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THE ESTIMATIONS OF COEFFICIENTS FOR SOME SUBCLASSES
OF SPIRALLIKE FUNCTIONS

Let H denote the class of all- functions holomorphioc in
the unit dise U ={z: |z|<1} and let o denote the class
of such functions w e¢H, that w(0} = 0, [w(2)] <1 in U,
Let f,Fe H., We say that f 1is subordinate to F in U
and write f < P, if there exists a function we Q such
that £(z) = Flw(z))e -

In paper [5] the following class of functions was intro-
duced

i+Az

k+1 +.-QGH:p(Z) < '1__Fz— i9

Pk(A,B) ={p(z) = 1+ckzk+ Cpq?

where A,B are arbitrary complex numbers such that [A|<1,
[B]|<1 and k is an arbitrary natural number,
Now we introduce the followling class

_ _ k+1 k+2 zf'(2 1+42
Sy (4,B) = {f(z)-z+ak+1z +ay, 52 + oo Ht 7(-;-)-)- < 1—_—_3-5-} .

It is easy to observe that if f € S, (4,B) then 2t (2)/£(2)
takes values in some domain included in a half-plane with

Y This work was partiglly done during the authors’ stay
at the Universite de Montreal, Montreal, Canada.

- 427 -



2 Cz,Burniak, J.Stankiewicz, Z.Stankiewicz

zero on the boundary and therefore f 1is univalent spirallike
funotion. We also have that if . 1is normalized, then

(1) £ e S.(4,B) & p(z) = 28" (2)/£(z) € P (4,B).

The main purpose of this paper is to give some estimations
for the coefficients of the functions f which belong to the
class S.(4,B). The estimations of [f(z)] eand [£'(z)]
in this class are also given,

Theorem 1, If fesk(A,B) and |z] =<1,
then

r(1-lBlr )d- r(1+lB|r ) ot =P if B 40
o KT <| (z)ls vl 0,

(3) T exp {- -'—f‘lltﬁli}S[f(z)l £ T exp {_Lﬁi[{r_k} if B=0

and

= 2k k kiot=f~1
e o = < lertalg

(11448221 + |a+BI ¥ L(1+1Bx o i P
\ (1 IBII‘ )d+‘3+1 !
N K
_]A!r ,iA%E—
(5)  (1=1ai2¥) <I£'(2)] € (1+14175) if B =0,

where for B # 0 we put

(6) w=1 1" |14a/B), p= T k™ Re {14a/3}.
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Estimations of coefficlents 3

The results are sharp and we obtain equalities in (2)-(5)
for such functions £ which satisfy the following equation

2£/(z) _ 1 +A£zk lEl =
f(z) 1-B£zk ’

Proof., In[5]4t was proved that if f € P, (4,B)
and |z| = <1, then

1-| A+B| rk+1§ (4B+B)r2k 1+[A+B| ¥ +l2 (4B+%B)r2¥

(7) : <Re p(z) <
1-[B|2r2k 1-[B|2r2k
5r2¥| - [asB| 2" {1+4802%] + [ 448] ¢
(8) [1+4Br -|A+B| T <[p(z)< +ABr +{A+Bi Y
It is known that for 2z = ¢ ej‘e we have the equality:
(9) e%-log [£(z)/z] + 1 = Re {zf'(z)/f(z)}

Using (1), (7) and (3) we have

' : k-1 o 2k=1
(1) 2-10g)e(2)/e] 5 =LoeBle +ERT]§f:§L§lLBlZ_]Q
-181%

Now if B # 0 then

r
log[£(re™®)/(x ‘!: alloglf(qele)/(eeie)l dg 2

r
-[A+B|+[Re(AB+1Bﬂqk k-1 (1= ]Blr kyo-f
2 de = 1
/{ L e TR R
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which gives the left side of inequality (2). If B = 0, then
) T
loglf(rele)/(reie)l 2". -IAlgk'1dQ = -lA|rk/k
0 ,

which gives the left side of inequality (3).

In the same way, using (1), (9) and the right side of (7},
we ohbtain the, right sides of (2) and (3). Now noting that
[£/(2)] = |£(2)/z]| |22’ (2)/£(2)| and using (1), (8), (2) and
(3) we obtain immediately (4) and (5).

