X 6 1 ' * ' ' n - 1 ) ^ * 

Hence fn_ 1 (where n-1 > 3) admits a nontrivial permuta-
tion of i t s variables which gives a contradiction with the 
minimality of n. The proof of the lemma is completed. 

ïhe next lemma can be found in [ l ] . We quote here this 
lemma for convenience of the reader. 
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L e m m a 6. (Lemma 2 in C13)• I f (B,+,*) i s a b i -
semi la t t ioe and (x+yOy i s commutative, then (x+y)y = x+y 
(the dual vers ion i s t rue f o r the polynomial xy+y). 

L e m m a 7. I f (B,+,*) i s a proper b i s e m i l a t t i o e , 
then the polynomials f2m+1 ^ ^ ®2m+1 n o t a<3mi ' t t l xe 
t r a n s p o s i t i o n (l ,2m+1). 

P r o o f . We give only the proof f o r the polynomial 
f2m+1 ^k® proof f o r the polynomial g 2 m + i runs s i m i l a r l y ) . 
Assume tha t 

f2m+1^x1»x2'"*'x2m'x2m+1^ = f2m+1^x2m+1»x2** * *'x2m'x1^ 

holds i n (B ,+ , • ) . 
Then'we have 

x+xy = f 2 m + 1 ( x , x , . . . , x , x y ) = 

= f 2 m + 1 ( x y , x , . . . , x , x ) = ( . . . ( (xy)x+x)x+ . . .+x)x+x = 

= ( . . . ( xy+x)x + . . . + x)x+x = f 2 m + 1 ( x , y , x , x , . . . = 

= f 2 m ^ ( y , x , x , x , . . . , x , x ) = f ( x , x , x f • . • ,x ,y ) = 

= f 2 m ( x , x x,x)+y = x+y. 

Using Lemma 6 we i n f e r t ha t x+y = xy whioh i s impossib-
le in a proper b i s e m i l a t t i o e . 

L e m m a 8 . I f (B,+,*) i s a proper b i s emi l a t t i oe 
s a t i s f y i n g (x+y)y = x+y, then the polynomial f . ( x 1 , x 2 , x ^ , x ^ ) = 
= (x-jxg+x^jx^ does not admit the t r an spos i t i on (1,4) ( the 
dual vers ion i s a l so t r u e ) . 

P r o o f . Indeed, i f (s^xg+x^jx^ = (x^xg+x^jx-j, 
then we have x+y = (x+y)y = ((xx)+y)y = ((yx)+y)x = 
= (xy+y)x = ((yy)+(xy))x = ((xy)+(xy))y = (xy)y = xy, a con-
t r a d i c t i o n . 
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L e m m a 9. If (B,+,r) is a proper bisemiiattioe 
for which (x+y)y = x+y, then f 2 m does not admit the trans-
position (1,2m) of its variables for m > 2. 

P r o o f . Assume, contrary that fgm admits (1,2m) 
where m > 2 and let m be the smallest number such that 

f2m^x1»ac2,***,x2m-1,x2m' = f2m^x2m,x2'* * * ,x2m-1 ,X1 

Using Lemma 8 we infer that m ^ 3. Prom (x+y)y » x+y and 
the latter identity we get 

f2m-2^x1.'x2*"*,x2m-3,x2m-2^ = 

= f2m^x1,x2,x3,x3'x3'x4',*,'x2m-3'x2m-2^ = 

= f2m^ x2m-2' x2 , x3 , x3 , x3 , x4 , , ,* , x2m-3' xl' = 

= ^2m-2^x2m-2,x2'x3'x4'* * *,x2m-3,x1^ * 

Henoe 

f2m-2*x1,x2',,,,x2m-3,x|2m-2* = 

= f2m-2^x2m-2'x2,,,,,x2m-3'x1' 

which gives a contradiction with the minimality of m(2m-2^4). 
We should mention here that the previous lemma is also 

true for the polynomials gfl, of course, replacing (x+y)y = 
= x+y by xy+y = xy. 

