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ON THE COEFFICIENTS OF FUNCTIONS
WHOSE REAL PART IS BOUNDED

1. Introduction

In this note we obtain the estimations of the coefficients
of the generalised olass of functions of Caratheodory class
of functions and the family gensrated by Caratheodory fun-
ctions by using a wellknown method of Clunis (J. London Math,
Soc. 34 (1959), p.215-216).

Let P(z) be a function regular in E = {zl |2]<1} and
be such that P(0) = 1, 1i.e.,

[~ =]
(1.1) Blz) = 1+ > paf, 0= 1,200
k=n

We say that P e P, [u,9,,t] 1f and only if the fol-
lowing condition is 'sat{sfied

i~
Plz)e -1 siny - pcosvy
(1.2) l TiTc059 -m- - 1t|<n

for all z £B, ~Z<V<Z,p<1,3<m 0<N, ~oo <ax<i,
~co<t<e> and D = (4+B){1-Qn) cos ¥ > 0O whers MA =
= [M2-0®+m(1-20) + (1-)+it=t2] and MB = [ ~1+m+a-~it].

The following lemma gives the representation theorem for
Pe Pm’M(p.J Xy t)e
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Lemma. PE€EP, M(P yV,o,t) 1if and only if there
?
exists some w(z) regular in E, w(0) = 0, |w(z)] <1 and
that

-1
(1.3) P(z) = 1200 o Blo(z)

Proof. Let us write

_ 1 ]?(z)e:w - 1 sinyy ~ pu cos¥Vv .
£(z) “M[ (T=plcos v - m'd']‘t]'

Then, |£(z)]<1 for z € B and £(0) = [1-m-a-it] = -B.
Then, by Schwarz ‘s lemma, there exists a w(z) regzlar in E,
w(0) = 0 with [w(z)]<1 such that

- f(z) - £(0)

wlz)
1 -~ £(0)f(z) *

Hence, by solving the above equation, we havse

- £(0) +w(z)
1+ £(0)w(z) *

£(z)

This in turn is equivalent to (1.3). Converse also follows,
As a consequengse of our lemma we obtain the classes in-
troduced in ({17, [4], [5])« -

1
Also, if we let P(z) = -lgq—,‘%—)- y Flz) = —;—+z akzk
n

and F regular in Ep ={z |o<12] <1}, in (1.2), then
this, generalizes the classes introduced in ([1], [2], [31).
The class of such functions we denote by Fm’M(p,O',o(,t).
Hence PF ¢ I’m’M(F-,V,o(,t) if and only if
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" Coefficients of functions

-iv
F'(z) _ 1 {D --Blw(z
(1.4) - EF(é% =2 16- Bm(z))aK 2

2. Two theorems

We prove the following:

Theorem 1. If PePp ylpVyx,t) and
1}

e X
P(Z) = 1 + 2 akz * n = 0’1.2,0.0
k=n

then, we have

(201) Iap|<D for p)n, n=0’1,uoo
and

< 2

k=1

The inequality (2,1) is shavp for all p.
Proof. By lemma, we have

(2.3)  P(z)-1 = {De™WBsBR(2)}w(z) end w(z)= i v, 2K,
k=n

Also, by equating the coefficient of zn, we have
-1V
(2-4) lBDISDe .

The equation (2.3) can be written in the following form for
p>n

oo p=1
(2.5) 2 akzk + 2 dkzk = {De"w—B z akzk}w(z).
k=n k=p+1 k=n
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The equation (2.5) gives us
2 2 %0 2 2k 20k, S 2 2k
[D]® + | B| 2 la | > 2 | 8] “T" + 2 |dk] -,
k=n k=n k=p+1
Since (1-1B1%) > 0, it gives laplﬁD. The result is sharp

whenever w (z) = 2P,
Again trom (2.3) we have

< X - X
2 e 2p2k ¢ p2 4 IvBI2 z ]ak|2r2 .
k=n k=n

Hence, we get

< 2 pe M2
2 8] “< "—"'2'={T+_B} .
k=n 1-1B]