Now, to estimate the coefficlents we will need the fol=-
lowing lemmas: o

Lemma 1, Let A,B,{B|<1 be some given complex -
nuambers and put

WI = B + (A"B’/l' 1 = 1’2’3’.00 [

1°, If |B|<1, then there exists a such natural number

1, that [w1°| <1.

2°. If for some natural number 1, we have |w; | <1,
then for every 1 2 1,, we also have '.W1l< 1, °

3°. If for some natural number 1, ‘we have |w1 | >1,
then for every 121, we have °

|W1|2"1

£1
B 2 -~ *
w -1
v |

(11)

19 A3B

. Since lim “3== 0, then for every £ ,

l1—+>00o
in particuler for &£ = 1~|B!>0, there exists 1, such that
for every 1 2 1, we have lﬁ:‘[@] <g = 1-|‘B|_.‘ Thus - fwy'l =
= |3 + 48| < [Bl+|42] < [Bl+1-[B]=1.
2%, For every 1 » 1, the points wy may be written in
the form

Proof,
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Estimations of coefficients 5

(12) wy = (1-2) B +Aw; , where A=1/1, ¢ (0, 1],
0

Because B and LY belong to the closed unit disc, then

0
Wy also belong to it,
3°% simce |B| <1< [wl |, then by (12) we have

[wy]<(1-2)] B| +a|w1°]<(1-1)|w1°| +),|wl°| = |w1°|

which is equivalent to (11).
Lemma 24 For any complex numbers 4, B and natu=-
ral numbers %k, q the following equallty

(13) [a+B| 2+ 2 {[[ka+A+B|2-(vk)2] [_f [—I IPB + “*B” }:
P_

= [ta=r A |us + 42)]°
4eo

n

holds, where by the definition we put 3 ¥, := 0 for
v=m
n < nm
Proof. It is easy to check that for gq = 1 the

equality (13) holds for any A4, B and k. Suppose now that
(13) holds for every q £ p. Then for ¢ = p+1 the left si-
de of (13) takes the form (using (13) with ¢ = p)

-1 -1
(4+B|2 + 92 {[Ika+A+B|2 - (vk)z] [’;1;7 H IPB + A+B|_] }
v=1 =0
-1
+ [lpk.B+A+B|2 - (pk)z] [‘Z,T r |P'B + A%I]Z B
p=0
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- [t n o+ 421" {1 fmesen o007 o102} -

p
50 e a2
p=0

Thus (13) holds for gq = p+1 and the proof of Lemma 2 is
completed by induction argument,

Now we prove two lemmas concerning the sums of coeffi=-
cients for functions in the class S, (4,B).

_ k+1 k+2
Lemma 3, If f£(z2) = Z48y 42 +By ST + eee
seo € S.(4,B), then
2k
(14) % (1-1)2 [ai]zg |A+B|2¢
=k+1

In particular for every natural number n such that
k+1 £ n £ 2k we have

(15) lay| € [4+B] /(n=1).

The estimations (14) and (15) are sharp and the extremal

functions have the form
(16) £,(z) = z2(1-BEz""") »  lel=1.

Lemma 4e Let f(z) = z+ak+1zk+1+ak+2zk+2 + eoe

eee € Sk(A,B) and let for every natural v a natural number
7, be defined as follows: v, = min(v,v ), where v, is
the smallest natural number such that the inequality
[B+(4+B)/(kv )|’ 1 holds (if there is no such finite number
v,, then we put v, = +o° i,e. v, =v), Then for every na-
tural number v we have
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“Zstimations of coefficients 7

(v+1)k vq-1
(17) Z (1- 1)2 [al|2 [-F’T'lr r—] IFB + A+B|]
1=vk+1 p—

v=1
[wemr M |2 +_A_El_3_|]2 for V&Y
k=0

ﬁ v°-1

e 1] [10 +42] 2 v,

“~

and

(v+1)k

(18) E [[A+1B|2 - (1-1)2:'|a1| 2¢
1=vk+1

-1
w5+ 227 - {21 1 68 + SB[ for vevys
| | k=0

0 : for V3V e

Proofs of Lemmas 3 and 4. By the definition of

Sk(A,B) every function f € Sk(A,B) satisfies the following
equation

2f/(z} _ 1 + Aa%z)
(19) 2 =3I - TBolz
where

(20) “w(z) = bkzk + bk+1zk+1 + .00 €2,
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The equality (19) may be written in the form

