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STABILITY OF A LINEAR RETARDED EQUATION 

We consider the s ca l a r re tarded equation 

o 
(1) i ( t ) = - a x ( t ) - b J x( t+*)dg(*) , 

where a ,b e R and Var Q-ig = 1. 
We are in t e res t ed in f inding some s u f f i c i e n t condit ions 

the zero so lu t ion of (1) to be asymptotically s table* The 
concept of asymptotical s t a b i l i t y of the so lu t ions of (1) i s 
defined as in Hale [ l ] or Krasovskii [ 2 ] . I t i s known [ 2 ] , 
[ 5 ] tha t t h i s problem reduces to the Routh-Hurwitz problem 
f o r the c h a r a c t e r i s t i c funct ion of (1) given by 

0 
(2) A(z) = z + a + b j exp(z t )dg ( r ) . 

- r 

The Routh-Hurwitz problem f n r e n t i r e funct ions i s posed" and 
3tudied by Meiman and Cebotarev in [3]» where i t is. said tha t 
we cannot expect an algebraic e f f e c t i v e c r i t e r i o n to s t a t e 
fo r each a, b and g whether the zero so lu t ion of (1) i s 
asymptotically s table or not . In some cases Pontryagin [[4] 
gives and equivalent form of the Routh-Hurwitz problem, how-
ever even in t h i s cases we hardly get an e f f e c t i v e c r i t e r i o n 
solving the problem. 
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2 I.Guintchev 

We pat 01 = /^M |dg(*)| , c2 - , 
o 

w = t dgî ) > 0, the latter inequality can be obtained by 
-r 

changing eventually the sign of b and g. 
Lemma. If functions f(z) and g(z) are analytic 

along the smooth curve C, and if g(z) < ot|f(z )| for z e C 
and some a € (0,1>, then 

(3) |AC Arg(f+g) -Ac Arg fj<2 arccos . 

Here the symbol Â  Arg denotes the growth of argument of 
the respective function along C. 

P r o o f . We see that neither f nor f+g vanishes 
along C. Let (f= g/f. Using logarythmic derivative we have 

Ac Arg(f+g) -Ac Arg f = Im f fcfjffi dz - Im / i^f f dz = 
C C 

• Im /T+ f̂zf da =Ac (1+V). 
c 

Since |<p|<ot41, v/s have Re(l+(p) |l + cp|<1 + c* 
and cos arg(1 +(p) = >0t Hence |Aq Arg(l+<p)|< 
< 2 arccos -¡ĵ -. 

Theorem 1, Suppose N is the number of zeros 
of A(z) with positive real part and A(z) has no zeros on 
the imaginary axis. Then the growth of argument of A(z) along 
the imaginary axis i(0, -o®<u> <+«*>, is x- 2ir N, and along 
the aemi-axis iw, 0<w<00, it is ^-irN. 

P r o o f . We consider the closed and positively 
oriented curve l~(R) = n,(R)u{- r2(R)}» where Hj (R) :-Z = 
= R exp(iu), and r2(R)sz = id), -R«u><R. If 
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Linear retarded equation 3 

Ŵ  i s the number of zeros of A(z) inside T(R} and i f 
A(z) has no zeros on f~(R), then according to the principle 
of argument 

(4) A r ( R j Arg A(z) = 2*1^. 

For z e f ^ ( R ) we have 

o 
A(z) = A (R e i U ) = R e i w + a + b J exp(R* e i & ) )dg(*) , 

and 

|a+b f exp(Rt e i u ) d g ( t ) J ^ | a |+|b | Jf exp(RX cos w ) |dg(*)|i 

^ l a l + i M j R 3 i u | . 

Using the Lemma we see that i f R>|a| + |b|, then 

IAr,(H) - | ^ r i ( H ) « g i S U I - ¿ r i ( E ) Are*|s 

whence 

(5) ^ ( R ) ArgA(z) = T + e ( R ) > £ ( R ) - * - 0 as R - * 0 0 . 

From (4) and (5) we obtain 

(6) A r 2 (H) ^ = * + e(R) - 2irNR. 

The Lemma yields that for sufficiently large R 

A r 2(R) * * * ( « ) ! < 2 arccos 
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Hence the r ight -hand side of (6) has a l imi t as H ~ 
Henoe N i s a f i n i t e number and passing to a l imi t i n (6) we 
obtain our t h e s i s . In the oase of the semi-axis involved we 
obtain tha t A(z) = A ( z ) , whence we get our conclusion. 

C o r o l l a r y , a . The func t ion A(z) has an odd 
number K of zeros with pos i t ive r e a l part i f 

(7) a + b w < 0 . 

Since the conjugate of a zero of A(z) i s a zero of A ( z ) , 
then a t l e a s t one zero of A(z) i s r e a l and p o s i t i v e , 

b. The func t ion A(z) has only zeros with negative r e a l 
pa r t s i f e i t h e r 

(8) 

or 

a > | b | , 

(3) a + bw > 0 and 1 - | b | c 1 > 0, 

P r o o f , a) Let A(z) has no zeros along the imagi-
nary ax i s . Since arg A(0) = arg(a+bw) =0T and lim arg iu) = ^ , to-*00 <L 

we see tha t 2kx - -75- , k i n t e g e r , i s the growth of argu-
ment of A(z) along iO, 0<oj<+<x>, We see tha t 
2kor - -f = ^ - ttN, whence N = 2k+1. 

