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SET STABILITY FOR A FUNCTIONAL EQUATION 
OF ITERATIVE TYPE 

G.A.Shanholt has proved i n [ l ] s t a b i l i t y theorems f o r 
a d i f f e r e n c e equa t ion . I t i s the aim of t h i s paper to prove 
s i m i l a r r e s u l t s f o r the equat ion of i t e r a t i v e type 

(1) (f(t(x)) = g(x,<p(x)). 

Throughout the paper we w i l l assume the hypothes i s 
(H^) (p : I — H , f : I — I , g : I * X — H , I = ( 0 f b ) , 

H i s an open conneated subset of Banach space B and f , 
g are cont inuous func t ions . , Moreover f i s s t r i c t l y i n c r e a -
s ing i n (0 ,b) and 0 < f ( x ) < b f o r x 6 I . 

In t h i s paper we adopt the fo l lowing n o t a t i o n 
N(A,E) - {xs d(x,A) < e} ; 
K { o } . — 1 { o } t § i s s t r i c t l y i n c r e a s i n g , 
continuous f u n c t i o n and. $ ( 0 ) = f o r a f u n c t i o n <p:I —»Hf 

a s e t G C H and £ > 0 the r e l a t i o n d(lf tG) <E denotes 
t ha t f o r every x e l we have d((f>(x) ,G) < £$ 

I 0 = [ f ( x Q ) , x j f o r x 0 e 11 
co : — H w i l l denote a continuous f u n c t i o n suoh t ha t To o 
<p0(f(xQ)) = g ( x 0 , y Q ) , where yQ i s an a r b i t r a r y point 

of the s e t H and = 7 0 í 
^>(x ,x 0 , y 0 , y 0 ) w i l l denote a continuous s o l u t i o n of equa-

t i o n (1) def ined on (Ofx0H and such tha t = 
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2 E.Turdza 

R e m a r k 1. Observe t h a t under the hypo thes i s (H^) 
f o r given x 6 I , yQ e H a s o l u t i o n <f ( x , x 0 , y 0 , <pQ) e x i s t s , 
because H as an open and connected subset of Banach space 
i s a rc -connec ted , then the re e x i s t s an arc from the point 
( x 0 , y 0 ) to the point ( y 0 , g ( x 0 , y 0 ) ) which may be extended 
"by equa t ion (1)" to the i n t e r v a l (0 ,x o ]* 

In the sequel we w i l l assume the h y p o t h e s i s : 
(Hg) There e x i s t a closed and connected s e t G and a > 0 

such t ha t N(G,c*) c H f o r which the re e x i s t s a k > 0 suoh 
t h a t f o r £ e (0,ot) the i n e q u a l i t y d(yQ,G) < £ imp l i e s -

d(g (x ,y 0 ) ,G) < k£. 
R e m a r k 2. I f hypothes i s (H;,) i s s a t i s f i e d and 

G i s a conneoted s e t , then f o r any x , t ak ing y suoh 4 V O 
t h a t d(y0 ,G) < r , r s= min e , e ) , we have 
d ( g ( x 0 , y 0 ) , G ) < £ . I t imp l i e s , as N(G,£) i s arc-connected 
s e t , t h a t we may take (fQ i n U(G,e) and f o r such a <pQ 

t he re e x i s t s ^ ( x , x 0 , y 0 , ^ 0 ) (see riemaxk 1) . 

2. We w i l l adopt fo l lowing d e f i n i t i o n s , which are i n the 
s p i r i t of d e f i n i t i o n s given by G.A.Shanholt i n [1^ , wi th ne -
cessary and n a t u r a l m o d i f i c a t i o n s . 