2£'(z) - £(z) = [af(2) + Bza£'(2)] w(z)

or in the equivalent form

oo oo : oo
(21) E (l-1)alz1 = [kA+B)z + E (A+1Bdaizl]
1=k+ 155 q=k
Now if we put
oo oo oo

’ oo
E dlz1 1= E (1—1)&121 - 5 (A+1B)a1z1 :2 qu
1=2k+1 1=2k+1 =k+1 a=k

[~ ] o oo
E hyzt:= E (1-1)a 2zt~ E (4+1B)a,a’
1=(v+1)k+1 1=(v+1)k+1 l=vk+1
oo
‘ quq
9=k

then (21) takes the form

2k oo
(22) Z (1-1)azt + Z a,2% = (a4+B)z w(z)
1=k+1 ) 1=2k+1
or
{v+1)X
(23) Z: (1-1)312.1 + Z hlzl =
=k+1 1=(v+1)k+1

vk '
- [(A+B)z + E (A+1B)alz]'] wiz),
' =k+1
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Bstimations of coefficients 9

Now, using Clunie’s method (see e.g. [1]~[6]), that is
integrating squares of modulus on both sides of (22) and (23)
along circle {z:lzl:r}, applying the inequalities |w(z)] <1
and [zw(z)] <1 and taking » —=1, we obtain

2k
(24) E (1-1)2 8] 2 < | a+B| 2
1=k+1
and
v+l)k vk
(25) (1-1)2]ay| 2< [4+B] 2 + Z - |as13] ey |2,
1=k+1 =k+1
v=2,3,¢oo .
Inequality (24) is equivalent to /14) and noting that
(v+1)k
(26) (n-1)%(a,|? < E ' (1-1)%|a;] 2, vke1€ ng (v4+1)k
1=vk+1

we obtain (15). It is easy to see that for the function f (z),
given by (16), we have

- A+B n
fn(z) =2 + 57627 + .ee

and

zf;(Z)/fn(z) = (1+aez™1)/(1-Bez™ 1),

Thus f,(z) € S, (4,B) for n > k+1 and gives equality in
(14) and (15). This completes the proof of Lemma 3.
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To prove Lemma 4 we rewrite (25) in the form

(v+1)k v-1 {u+1)k
(27) (1-1)2[a | X [a4B] 2+ S [14+18) 2-(1-1)7] a3
=vk+1 p.=1 1=pk+1

The inequalities (17) and (18) are proved by induotion
with respect to v.

For v = 1 the inequality (17) is equivalent to (24)
and therefore it holds,

The inequelity (18) in this case has the form

2k
(28) :E;:: [1a+28] 2 = (1-1)%]|ay) 2
1=k+1
[IB + = A+B - 1][A+13|2 for IB +A§E,>1
£ <
0 for IB +A§§I$1

N

In the first case, by (24) and Lemma 1 (3° with 1_ = k)
we have

Z [[A+13| --(1-1)][&1]2 [[ ! -1]Z | l"'l (1) |al| <

1=k+1 1=k+1

2k 2 5
< []wk|2_-1] (1-1 )Lla].[zs [IB + i;-'g_l - 1]|A+B| .
1=k+1
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Bstimations of coefficients 11

In the second case, by Lemma 1 (2° with lo = k) we have

|4+18]2 = (1-1)2 = (1-1)%[[w; 4| % - 1] 0 for 1 3 ks,

It means that the left side of (28) is nonpositive as a sum
of nonpositive numbers. Thus (28) holds in both cases and
therefore (18) holds for v = 1,

Suppose now that inequalities (17) and (18) hold for
V = 1,2,40s99s Then by Lemma 2, using (27) with v = g+1
and (18) with v = q, we have

(a+2)k

> 110 ay % |aen % {[ﬁ— |"] |1B+A*Bj] (ep)? [ (34222 -1]}
1=(q+1 )k+1
q1 2
={_‘ﬁT ﬂ | uB +-A—;—E|} . .where q, = min{q, vo}.
pu=0

It means that (17) holds also for v = gq+i,

Now if v, > q+1, then by (17) with v = g+1 and by Lem-
ma 1 (3° with 1, = (g+1)k) we have

