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ON AN INVERSE PROBLEM IN ELASTICITY

1. Formulgtion of the problem
Let the simply connected plane domain D be bounded by
the closed curve { and x = (x44x5) be a poin1(: c)>f the pla-
1

nez %;et every straight line’ X, = ¢, where -oo X, ¢«

2

< X < 4+0o, have with the curv't(a )»{ exactly tv(vo)points in
1 2

common., The straight lines X, = X, and X, = X havs

(1 (1)
with th? ():um(re) { the only ons common point LI o x2)
2 2
and K{ X4, xa), respectivelyz %‘he others straight lines
2
X, = ¢ for ¢ < X, and @ > X, have no points in common

with (.

Let l be the part of { 1ying between the points N
and i in the positive direction on {. Let the parametrig
equation of the curve be = y(s), 1i.e. ¥, = y1(s),
¥, = y2(s), (y1,y2) el wi’ch s arc length of { .

The problem consists in finding the vector w(x1 Xy ) €
e ¢3(p) u c{l} and the vector 1](x ) € C (D), O< <1,
which satisfy the equation

(1) paw + (A+p) grad divw = I](x2), X = (x1,x2) € v,
and the following boundary conditions
(2) w(x) ¢ = f(s),
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o
E-]

t

(3) = g(s,),

[
=]

2

where p,A are constants, n = (n1,n2) is an external nor-
mal to {, and s, is arc length of C1.

It is assumed that

1° The curve | satisfies Lapunov conditions.

2° The veotor functions f and & are of the class
Cl(l) and C;((£1), respectively. ’

The above stated problem is a generslization to the theo-
ry of elasticity of the problems considered for Laplace’s
equation in [27] and [3].

Let w(x,) be an arbitrary vector of the class G2(D)
such that

(4) p oot (A+p) grad div w = p(x,).

Without any restriction we can assume that

(1) (2)
(5) wix,) =w(xy) =0,

gince, if the condition (5) would not be satisfied, then we
would subtract still arbitrary vector w,(x) such that (5)

is satisfied. ;
We seek the solution of the problem (1)-(3) in the form

(6) ' w(x) = u(x) +w"(vx2)'/.

where u{x) and (d(xz) are to be determined as a solution
of the problem '

(7 | pdu + (J.ﬂl) grad div u = 0,

(8) ul£ = £(s) ~w([3,(8)],

- 422 -



Inverse problem in elasticity

ay
)
(9) a—g L = g(s,) -w'[yz(so):l E“Ea'

The tiniqueness of the solution of the problem (7)~(9)
follows if we repeat the arguments given in [2], since the
maximum principle is valid for the equation (7) and, due to
the assumption 1% and (5}, the homogeneous problem {f = 0,
& = 0) possesses only zero solution. Therefore if the solu-~
tion exists, then it is unique.

2. The existence of the solution
From the potential methods in the theory of elasticity
it is known [1] that each vector of the form

(10) u(g) =—;—1-r f"]‘) G(g,y(s)) {f(s)-w[yg(s)]} ds, g €D,
{

satisfies the equation (7) and the boundary condition (8),
where

(11) B Glz,y) =T (x,y) + vi(x,y)

is the Green tensor of the first boundary value problem in

x F.4
the domain D, T = [Tij

rator

]2x2 is the generslized stress ope-

2 2

' x 39 )
2l Ty = B ny 53 ! E)J' S15¢9m »

-

J 3xi

MNx,y) = [Fij(x,y{]2x2 is the fundamental solution of (7)
with the components

T
axi xj

- A+3 A+
&= wla+2u) ° b = 2ur+2p) 7’
and v(x,y) 1is the regular part of the Green tensor.
| - 423 -

(13) rij(X,y) = &ij alnr ~-b (QEL) (%——),



4 R.Stanozak

) . o 0
Differentiating (10) over x, and x, and next integra-

ting by parts the expressions obtained for _Q_g-_ ’ 'ag ’
3x1 ax2

we then substitute them into the condition (9) and get for
0 ) o o

(x1, x2) — (;y1, y2) the following equation

71(8,)8 p5y-7y Tp(8)8 L5y,
(14) - S j 2 v (s)ds ~ o 2 p(slds +

{ {

+ %— [(xﬂx)a - 1] Bu(y) +

+/Taﬂ [(ac+p) r%,y) - B 1n r] plplds -
t .

(s,) vi(s,)
-125,,—"—2/1»(%,3) yi(olas + 1 [ar$,3) wis)as -
£ B

= gls,) = 35(8,) ' [72(80)] ,

. o 82v
where W(s) = f(s) -~w(y,(s]], P(%x,3) = o ds,
5 - 3x1an
Q(g,y) =/ ?,V ds, E is the unit marix and g is the

x28n
operator with the components

- d 2 .
ij = nj ayk - 0y a:’_j k,j = 1,2

Clearly y{(s) = cos(n,gz), y'z(s) = -GOS(H.§1)-
The constant 2¢ being arbitrary, let us now fix it in
such a way, that (c+pla -1 =20, 1i.e.

(15) ek
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From the classical potential theory it is known that on
the Lapunov curve L the last three integrals in (14) have

a weak singularity of order 0 (—%:;). rinally we obtain the
r

following system of integral equations with respect to
w'[yz(so)_]

2(s )E py,(s,)-y,(s)
(16) yileg o'y, (s,)] - g [ 2t vl ) [ry(s )4 -
{

x"z(so)lﬁ'/'-ara(sO )-y,(s)

57 | 2 vh(s)a'[y,(s)] as +
4
e / K(§.3) v4(s)er,(s)] ds = Es, ),

where

K(§.y) =45 [rw) F(E2y) - B 1n r] - y5(s 0(Fay) + v3(s, 05,0,

£/(s )ds-

~ AR AR AR ACR EACREAC)
g(s,) = &(s,) "ﬁj 2

¢
- %,r-f [yé(so) P(F.y) - ¥4(s,) Q(xor,y)] £/(s)ds.
4

The above system of integral equations consists of two
singular integral equations with the main part being the same
as in the integral equation considered in [2] and so it is
solvable. Due to the condition (5}, we get from (16} the vec-
tor a)(xz), from (10) the vector u(x), from (6) the vector
w{x), and finally from (4) the vector V(xz). Note that the
cnoice (15) of 3¢ is essential, since the kernel of the po-
tential (10) is in that case weakly singular on 4, [1].
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