L' e m m a 10. If (B,+,*) is a proper bisemilattice 
and fg^ admits the transposition (1,2m) for some m > 2, 
then (x+y)y = x+y holds in (B,+,*). (Analogously, for g2m)• 
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P r o o f . Assume that in the proper bisemilattice 
the identity tznS*'] , x 2 ' * ' * ,x2m-1 ,x2m^ = 

<= f 2 m ( x 2 m , x 2 , . . . ,x2m_1 , x 1 ) holds. Then we have 

(x+y)y = f 2 m ( x , x , . . . , x , y , y ) = 

" ^ 2 m ^ , x , x ' * * * = ((•••((*y)+*)* + ••• + x)x+y)x = 

= ( ( . . . ( (xy)x+x)x + . . . + x)x+y)x = f 2 m ( x y , x , x , . . . f x , y , x ) = 

= f 2 m ( x , x , . . . , x , y , x y ) = f 2 m _ ^ ( x , x , . . . , x , y ) ( x y ) = (x+y)(xy). 

Henoe (x+y)y i s symmetric. Using Lemma 6 we get (x+y)y • 
= x+y which finishes the proof. 

L e m m a 11. I f {B,+,*) i s a proper bisemilattioe, 
then f 2 m and g2m do not admit the transpositioo (1,2m) 
for m > 2. 

P r o o f . I f so, for the polynomial f 2 m , then apply-
ing Lemma 10 we get that (x+y)y = x+y holds in (B,+,»J . Now 
using Lemma 9 we obtain the required assertion. 

L e m m a 12. I f (B,+,*) i s a proper bisemilatt ice, 
then f Q and gn do not admit the transposition ( l , n ) for 
n > 3. 

P r o o f . I t follows from Lemmas 7 and 11. 
L e m m a 13* I f (B,+,•) i s proper in B(+,*) and 

n i s the smallest number such that [*£) holds in (B ,+ , * ) , 
then { 1 , 2 } j 62} (the same i s true for g n ) . 

P r o o f . Assume that { .1 ,2} = { 6 1 , 6 2 } in the iden-
t i t y (*tt*). Using Lemma 4 we infer that n ^ 4 . How putting 
x1 x x 2 in (*#*} we get a contradiction with the minimality 
of n. 

L e m m a 14« I f (B,+,*) i s a proper bisemilattioe, 
then fjj and g^ do not admit any nontrivial permutations 
of their variables for 3 < k < 4. 

P r o o f * For k » 3, the proof follows from Lem-
ma 4. Let now 
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(+) (x1x2+x3)x4 = (xé1x62+x63)x64 

for some nontrivial é e S^ (Analogously, we prove the asser-
tion for g4). 

If {1,2} = {tf1,{>2}, then patting x., = x2 in (+) we get 
a contradiction with Lemma 4. If 64 = 4, then using the same 
method as in Lemma 5 we infer that x-^+x^ admits a nontri-
vial permutation, a contradiction with Lemma 4» Because of 
the commutativity of the polynomial xy we infer from (+) 
that the polynomial (x^x^x^Jx^ admits a nontrivial transpo-
sition (61,62) (we know that {1,2} ¿{61,62}). We have 
the following possibilities for the set {¿1,62}, namely, 
{l.3}, {l,4}, {2,3}, {2,4} and {3,4}. Using the commutati-
vity of • and Lemma 12 we infer that the possibilities 
{1,4} and {2,4} do not occur. If {1,3} = {¿1 ,¿2} or 
{2,3} ={6 1,62}, then the polynomial f^(x1,x2,x3,x4) = 
= (x.jxg+x̂ jx̂ . admits a nontrivial permutation <j with ç4 = 4. 
Now using Lemmas 4 and 5 we get a contradiction. If {3,4} = 
= {61,62}, then (x.jXg+Xj)*̂ . admits the transposition (3,4). 
Putting in the latter polynomial x^ = x 2 we get a contra-
diction with Lemma 4. 

L e m m a 15. If (B,+,») is a proper bisemilattice, 
then the polynomials f Q and gfl (n > 3) do not admit any 
nontrivial transposition (i,j) of its variables. 

