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ON THE COEFFICIENTS OF FUNCTIONS 
WHOSE REAL PART IS BOUNDED 

1. Introduction 
In t h i s note we obtain the est imations of the c o e f f i c i e n t s 

of the general ised o lass of functions of Caratheodory c l a s s 
of functions and the family generated by Caratheodory fun-
c t ions by using a wellknown method of Clunia ( J . London Math. 
Soc. 34 (1959) , p .215-216) , 

Let P(z) be a funct ion regular in E = { z | | z | < 1} and 
be such that P(0) = 1, i . e . , 

oo 

( 1 . 1 ) P(z) = 1 + 2 Pkzk» n = 1 » 2 » " » 
k=n 

We say that P € Pm M [ f i , " ) , « , t ] i f and only i f the f o l -
lowing condition i s " sa t i s f i ed 

o\ | T?{z)e±* - i s in >7 - ft cos^ i t l i ' u { U 2 ) I (1 -|i)cos^ m - a - i t J < M 

f o r a l l z £ E, - ^ < J < | , < 1 , j < m, 0 < M, - oo < a < 1 , 
- o o < t < < x > and D = (A+B)(1-^) cos-? > 0 where MA = 
= [M2-m2+m(l-2oi) + c * ( 1 - « ) + i t - t 2 ] and MB = [-1+m+<*-it] . 

The following lemma gives the representat ion theorem for 
P 6 P m , M » * » * > • 
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2 S.K.Bajpai 

l e m m a . P £ jPm M(fi ,c*,t) i f and only i f there 
e x i s t s some w(z) r egu la r i n E, oj(0) = 0, |w(z) | < 1 and 
tha t 

(1.3) p(z) • 1 + : 1 L r , ) ) t f ( , ) 

P r o o f . Let us wri te 

•pt„) 1 rP(z )e x ^ - 1 s inV - n c o a l m . 
f ( z ) = ¥ L (1 - j i ) c o b V e j ' 

Then, [ f ( z ) | < 1 f o r z e E and f ( 0 ) = [ 1 - m - d - i t ] = -B. 
Then, by Schwarz's lemma, there e x i s t s a a)(z) r e g z l a r in B, 
w(0) = 0 with | w ( z ) | < 1 such t h a t 

M ( „ = f ( z ) ^ f ( 0 ) 
1 - f ( 0 ) f ( z ) • 

Hence, by solving the above equation., we have 

f ( z ) = f ( 0 ) +<o(z) 
1 + f(0)w(z) • 

This i n tu rn i s equivalent to (1*3). Converse a lso fo l lows . 
As a consequenoe of our lemma we obtain the c l a s ses i n -

troduced in ( [11 , [ 4 ] , [51)» OO 
Also, i f we l e t P(z) = - , F(z) = Y a k z k 

and P. r egu la r in B R = - [ a | 0 < | z | < l } , i n ( 1 . 2 ) , then 
t h i s , genera l i zes the c l a s ses introduced i n ( [ 1 ] , , [ 3 ] ) . 
The c l a s s of such func t ions we denote by J* M(/i,tf',<x,t). 
Henoe P £ F m t ) i f and only i f 
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Coef f i c i en t s of func t ions 3 

{ 1 . 4 j - = 1 + r - B M » ) F(z) 1 - Bu(zJ 

2. Two theorems 
We prove the fo l lowing: 
T h e o r e m 1. I f P e Pm M(fi»V»eift) and 

«X» , 

P(z) = 1 + 2 a k z • n = ° » 1 » 2 f * 
k=n 

then, we have 

(2.1) | a p | < D f o r p ^ n , n = 0 , 1 , . . . 

and 

(2.2) ^ | a k | 2 < MD(1JH)qob>? . 
k=1 

The inequa l i ty (2*1) i s sharp f o r a l l p. 
P r o o f . By lemma, we have 

OO 

(2 .3) P(z)-1 = {De~1V-B+BP(z)}o)(z.) and w(z) = 2 b k z l 

k=n 

Also, lay equating the c o e f f i c i e n t of z11, we have 

(2.4) |aQ | < D e . 

The equation (2.3) can be wr i t t en i n the following form f o r 
p > n 

OO P-1 v 

(2.5) 2 a k z k + 2 v k = { D e - B I ¥ k j u ( z l > 

k=n k=p+l k=n 
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The equation (2.5) gives us 

+ | B | 2 2 2 | a k | 2 r 2 * + 2 I d k l 2 y 2 k ' 
k=n k=n k=p+l 

Sinoe (1-IB) 2 ) > 0 , i t gives | a j < D. The r e s u l t i s sharp 
whenever <o(z) = z^. 