D e f i n i t i o n 1. Let G c h be a closed subset 
of H. We say 

( i ) G i s s t a b l e i f f o r every xQ 6 I and £ > 0 there 
e x i s t s a S = Six te) > 0 such t h a t d(<p0,G) < S impl ies t h a t 
<plx,x0,y0,<p0) e x i s t s and d((p(x,x0 ,y0 ,<p0) ,G) < £ ; 

( i i ) G i s uniformly s t a b l e i f i t i s s t a b l e and 6 i n 
( i ) i s independent of xQ ; 

( i i i ) G i s asympto t ica l ly s t a b l e i f i t i s s t a b l e and i f 
f o r every xQ € I t he re e x i s t s Tj> = y (xQ) > 0 such t h a t 
d(<f0»G) < 7 impl ies d((f>(x,x0,y0,<p0),G) — a s x — • O ; 

( iv ) G i s uniformly asympto t ica l ly s t a b l e i f i t i s un i -
formly s t a b l e , and V) i n ( i i i ) i s independent of xQ and l i -
mit i s uniform i n x 0 , y 0 , < f 0 ( t ) ( t 6 I Q ) , f o r ( x 0 , y 0 , V»Q(t)) € 
6 1 » N(G,1?) *N(G,17). 
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F u n c t i o n a l a q u a t i o n 3 

D e f i n i t i o n 2 . l e t V : I * N(G,ot) — R + w { o } . 
We s a y : 

( i ) V i s p o s i t i v e d e f i n i t e w i t h r e s p e c t t o t h e s e t G 
i f t h e r e e x i s t s a $ € X such t h a t $ ( d ( y , G ) ) < V ( x , y ) f o r 
( x , y ) e I *H((! , o t ) ; 

( i i ) V i s d e c r e s c e n t w i t h r e s p e c t t o t h e s e t G i f t h e -
r e e x i s t s a yr e K such t h a t y[&(y,G)) ^ V ( x , y ) f o r 
( x , y ) e 1 « H ( G , o t ) ; 

( i i i ) V s a t i s f i e s p r o p e r t y (B) w i t h r e s p e o t t o t h e s e t G 
i f f o r e a c h £ > 0 and x Q e I t h e r e e x i s t s 6 = 5 ( x q , e ) e 
e ( 0 , ex.) such t h a t d (y ,G) < 6 V ( x Q , y ) < £ ; 

( i v ) V i s Lapunov f u n c t i o n f o r (1) on I*N(G,oc ) i f 
i t s a t i s f i e s p r o p e r t y (B) w i t h r e s p e c t t o G and AV(x ,y ) < 0 , 
where AV(x',y) := V ( f ( x ) , g ( x , y ) ) - V ( x , y ) f o r ( x , y ) e 
e I xN(G,oc 0 ) , olq = min{cx , . 

D e f i n i t i o n 3 . A Lapunov f u n c t i o n V f o r (1) 
on N(G, ot) h a s a s t r o n g l y n e g a t i v e d i f f e r e n c e a l o n g s o l u -
t i o n s of (1) i f t h e r e e x i s t s a ¡i > 0 such t h a t A V ( x , y ) < 
< - f M g ( x , y ) - y | f o r ( x , y ) e I * N ( G , a 0 ) , cxQ - min { « , . 

T h e o r e m 1. I f h y p o t h e s i s (H1) and (Hg) a r e s a -
t i s f i e d and i f t h e r e e x i s t s a Lapunov f u n c t i o n V f o r (1) on 
H ( G , a ) and i t h a s s t r o n g l y n e g a t i v e d i f f e r e n c e a l o n g s o l u t i o n s 
of ( 1 ) , t h e n G i s s t a b l e . Moreover , f o r each x Q e I t h e r e 
e x i s t s a V > 0 such t h a t f o r an yQ e N(G,V) t h e s o l u t i o n 
(p(x,xQ,70»9»0)> where d(<fQtG) < , i s bounded . 