In the. case of zeros on the imaginary ax i s , we make the 
same reasoning about the func t ion A ^ z ) =A(z+£) f o r s u f f i -
c i en t ly small pos i t ive £ , 

b) I f (8) i a t r u e , then 

df 0 
F(co) = Re A (i(0)=a+b i cos(cor)dg(T) > a - | b | > 0 f o r oj 6 R. 
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Hence A(z) has no imaginary zeros. Since 

A(0) = a+bw > a-|b| >0, l i m a r g A ( i w ) =-f and F( i (0)>0, 

we obtain that -g i s the growth of argument of A{z) along 
iw, whence N = 0. 

Let (9) be true and l e t 

df °f 
G(co) = ImA(iu) = co+b I s in(u*)dg(t ) for co « R. 

- r 

Then 

G'(cj) = 1 + bJ r coswtdg( f ) > 1-|b|c1 > 0 . 

Hence A(z) has no imaginary zeros and G(w) i3 an 
increasing function. Sinoe arg A(0) = arg(a+bw) = 0 and 
lim arg A ( i « ) = , we obtain H = 0. 

c. 

T h e o r e m 2. Let a+bw > 0 and l e t cĵ  be the 
smallest positive root of the equation = 0. If 

(10) a 2 + co2 > b2 , 

then a l l the zeros of A(z) have negative r ea l parts. 
The thes is i s also true, i f F has no rea l roots. 
P r o o f » The function A(a) has no imaginary zeros. 

Indeed, for 0<w<«1 we have F(u) 4 0. If A(iw) = 0 for 
o 

some (o^w^ then a+iu = -b f exp(ioj'tr)dg{ir), whence 

VP 
b 2 H b / «P ( i « t ) d 8 ( * )| - 2 » | a+icj|2 = a2+«^ > a2+«J2, a con-

trad ict ion with (10) . 
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Suppose t ha t £ ( z ) has zeros w i t h pos i t i ve r e a l par ts* 
According to Theorem 1 we see t ha t the growth of the argument 
of A ( z ) along the semi-axis { i u ) f O^ta < + < » } , i s at 
most - - 5 . Since a rgA(O) = arg(a+bw) » 0 and l i m argA(itd) <- (ll -»IMl 

3T 
= "2 . we see tha t iWg) = *(a+it«>2) f o r some cJg > ^ and 

X < 0. Then 

|a+ iu 2 - A U « 2 ) | = (1 - * ) (a+ l io 2 ) > > > \ b\ 

and on the other hand 

o 
|a+ i« 2 - A ( i w 2 ) | = | b | j e z p ( i w t ) d g ( r ) < | b | , 

a con t rad i c t i on * The proof i s completed« 
We f i n d some est imates ¿f 0 ) ^ 

1° . 
u 

P' (w) = -b J t s i nG) fdg ( t ) » - b c r i 

- r 

whence 
u 

P(w) = F{0) + J P /(w)do) £ a+bw-c^» 
o 

so cj1 > (a+bwj /c^ . 

o o 
2° . P'(w) = -b f t s inurdg(T) b | f t |s in«T||dg(*)| > - u c 2 , 

- r - r 

whence 

6> 
P(w) = P(0) + J P' (w)doi > a+bw - J « 2 ^ , 

o 

so 6 ) 1 ^ { 2 ( a + b w ) / c 2 } 1 / 2 . 
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We collect the obtained resul ts using s tab i l i t y notions 
for eq. (1). Since (1) i s l inear the s tab i l i t y notions oan be 
related to the whole equation. 

T h e o r e m 3. Equation (1) i s unstable i f inequa-
l i t y (7) i s sa t i s f ied and i t i s asymptotically stable in eaoh 
of the cases: 

a) a > | b |, 

b) a+bw'> 0 and |b|c1 < 1, 

c) a+bw >0 and either the smallest positive root ŵ  of 

o 
(11) a + b j cos cat dg(r) = 0 

s a t i s f i e s the inequality (10), or equation (11) has no reed 
roots. 

d) a+bw > 0 and 

(12) (a+bw)2 > b 2 (b 2-a 2 )c 2 , 

e) a+bw > 0 and 

(13) 2(a+bw)>|b|(b2-a2)c2. 

If g i s an increasing function, then w = 1 and instead 
oi (12) and (13) we can take respectively 

(12') a+b > b2(b-a)c2 

and 

(13') 2>|b|(b-a)tf2. 
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8 I.Guintchev 

P r o o f . Follows from the previous considerations. 
Let us mention that cases d) and e) are corollaries of c). 
If g is increasing, then a+tow becomes a+b and (12') and 
(13') are obtained from (12) and (13) respectively devided by 
a+b > 0. 
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