Again from (2.3) we have 

2 | a k | 2 r 2 k < D2
 + | B | 2 2 W ^ 

k=n k=n 

Hence, we get 

cx> .2 2« 

2 
This completes the proof of the theorem. 

T h e o r e m 2. Let 

F(z) = + 2 a k z k » n = 0 , 1 , 2 , . . . , 
k=n 

F F r m M(f i , i? ,«, t) and a lso 1+2(l-p)cos«3 Re{MBei^} -
- M(A+B)(l-pj2cos2V > 0 and 1+(l-p)cos<0 He{lJBe i / | > 0. 
Then we have 

(2.6) | aQ | « D i f n = 0 , 

(2.7) I am I ^ m+1 i f ° > n* 
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Coefficients of functions 5 

2n 
(2.8) 2 (k+1>2|ak|2 < D2 i f aQ = 0 , 

k=n 

(m+1)n 
(2.9) 2 <k + 1 )2| ak|2^ 1)2 i f ao = m = 

k=mn 

and f i n a l l y i f aQ = 0, then 

(2.10) ^ { ( k + D 2 - | Do-iV-B(k+D| 2}|akf-2 < D2. 
n=k 

P r o o f . Prom (1 .4) , we have 

(2.11) -a 0 - § akU+Uzk ^ (De-^-B) + 
k=n 

Oo 
+ 2 {^e - B(k+I)}a k z k ] « (z ) , 

k=n 

00 
where oj(z) = z 2 b,,zk and n > 1. 

k=n k k 
Comparing the coeff ic ients of z for k = 0, n , . . . , 2 n f 

we have 

(2.12) -aQ = De"iS)w'(0) = De~iVt>0 

(2.13) -(n+p+1)an+p = De"iVbp, p=0,1,2, . . .n and aQ = 0. 
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A l s o , i f a^ = 0 f o r k < n , n = 0 , 1 , 2 , . . . t h e n f o r p > n , 
we have 

n + P oo 
( 2 . 1 4 ) - 2 ( k + 1 > i V l k + 2 d k z k = 

k=n k=n+p+l 

= 2 - B ( k + 1 ) ] a k Z k ] o>(z), 
L k=n J 

oo 
where 2 d - z ^ i s a b s o l u t e l y and u n i f o r m l y conve rgen t 

k=n+p+1 . i 0 
on coimpact subse ts o f -{z | z | < 1 } . L e t t i n g z = r e and 

u s i n g t he assump t i on t h a t &>(z) i s bounded by 1 , -we o b t a i n 

( 2 . 1 5 ) | a 0 l ^ D b y ( 2 . 1 2 ) and n = 0 

( 2 . 1 6 ) l a n + p + l l < D i f P = 0 , 1 , . . . , n 
and aQ = 0 by ( 2 . 1 3 ) . 

2n n - 1 (2.17) 2 {k+1)2 lakl2 * 1)2 2 Kl2 *1)2 

k=n k=1 

i f a 0 = 0 by ( 2 . 1 3 ) 

p+n p - 1 
( 2 . 1 8 ) 2 ( k + U 2 K ! 2 4 ° 2 + 2 { l D e " W - B(k+1 )j 2 -

k=p k=n 

- ( k + l ) 2 } | a k | 2 < D2 

f o r p > . n + 1 by ( 2 . 1 4 ) 
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m m-1 
(2.19) 2 1)2 + 2 d 0 6 " ^ 

k=n k=n 

B(k+1)| 2 } |a k | 2 by (2 .14) . 

Alpo, (2.18) and (2.19) give 

(m+1)n 
(2.20) ^ K l < D » 111=2,3,., 

k=mn 

and 

l a m l < [ ( ^ T ) 2 { D 2 + 2 - B ( k + 1 , | 2 
L k=n 

" ( k + 1 ) 2 ] | a k | 2 } ] 

k=n 

11/2 

* m+1 

for m ^ n. 
The inequalit ies (2.15) through (2.21) prove Theorem 2. 
As an application of Theorem 2, we deduce the result of 

Libera and Livingston ( [ 5 ] , p.201). Let 0 ^ d < 1 , V = 0 = p, 
(> = m = M, then, we find the expressions 

1 + ( l - ju)cosV Re{MBe i^} '= {> + ot > 0 

and 

1 + 2(l-|i)cos \> Re{MBe i V } - M(A+B)(l-|j)2 cos2V = 

= 2 £<*+ ot2 + t 2 > 0 

- 455 -



8 S.K.Bajpai 

are positive, hence no more assumption. Also in this case 
(2.7) coincides Theorem 3 of ([5]» p.201). Henoe, our theorem 
is a generalization. Similarly, our Theorem 2, contains 'the 
results proved in (["Hi [2], [3]). Also, Theorem 1, contains 
the results proved in ([1], [41, [5]). 
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