P r o o f . Suppose t h a t G i s no t s t a b l e . Then t h e r e 

e x i s t a £Q 6 (0,c*o) and x Q e I such t h a t f o r any *y€(O tE ) 

t h e r e e x i s t yQ e. N ( ) and x < x Q such t h a t 

d ( < f > ( x , x 0 , y 0 , ^ 0 ) , G ) > £ 0 w i t h d(<po,G) < y (by v i r t u e of R e -

marks 1 and 2 s u i t a b l e (pQ and (p e x i s t ) . As V h a s p r o -

p e r t y ( B ) , t h e n f o r t h e r e e x i s t s ¿ ( ^ p , € ( o , 

such t h a t d (y ,G) < <5 i m p l i e s V(x Q y) < . Let us t a k e 

y < m i n ( - - | s . Then d (cpo,G) < ? and d(cp(x) .G) > e Q . 
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4 E.Turdssa 

Let x = fn(tQ) for a tQ e I Q , n a positive -integer 
(it follows from hypothesis (H^) that xQ and tQ exist) 
and let d(<f(fn(t0)i) ,G) < eQ for n > n > 0. It implies that 
V(x,<p(x)) exists. 

Now let as compute 

V(5,V(5)) =V(f5(t0),v>(f5(t0))) =V(f(fH-1(t0)),(p(f(f5-1(t0)))|) = 

= v(f(f5-l(t0)),g(ii5-1(t0))^(fE-1(t0)))) = 

= V(fH-1(t0),v>(f5-1(t0m +AV(f5-1(t0),9(fH-1(t0))) = ... = 

n-1 
= V(t0,(p(t0)) + ^ AV(f1(t0)tV(f1(t0)))< 

i=0 
n-1 

<v(t0,(p(t0)) - p 2 |g(fi(y.<p(fL(V,) -«pif 1^))^ 
i=0 
n-1 

i=0 
n-1 

< V ( t 0 , l f ( t 0 ) ) - /J | 2 - -
i=0 

- v(to'fP(to,) - ( J | < P ( f * ( t o ) ) - » i v h 

(d(v(t0),G) - d(<p(x) ,G)) < + 

which contradicts our supposition. 
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Functional equation 5 

How we prove the second part of the theorem. 
For an xQ we chose *?(x0) < min(ol,<5) (where S sa-

tisfies the definition of stability of G). For y € N(G,«J) 
the solution <P(x,x0,jt(f>Q) exists and it is in N(G,oO. for 
x < xQ. Suppose that for some yQ € N(G,J) the solution 
<p(x,x0,y0,^0) is unbounded i.e. for some x^ —- 0 we have 
| if(xk)| — 0 0 . Let us take a positive integer j such that 
V(t0,cp(t0)) - (ifcpix-j) - <0, where tQ e IQ, x. = 

ni 
= f (tQ) (this is possible because V is a Lapunov fun-
ction). Computing as above we have 

V(x.,(p(x.)) « V(t0,V(t0)) - ~ W V ' < 

because of this contradiction the proof is ended. 
T h e o r e m 2. Under assumptions of Theorem 1, if 

moreover V is decrescent with respect to the set Gf then 
G is uniformly stable. 

P r o o f . Supposs that G is not uniformly stable. 
Then there exists £q € (0,«Q) such that for any "ye(0,eo) 
there exist x 0 e I, y Q e N(G,cO and x < xQ puch that 

d(Cf>(5?,x0,y0,V0),G) £ £q with d(<p0,G) <-J . 

As V is descrescent with respect to the set G, then for 
—2- there exists ^ ) € s u c h t h a t V(t) < 
(here yj is an element of K satisfying Definition 2, part 
(ii)). It is easy to verify that if V is decrescent with 
respect to the set G, then it also fulfils property (B). 

|3e0 
Then d(y,G) < 6 implies V(x0,y)< — . Further argument 
does not differ from the one used to establish Theorem 1. 
This completes the proof. 
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6 E.Turdza 

We do not know under what assumptions the set G is 
asymptotically stable or uniformly asymptotically stable. 
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