P r o o f . We again give the proof only for fQ. Let 
n be the smallest number such that 

(++) ,x2, « • • »Xi»*i+1 » • • • 1 *xj ,xj+1 ' * * * *xn-1 ,xn^ = 

= »x2'* * *,xi—1,xj 'Xi+1» *••,xj—1'xi'x;j+1»•*•,xn-1,xn^ 

for some nontrivial transposition (i,j) where i < j. Using 
Lemma 14 we infer that n ^ 5« We also may assume that 
{1,2} ^ {i,j} since the transposition (i,j) is nontrivial. 
Now we prove that j = n. Indeed, if j < n, then 
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and put t ing ( x ^ , . . . . x ^ ^ ) f o r x f l i n the i d e n t i t y (++) 
and using the same method of proving as i n Lemma 5 we get a 
con t r ad ic t ion tha t f .j (n-1 > 4) admits a n o n t r i v i a l t r a n s -
pos i t ion . Therefore j = n. I f i ^ 4, then put t ing x^ = 
= x 2 = x^ i n the ' ident i ty (++) we get a can t r ad i c t i on with 
the minimality of n. Let now i = 3. Then put t ing x^ = x 2 

i n (++) we i n f e r t ha t S n _ i ( x 2 , x 3 x n - 1 = 

- f n ( x 2 , x 2 , x 3 x n _ v x n ) admits the t r an spos i t i on (2,n) 
which gives a con t rad ic t ion with Lemma 12. Therefore we i n f e r 
tha t i 6 {1,2} and i = n. Applying again Lemma 12 we get 
a con t r ad ic t ion . The proof of the lemma i s completed. 

L e m m a 16. I f (B,+,*) i s a proper b i s e m i l a t t i c e , 
then f f l and g n do not admit any n o n t r i v i a l permutation 
of t h e i r va r i ab l e s f o r n > 3. 

P r o o f . Let f s a t i s f y the i d e n t i t y ( V ) » i » e . , 

f n ( x 1 , x 2 , . . . , x n ^ 1 , x n ) = »^¿2'* * * , x 6(n -1 ) 

f o r some n o n t r i v i a l permutation £ e S n (n ^ 3 ) . Of course, 
we may assume tha t n i s the smallest number f o r which (***) 
ho lds . Using Lemma 13, we i n f e r tha t {1 ,2} ¿{61,62)- . Be-
cause • i s commutative we deduce from (***) t h a t f ad-
mits a n o n t r i v i a l t r a n s p o s i t i o n (61,62) which gives a con-
t r a d i c t i o n with Lemma 15» 

L e m m a 17. I f (B,+,*) i s a proper b i s e m i l a t t i c e , 
then G(fQ) = G(gfl) = S2 f o r a l l n » 2. 

P r o o f . I f n = 2 , then i t fol lows from the commu-
t a t i v i t y of + and Observe, using Lemma 16 tha t the only 
admissible permutations f o r the polynomials f f l and g n a r e : 
the i d e n t i t y permutation and the t r an spos i t i on ( 1 , 2 ) . Of cour-
se , these permutations are the only t r i v i a l permutations f o r 
f and g n i n any proper b i s e m i l a t t i c e . Therefore G(f n ) = 
= G(gn) = S 2 . 

L e m m a 18. I f (B,+,*> i s proper i n B(+,*) , then 
f t g f o r a l l n » 2. 
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P r o o f . Let f Q ( x 1 , x 2 , , . . , x n _ 1 , x n ) = S j j i x ^ j X p , . . . 
. . . , x f l _ 1 , x n ) . Pu t t ing x = x 1 = x 2 = . . . = and y = xQ 

i n the l a t t e r i d e n t i t y we ge t x+y = xy , which i s imposs ib le 
i n any proper b i s e m i l a t t i c e . 