(q#2)k
E [[A+IB|2-(1-1 )2]|zaLl]2 "
1=(q+1 )k+1
ek [wy 1' 2, 2
[w |21 E = (1-1)7] 8] "<
[ (q+1)k ] 1=(q+1 )k+1 Iw(q+1)k|2-1
(q+2 )k

S[l"(q+1)k|2-1] (Z (1-1)%[a, |2 [B+(q_i%%-l i”:ql HIPB+A+B]
1=(q+1 Jk+1

- [ [e 1%%- A [ |—‘ o + 221
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Thus (18) holds in this case for v = g+i.
If v, < 9+1, then by Lemma 1 (2° with 1_ = (g+1)k+1) we
have

|4+1B] 2=(1-10% = (1112 [[wy_[3-1] € 0 for 1> (a41)ket

and (18) holds because the left side is the sum of some non-
positive numbers., .
By induc¢tion argument the proof of Lemma 4 is completed,
Theorem 2, If f(z) = z+ak+1zk+1+ak+2zk*2+ eee

ves € 5,(4,B), then
1_1
A+B
(29) o<ty oymam l—l [ + 4P

f v=1

T"*m‘m-ﬂ e + 45>
-1

'(__ﬂ—-ﬂ_mlf‘]“

MB| eor v Vo

AB)  for v > N

L

where v = [Efl and v,, vV, are defined in Lemma 4,

if v, =1, then the inequality (29) gives sharp results
for every n > k+l., The extremal func¢tions have the form
(16). 1If v, > 1, then the inequality (29) gives sharp re-
sults for n = vk+1 where v = 1,2 3,...,v « .In this case
the extremal functlons also have the form (16) where n-1
is replaced by k.

Proof. The inequality (29) follows immediately from
(24) and (17).

Remarks:

1« For 4 = 1, B = m, k = 1 the Theorem 2 coincides with
Jarowski’s Theorem 8, [2].
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2, For A = {(1+m)A-1, B = m, k = 1 it coincides with
Plaskota’s Theorem 1, [4].

3. For A = B = 1 and any arbitrary natural number k we
obtain MacGregor’s Theorem 1, [3].

3, IfA=1, B=m, k is arbitrary and v Voo then
inequality (29) coincides with the estimate by Szynal’s Theo-
rem 7, [6], but for v > v these two estimations are diffe-
rent, In the proof of Theorem 7 ([6] p.117) there is a mista-
ke. Namely, for one factor of the product it gives an upper
estimation, but the other factor may be negative and the
egtimation is false in this case. For some speclal values
of m, k and n the estimation for a, in Theorem 7, [6]
is better than the modulus of the n-th coefficient of the
function (16) which belongs to this class.

5« Theorem 8 in paper [6] is also false, as it can be
shown for the function

Fyla) = AL, (s) + (1) £ (a),

where k = 1, A=3 . € ==, =1, m=3 with functions
fg(z) defined in [6] p.118. It seems that the author of pa-
per [ 6] wanted to prove some other theorem which for the class
Sk(A,B) may be written in the following form,

Theorem 3, If f,g€S,(4,B) and G, (Ae[0,11)
is defined as follows

1o

A A
(30) G (z) =2 [‘ig_)] [5-(—2—)] (Log G,=Alog f+(1-1)log g)

zZ

then for every A e [0, 1] the function Gl also belongs to
S,(4,B).

Proof. To prove this theorem we need an cbvious
lemma,
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14 Cz.Burniak, J.Stenklewlocz, Z,Stankiewicz

Lemma 5., Let H{(z) be a convex, univalent function
in U. If hy, h, are holomorphioc in U and h1-< H,
h, < H, then for every A€ [0, 1] we have

Ah1 + (1 '-1) h2'< Ho

Prom the definition of the olass Sk(A,B) we have

h,(z) =22'(2)/£(z) < (1+42)/(1-Bz) = H(z),

28’ (2)/8(2z) < (1+4z)/(1~Bz) = H(z),

hz(z)
Thus for G, defined by (30) we have

3G, (2)/6G,(z) =Azf'(z)/£(z) + (1-A)zg’ (2)/a(z) < (1+42)/(1-Bz)

and since G,(z) = t+(1ak+1+(1-l)bk+1)zk+1+ esey then
G, € S;.(4,B).
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