This completes the proof of the theorem,
Theorenmn 2, Let

o0
F(z) =-%-+ 2 akzk, n = 0,1,2,.00'
k=n

FeF, M(F,O,o(,t) and also 1+2(1-y)cos‘0 Re{ll[Bei9 -
'Y .
- M(4+B)(1-pi%cos®y >0 and 1+(1-p)cosd Re{uBe™} > 0.
Then we have

(2.6) la,[<D if n =0,

(2.7) Iamlgﬁg'i if m;n, n=0,1,oo'o
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Coefficients of functions

(2.8) S (k+1)2[a, |2 < D° it &, = O,
k=n
(m+1)n
(2.9) S (k1)?|a 2 0?2 12 e, =0, m = 2,3,...
k=mn

and finally if a, = O, then

(2.10) {(k+1)2 - 'i"-a(k+1)|2}|akr2 < 2
=k

Proof, From (1.4), we have

oo )
(2.11) ag - D a(ksl)zt =[D° + a (De”¥.B) 4
k=n

+ i {De"i‘o - B(k+1)}akzk]m(z),
k=n

where w@(z) = 2z 1{2 bkzk and n 2 1.
=n

Comparing the coefficients of zk for k = 0, nye.s,2n,
we have

(2.12) ~a, = DoV yi(0) = De™™p

(2.13) ~(n+pt1)a, = Do~y

+p p) P=0.1,2,...n and a. = 0,

0
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Also, if a = O for k<n, n=0,1,2,ees then for p > n,
we have.

n+p

k < k
(2.14) = > lketlazt + D 4t =
k=n k=n+p+1

-9 P7d
= [Dez + 2 [:De":w - B({k+1)] akzk] w(z),

k=n
-4
where 2 d zk is ebsolutely and uniformly convergent
k=n+p+1 i

on compact subsets of {z’ [z] <1}. Letting 2z = r< and
using the assumption that ®(z) 1is bounded by 1, ws obtain

(2.15) e,/ <€D by (2.12) and n =0
(2.16) l8n4pet) €D 1 p=0,1,000yn

end a, =0 by (2.13).

2n n-1
(2.17) S (12 a2 €02 S [b,]2 < D2
k=n k=1

if e =0 by (2.13)

p+n p=-1
(2.18) 3 (e1)Z[a 2 07+ 3 J[pe™ - B(ke1)] 2 -
k'-' k=n

- (k+1)2}|ak|2< p?
for p>.n+1 by (2.14)
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o m~-1
(2.19) >, (k+1)2|ak|2< 0% + > {lDe"l‘) -
k=n k=n

- B(k+1)[ 2}ay 2 by (2.14).

Alpo, (2.18) and (2.19) give

(m+1)n
(2.20) S (k+1)%|a |? < D2,  m=2,3,...
K=mn

and

me-1
(2.21) Iam|< [(Tﬁl’ﬁ')Z{Dg + 2 [lDe‘:w _ B(k+1)l 2 _
k=n

1/2
- (k+1)2]|ak|2}] < &

for m > n.
The inequalities (2.15) through (2.21) prove Theorem 2.
As an application of Theorem 2, we deduce the result of
Libera and Livingston ([5], p.201). Let 0 { & <1, V= 0=,
e=m=DM, then, we find the expressions

1 + (1-u)cosw Re{MBe:w}= Q+ >0

and
1+ 2(1-p)oos ¥ Re{MBe™ } - 1(4+B) (1-1)2 cos?9 =

= 2go(+o¢2 + t_2 >0
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are

positive, hence no more assumption, Also in this case

(247) coincides Theorem 3 of ([5], p.201). Hence, our theorem
is a generalization. Similarly, our Thecrem 2, contains the
results proved in ([1], [2], [3]). Also, Theorem 1, contains

the

(1]

(2]

(3]

(4]

(5]

results proved in ([1], [4], [51).
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