L e m m a 19. I f (B ,+ , » ) i s proper i n B (+ , * ) , then 

f n ^ g n f o r a 1 1 6 6 S n a n d a 1 1 a > 2 ' 
P r o o f . Let n be the s m a l l e s t number such tha t 

f n^ x 1 >x2>'* t , x n - 1 , x n ' = s n ^ x 6 1 , x 6 2 ' * * ' ' x £ ( n - 1 ) , x 6 n ' • 

I f { 1 , 2 } £ {g 1 ,62} , then by the commutativity of + we i n -
f e r t h a t f admits a n o n t r i v i a l t r a n s p o s i t i o n ( ¿ 1 , 6 2 ) which 
i s a c o n t r a d i c t i o n wi th Lemma 16. I f { 1 , 2 } = { ¿ 1 , 6 2 } i n ( + +) , 
then put t ing x^ = Xg we get from (** ) f ^ X g , * ^ ^ , . . . , 

* * * , x n - 1 , x n ^ = g n - 1 ^ x 2 , x 3 ' * * * , x n - l , x n ^ = 8 n ^ x 2 ' x 2 ' x 6 3 ' * * * 
• • • ' x 6 ( n - 1 ) » x ^ n ) = f n - 1 ( x 2 ' x ^ 3 ' , , * ' x 6 ( n - l ) ' x 6 n ) ' H e n o a WQ 

have f n _ i ( x 2 , x 6 3 , # " ' x 6 ( n - l ) ' x 6 n ^ = g n-1 ( * 2 ' x 3 ' * ' ' ' x n - 1 , xn^ * 
I f i n the l a t t e r i d e n t i t y ¿ 3 4 3 , then the polynomial 
g n - 1 ( x 2 , x 3 ' # * ' , x n - 1 , x n ^ a d m i ' f c a a n o n t r i v i a l t r a n s p o s i t i o n 
( 2 , 63) and the r e fo r e apply ing Lemma 16 we ge t a c o n t r a d i c -
t i o n . So, we have ¿1 = 1, ¿ 2 = 2 and ¿ 3 = 3 or ¿1 = 2, 
¿ 2 = 1 and ¿ 3 = 3 . In both c a s e s put t ing x 1 = x 2 = x^ 
i n the i d e n t i t y C1^") we ge t f n _ 2 ^ 3 » x 4 » • • • »Xn-1 ' x n* = 

= ^ n ^ x 3 , x 3 ' x 3 , x 4 ' * * * ' x n - 1 ' x n ^ = ® n ^ x 3 , x 3 , x 3 * x i 4 ' * * * 
• • • ^ ¿ ( n - U ' ^ n ' = ^ ^ ' ^ » • " ^ ¿ ( n - D » ^ ^ ' Continuing 
th iB process we i n f e r tha t ¿ i s or the i d e n t i t y permutation 
or the t r i v i a l t r a n s p o s i t i o n ( 1 , 2 ) « Now an a p p l i c a t i o n of 
Lemma 18 completes the proof of the lemma. 

P r o o f of the Theorem, Let (B ,+,*) be a proper 
b i s e m i l a t t i c e . Using Lemma 3 we i n f e r tha t a l l polynomials 

B ( + ) , s n M , f Q and f f l are e s s e n t i a l l y n - a ry f o r a l l 

®1* ®2 € S n 811(5 n ^ 2 ' I t i s c l e a r t h a t G ( B n ( + ) ) = G(an ( » ' ) ) = 

= SQ f o r a l l n . I t i s a l s o obvious tha t the' i d e n t i t y 

ffi 6p f f n = 6 n i s equ iva l en t to the i d e n t i t y f Q = g° f o r some 

- 474 



On b i s e m i l a t t i c e s , I I 11 

<TeSn> Now using the above f a o t s and Lamina 19 we ge t permu-
t i ng the va r i ab l e s in the polynomials f f l and the r e -
quired a s s e r t i o n since 

P n (B,+,»)> c a r d S { f n J + cardS(gnJ + oa rd5U n l+J ) + cardGUn{ • })' 

n l . n l . nl , n! o . - i 
•T + T + "5T + nT = 2 + nl* 

The proof of the Theorem i s completed.-
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