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THE ESTIMATIONS OF COEFFICIENTS FOR SOME SUBCLASSES 
OF SPIRALLIKE FUNCTIONS 

Let H denote the c l a s s of a l l - f u n c t i o n s holomorphio i n 
the u n i t d i s o U = { z : | z | < 1 } and l e t denote the o l a s s 
of such f u n c t i o n s a * H, t h a t cj(O) = 0 , fa) (z) | < 1 i n U. 
Let f , F £ H. We say t h a t f i s s u b o r d i n a t e t o F i n U 
and w r i t e f -< F , i f t h e r e e x i s t s a f u n c t i o n <ue.fi such 
t h a t f ( z ) = F ( « ( z ) ) . 

I n paper £ 5 } the f o l l o w i n g o l a s s of f u n c t i o n s was i n t r o -
duced 

Pk(A,B) = { p ( z ) = 1 + c k z k + o k + 1 z k + 1 + . . . € H : p ( z ) 

where A,B a re a r b i t r a r y complex numbers such t h a t | a | 4 1 , 
| B | < 1 and k i s an a r b i t r a r y n a t u r a l number» 

Now we i n t r o d u c e the f o l l o w i n g o l a s s 

S k U . B ) . . . . H , M f f t l 4 . 

I t i s easy to observe t h a t i f f t Sk(A,B) t h e n z f ' ( z ) / f ( z ) 
t a k e s v a l u e s i n some domain inc luded i n a h a l f - p l a n e w i t h 

^ ' This work^was p a r t i a l l y done du r ing the a u t h o r s ' s t a y 
a t the U n i v e r s i t e de Mont rea l , Mon t r ea l , Canada. 
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zero on the boundary and therefore f is univalent epirallike 
function. We also have that if is normalized, then 

(1) f e Sk(A,B) p(z) = zf'(z)/f(z) € Pk(A,B). 

The main purpose of this paper is to give some estimations 
for the coefficients of the functions f which belong to the 
class Sk(A,B). The estimations of |f(z)| and ff'(z)| 
in this class are also given. 

T h e o r e m 1. I f f e Sk(A,B) and | z| = r < 1, 
then 

( 2 ) r(1-|Bl: 
(1+|B|P 

(3) r exp Ji^H^[f( z)| < r exp if B= 0 

and 

(4) 

(11+ABr2k| + | A+B| r k) (1 + 1 B[ i^)*^"1 

(1 - |B| rK)ot+P+ if B / 0, 

(5) (l-|A|rk) 
IA!rk 

|rk) < |f'(z)| < (l+|A|rk) 
|A|r 
F~ 
k 

if B = 0, 

where for B £ 0 we put 
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Estimations of coefficients 3 

The results are sharp and we obtain equal i t ies in (2)-(5) 
for such functions f which sa t i s fy the following equation 

z f ' ( z ) 1 + A ez k . f l z i = jr> i ei = i . X [ z l 1 - B ezK 

P r o o f . In [ 5 ] i t was proved that i f f € Pk(A,B) 
and | z| = r < 1, then 

1-|A+B| r k + -|- (AB+AB)r2k 1 + [A+B|rk+-1 (AB+AB)r2k 

2 2 k <Re p(z) < , ,p ?k 
1-( B| z r 1 - |B| 2 r 

(8J ll+ABr2kl-[A+B|rk < f p ( z ) | ll+ABr2kU|A+B| r k . 
1 -| B | ̂ r 1 B| r 

if) It i s known that for z = 3 e we have the equality: 

(9) 9^ -108 [fU)/z| + 1 = Re {zf'(z)/f(z)} . 

Using (1), (7) and (9) we have 

(10) ^ - l o g | f ( , ) / , ] > - lA+Bl ^ ^ f ) ^ 3 ' 2 ! ^ ' 1 

Now i f B / 0 then 

r 
log|f(re i 0 )/(re i 0 )| = J ^ - log f f ((>ei9)/(Qe10 )| dq > 

0 ^ 

r 
> 

0 

f - fA'+B| + [Re(AB+1B| ^ q k k-1 . (l-lB|rk)*"P 
, 1-IBI V k * d * _ 1 ° S ( U l B l r V * 
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which gives the l e f t side of inequa l i ty (2 ) . I f B = 0, then 

r 
l o g | f ( r e i e ) / ( r e i e > | - |A | ç k ~ 1 dq = - ( A | r k / k 

0 

which gives the l e f t s ide of inequa l i ty (3 ) . 
In the same way, using (1 ) , (9) and the r i g h t s ide of (7 ) , 

we obtain the. r i g h t s ides of (2) and (3)» Now noting tha t 
I f ' ( z ) | - | f ( z ) / z | | zf ' ( z ) / f ( z ) | and using (1) , (8 ) , (2) and 
(3) we obtain immediately (4) and (5 ) . 

Now, to est imate the c o e f f i c i e n t s we w i l l need the f o l -
lowing lemmas: 

L e m m a 1* Let A,B,J]B|<1 be some given complex 
numbers and put 

w-̂  B + (A+B)/l, 1 = 1 , 2 , 3 , . . . . 

1°. I f [B | < 1 , then there e x i s t s a such n a t u r a l number 
1Q t ha t jw-L | 4 1 . 

o 
2 . I f f o r some na tu ra l number 1Q we have | w^ 

then f o r every 1 > 1 Q , we also have | < 1'. 0 

3°. I f f o r some na tu ra l number 1 • we have | w^ | > 1 , 
then f o r every 1 > 1Q we have 0 

| w , | 2 - 1 
(11) 9 

h i l 2 - 1 0 

P r o o f . 1°. Since lim = 0, then f o r every £ , 
l - o o x 

i n part icul&r f o r £ =t 1 — |B | > 0, there e x i s t s 1Q such tha t 
f o r every 1 > 1Q we have J-^pj < e = 1-( 'B| . Thus • | w^j = 

= |B + < JB|+1—|B| =1. 

2° . For every 1 > 1 0 the points w.̂  may be w r i t t e n i n 
the form 
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Estimations of c o e f f i c i e n t s 5 

(12) wx = (1-X) B +Jtw1 , where X = 1/1Q £ (0, 1 ] , 
o 

Because B and w, belong to the closed unit d i s c , then 
o 

w-̂  a lso belong to i t . 
3 ° . Since | B| < 1 < jwj | , then by (12) we have 

IwjJ < (1 -A) |B | +A|w 1 | < (1 -A) |w l | | = | w1 | 
0 0 0 0 

which i s equivalent to (11) . 
L e m m a 2. For any complex number3 A, B and natu-

r a l numbers k, q the following equality 

(13) iA+B|2 + 2 1 { O v k B + A + B l 2 - - { v k } 2 ] [ v T f l |p B + n r | ] 2 } = 

v=1 ji=0 J 

q-1 2 

p=0 

n 
holds, where by the definition we put JI] T v

 ! = ^ f o r 

_ , _ v=m n < m. 
P r o o f . I t i s easy to check that for q = 1 the 

equality (13) holds for any A, B and k. Suppose now that 
(13) holds for every q < p. Then for q = p+1 the l e f t s i -
de of (13) takes the form (using (13) with q = p) 

fA +B| 2 + 2 TpvkB+A+B| 2 - (vk)2] • | h b + h g t f ) + 

v=1 1 fi=0 J 

+ [ |pkB+A+B|2 - (pk)2] r i IfiB -
M=0 
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= Ctp-ttt n k B + i ^ | ] 2 {i4jpkB+A+B|2-(pk)2](pkr2} = 
p=0 1 J 

- f e n + L fi=0 J 

Thus (13) holds for q « p+1 and the proof of Lemma 2 is 
completed by induction argument. 

Now we prove two lemmas concerning the sums of coeffi-
cients for functions in the class Sk (A,B)* 

L e m m a 3. If f(z) = z+ak+1zk+1+ak+2zk+2 + ... 
... e Sk(A,B), then 

2k 
(14) (1-1 )2 i «xi 2 < |A+B|2* 

In particular for every natural number n such that 
k+1 < n 4 2k we have 

(15) |an|<|A+B|/(n-1). 

The estimations (14) and (15) are sharp and the extremal 
functions have the form 

A±B_ 
_ , C-njB 

(16) fn(z) « z(l-B£zn-1) , | el- 1. 

L e m m a 4« Let f(z) = z+ak+1zk+1+ak+2zk+2 + ... 
... € Sk(A,B) and let for every natural v a natural number 
7.j be defined as follows: v^ = min(v,v0), where VQ is 
the smallest natural number such that the inequality 
(B+(A+B)/(kv0)'|1 holds (if there is no such finite number 
vQ, then we put vQ = + <*> i.e. v^ = v). Then for every na-
tural number v we have 
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Estimations of coefficients 7 

(17) 

(v+1)k v r 1 

l=vk+1 1 u=0 

and 

v-1 

[ T ^ n | P B + i ^ | ] for v < v£ 

|»-0 

vo" 1 

K=0 

(18) 

(v+1)k 

V ] [|A +1B|
2 - ( l - D ^ l a J ^ 

ltvE+1 

< < 

v-1 

|i-0 

for v^Vg. 

P r o o f s of Lemmas 3 and 4. By the definition of 

S k(A,B) every function f e S k(A,B) satisfies the following 

equation 

(19) 

where 

zf (z) 1 + Acu(z) 
f(a) = 1 - B u l z ] 

(20) w(z) = bfcz
k + b f c + 1z

k + 1 + ... 
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The equality (19) may be written in the form 

z f ' ( z ) - f ( z ) = (Af(z) + B z f ' ( z ) ] to(z) 

or in the equivalent form 

«=>«> j- o-o -| oo 
(21) (1-1 J ^ a 1 = (A+B)z + ) ( A + l B ^ a 1 2 

l=k+1 l=k+1 'J q=l 
V q . 

k 

Now i f we put 

oo O*» oo oo 

l=2k+1 l=2lc+1 ME+1 q=k 

oo oe oo 
, h jz 1 - . * N | ( l - P a - ^ 1 - j (A+ lB-^z 1 • 

l=(v+1)k+1 1= (v+1)k+1 l=vk+1 

q=k 

then (21) takes the form 

z<> 

2k oo 
(22) | ( 1 - D a 1 z 1 + | d ^ 1 . (A+B)z &>(z) 

l=k+1 l=2k+1 

or 
(v+1)k oo 

(23) ( 1 - 1 ) ^ + ^ V 1 = 
Hlc+i l=(v+1 )k+1 

r v k i = (A+B)z + | ( A + l B j a ^ 1 co(z), 
L J v = 2 , 3 , . . , 
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Estimations of c o e f f i c i e n t s 9 

How, using Clun ie ' s method (see e . g . [ j ] - [ 6 ] ) , t h a t i s 
i n t e g r a t i n g squares of modulus on both s ides of (22) and (23) 
along o i r c l e { z : | z | = r } , applying the i n e q u a l i t i e s |u)(z)| < 1 
and [zu(z)j < 1 and taking r — 1 , we obta in 

2k 
(24) (1 -1) 2 | a i | 2 < |A+B|2 

l=k+1 

and 

(v+1)k vk 

v = 2 , 3 , . . . . 

Inequa l i ty (24) i s equivalent to (14) and not ing t h a t 

(•v+1 )k 
(26) ( n - D 2 [ a n j 2 < > ' (1-1 ) 2 [ a ; L | 2 , v k + K n < (v+1)k 

l=vk+1 

we obta in (15) . I t i s easy to see tha t f o r the func t ion f n ( z ) , 
given by (16) , we have 

Vz ) - z + ••• 
and 

z f ; ( z ) / f n ( z ) = (1+Atz n - 1 ) / (1 -B£z n - 1 ) . 

Thus f f l ( z ) € Sk(A,B) f o r n > k+1 and gives equa l i ty i n 
(14) and (15)* This completes the proof of Lemma 3. 
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To prove Lemma 4 we rewr i t e (25) i n "the form 

(v+1)k v-1 (fi+1 )k 
(27) ( l -1) 2 ( .a l | 2<|A+B| . 2+ 2 [ |A+lB | 2 - ( i -1 )2 | [ a J 2 . 

The i n e q u a l i t i e s (17) and (18) are proved by induot ion 
with respec t to v . 

For v = 1 the inequa l i ty (17) i s equivalent to (24) 
and t he r e fo re i t ho lds . 

The inequa l i ty (18) i n t h i s case has the form 

H=1 1 r I 

2k 
( 2 8 ) 

< 1 

0 f o r 

In the f i r s t case, by (24) and Lemma 1 (3° with 1Q = k) 
we have 

2k 2 
- l]|A+B|2. 
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In the seoond oase, by Lemma 1 (2° with 1Q =. k) we have 

| A+1BJ 2 - (1-1 )2 = (1-1 ) 2Qw l - 1| 2 - l ] < 0 for 1 >k+1. 

I t means that the l e f t side of (28) i s nonpositive as a sum 
of nonpositive numbers. Thus (28) holds in both cases and 
therefore (18) holds for v = 1. 

Suppose now that inequa l i t i es (17) and (18) hold for 
v = 1 , 2 , . . . t q . Then by Lemma 2, using (27) with v = q+1 
and (18) with v = q, we have 

I t means that (17) holds also for v = q+1. 
Now i f vQ > q+1, then by (17) with v = q+1 and by Lem-

ma 1 (3° with 1 = (q+1)k) we have 

(q+2)k ^ 1 

1= 

( q + 2 2 q o 

D w i 2 - ] s o - ^ s f c i - i t n ^ o -

• o - o ^ o » - i ] ["iq+Tji n & - t i ] 2 
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Thus (18) holds in t h i s case fo r v = q+i. 
I f vQ < q+1, then by Lemma 1 (2° with 1Q = (q+1)k+1) we 

have 

|A+1B|2-(1-1)2 = ( I . 1 ) 2 [ [ w w | 2 - 1 ] < 0 fo r 1 > (q +1)k+1 

and (18) holds because the l e f t side i s the sum of some non-
posi t ive nunfbers. 

By induction argument the proof of Lemma 4 i s completed, 
T h e o r e m 2 

. . . e Sk(A,B), then 
T h e o r e m 2. I f f ( z ) = z+a k + 1 z k + 1 +a k + 2 z k + 2 + 

v r 1 

(29) l a n l < ( n - l ) ( v . , - l ) l M l f B A+B 

v-1 

( n - l ) ( v - D i n \?»+JTTI 
H=o 

= < 
v o" 1 

(n-1) (v -1) t P I | f B + f o r v > V 
0 | i=0 

where v = ["TT"] ^ V v v
0
 3 1 8 d e f i n a < 3 i n Lamma 4. 

I f v = 1, then the inequa l i ty (29) gives sharp r e s u l t s 
f o r every n > k+1. The extremal funct ions have the form 
(16) . I f vQ > 1, then the inequal i ty (29) gives sharp r e -
s u l t s f o r n = vk+1 where v = 1 , 2 , 3 , . . . , v Q . In t h i s oase 
the extremal funct ions also have the form (16) where n-1 
i s replaced by k. 

P r o o f . The inequal i ty (29) follows immediately from 
(24) and (17). 

R e m a r k s : 
1. For A = 1 , B = m, k = 1 the .Theorem 2 coincides with 

Janowski 's Theorem 8 , [2]» 
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2. For A = (l+m)A-1, B = m, k = 1 it coincides with 
Plaskota's Theorem 1, [ 4 ] . 

3. For A = B = 1 and any arbitrary natural number k we 
obtain MacGregor's Theorem 1, £3]» 

3. If A =1, B.= m, k is arbitrary and v < vQ, then 
inequality (29) coincides with the estimate by Szynal*s Theo-
rem 7f [6], but for v > vQ these two estimations are diffe-
rent. In the proof of Theorem 7 ([6] p.117) there is a mista-
ke. Namely, for one factor of -the product it gives an upper 
estimation, but the other factor may be negative and the 
estimation is false in this case. For some special values 
of m, k and n the estimation for an in Theorem 7, [6] 
is better than the modulus of the n-th coefficient of the 
function (16) which belongs to this class, 

5. Theorem 8 in paper is also false, as it can be 
shown for the function 

Fa(z) = Af^tz) + (1-A) f£ (s), 

1 1 where k = 1, -A = 2 ' = ~£2 = 1» a - ̂  with functions 
f£(z) defined in C63 p.118. It seems that the author of pa-
per wanted to prove some other theorem which for the class 
Sk(A,B) may be written in the following form. 

T h e o r e m 3. If f,g e Sk(A,B) and G^ (A.€ [0,1]) 
is defined as follows 

(30) Ga(Z) = z (iog G^=A log f+(1-A)log g) 

then for every X e [0, 1] the function G^ also belongs to 
Sfc(A,B). 

P r o o f . To prove this theorem we need an obvious 
lemma. 
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L e m m a 5. Let H(z) be a convex, univalent funotion 
in U. I ? h^, h 2 are holomorp.hio in U and h1 -< H, 
h2 •< H, then for every X € [ o , 1] we have 

Ah., + (1 - A) h 2 -< H. 

From the def ini t ion of the olass Sk(A,B) we have 

h., (z) = z f ' ( z ) / f ( z ) -< (1+Az)/(1-Bz) = H(z), 

h 2 (z ) = zg ' (z ) /g (z ) -<(1+Az)/(1-Bz) = H(z). 

Thus for G^ defined by (30) we have 

= A z f ' ( z ) / f ( z ) + ( l-A)zg' (z) /g(z) < (1+AZ)/( 1-Bz) 

and since Q^iz) = t+ (3 la k + 1 +( l -A)b k + 1 ) z k + 1 + . . . , then 
Gx € S f c(A,B). 
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