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ON AN INVERSE PROBLEM IN ELASTICITY 

1 . PormaLajtion o f the problem 
Let ' the s i m p l y conneated p lane domain D be bounded by 

the c l o s e d ourve I and x = ( x 1 , x c > ) be a p o i n t o f the p l a -
1 * ( 1 ) 

n e . Le t e v e r y s t r a i g h t l i n e x 2 = c , where -«*» <. x 1 < c < 

< x „ < +«*», have w i t h the curve i e x a c t l y two p o i n t s i n 
2 ( 1 ) ( 2 ) 

common. The s t r a i g h t l i n e s x 9 = x 9 and x ? = x ? have 
( 1 ) ( 1 ) 

with the curve I the only one common p o i n t M( x . , . x „ ) 
( 2 ) ( 2 ) 1 2 

and N( x 1 , x „ ) , r e s p e c t i v e l y . The o t h e r s s t r a i g h t l i n e s 
1 * ( 1 ) ( 2 ) 

Xg = c f o r c < Xg and c > x 2 have no p o i n t s i n common 
w i t h I . 

Le t be the p a r t o f I l y i n g between the p o i n t s H 
and M i n the p o s i t i v e d i r e c t i o n on ( . Le t the p a r a m e t r i c 
e q u a t i o n of the curve be y = y ( s ) , i . e . y 1 = y ^ s ) , 

y 2 = 3 r 2 ( 8 ) » € ^ w i t i l 8 8 3 7 0 l e n « t h o f ^ ' 

The problem c o n s i s t s i n f i n d i n g the v e c t o r w ( x 1 , x 2 ) e 
€ 0 2 ( D ) u C 1 ( t ) and the v e c t o r ] f ( x 2 ) € C ^ D ) , 0 < o t < 1 , 
which s a t i s f y the e q u a t i o n 

( 1 ) fi A w + (A+y) g r a d d i v w = ç ( x 2 ) , x = ( x 1 , x 2 ) e u, 

and the f o l l o w i n g boundary c o n d i t i o n s 

( 2 ) w < x ) | ( = f < 8 > » 
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(3) « I . 
l 1 

where , X are constants, n = (n^iig) is an external nor-
mal to and sQ is arc length of t^. 

It is assumed that 
1° The curve I satisfies Lapunov conditions. 
2° The veotor functions f and g are of the class 

and c£j(' ) , respectively. 
The above stated problem is a generalization to the theo-

ry of elasticity of the problems considered for Laplace's 
equation in [ 2 ] and [ 3 ] . 

Let <o(x2) be an arbitrary veotor of the class C^(D) 
such that 

(4) j iAu+ (Jt+|i) grad div co = ip(*2 ) . 

Without any restriction we can assume that 

(1) (2) 
(5) u ( x 2 ) = co(x2) = 0, 

since, i f the condition (5) would not be satisfied, then we 
would subtract s t i l l arbitrary vector co^ix) such that (5) 
is satisfied. 

We seek the solution of the problem ( l ) - ( 3 ) in the form 

(6) w(x) = u(x} +co (x 2 ) , 

where u(x) and c>)(x2) are to be determined as a solution 
of thé problem 

(7) pAu + (A+p) grad div u = 0, 

(8) u|t = f ( s ) - w [ 7 2 ( s } ] , 
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l1 

The uniqueness of the solution of the problem (7 ) - (9 ) 
follows i f we repeat the arguments given in [ 2 j , since the 
maximum principle is valid for the equation (7) and, due to 
the assumption 1° and (5) , the homogeneous problem ( f = 0, 
€ = 0) possesses only zero solution. Therefore i f the solu-
tion exists, then i t is unique. 

2. The existence of the solution 
Prom the potential methods in the theory of elasticity 

i t is known [ l ] that each vector of the form 

(10) u(x) J t G(x,y(s ) ) | f ( s ) - « [ y 2 ( s ) ] | ds, x e D, 
I 

sat is f ies the equation (7) and the boundary condition (8 ) , 
where 

(11) G(x,y) =T (x,y) + v(x,y) 

is the Green tensor of the f i r s t boundary value problem in 
* r * n 

the domain D, T = [ T i j j 2 x 2 i s S e n e ral i z®d 3tress ope-
rator 

(12) * ± . . - U + M ) n. ^ (a5 S l j V - k > 

r ( x j y ) = 2x2 i s t i l e fundamental solution of (7) 
with the components 

(13) r i j ( x , y ) - 4 ± d a in r - b ( § § - ) (-§§-), 

« - A+3u. v. X + u 
a " ' D ~ 2Ha+2p) ' 

and v(x,y) is the regular part of the Green tensor. 
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D i f f e r e n t i a t i n g (10) over x1 and x 2 and next i n t e g r a -

t i ng by par t s the expressions obtained f o r »-^jf- • 
3x1 3X2 

we then s u b s t i t u t e them in to the condi t ion (9) and get f o r 
o o o o 

(x.p x 2 ) — y 2 ) the fol lowing equation 

y i ( s )E / y 1 - y 1 . yi,(s )B p y~-y0 
(14) . - l ^ f - l - ^ ^ i s H s . - ^ - J ^ ^ i s U s , 

I I 
+ \ [{ac+p)a - 1] Bf! (v) + 

+f-k [(x+fi) T(y ,y) - B In r ] ( i(y)ds -
I 

- ^ Z x V"(s)ds + Z l ^ a l / , Q ( § , 3 r ) V ' ( 8 ) d 8 = 
I I 

- e ( s 0 ) - 7 j ( s 0 ) c o ' [ y 2 ( s 0 ) ] , 

2 
where v ( s ) = f ( s ) -fc>'[y9{s)] , P(x,y) = f - f - ^ ds , 

/ 3 x 1 3 n 
, 0 , P a v ' Q(x,y) = / 1—ds, B i s the unit marix and ¿A i s the 

rf 3x23n 
operator with the components 

Clearly y^fs ) = c o s ( n , y 2 ) , y 2 ( s ) = - c o s i n , ; ^ ) . 
The constant zc being a r b i t r a r y , l e t us now f i x i t i n 

such a way, tha t ix+fi)a - 1 = 0 , i . e . 

(15) * oc+jjr 
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iTom the c l a s s i ca l potential theory i t i s known that on 
the Lapunov curve I the l a s t three integra ls in (14) have 
a weak s ingular i ty of order 0 ^—{^j* f i n a l l y we obtain the 

following system of integral equations with respect to 

« ' [ y 2 ( s o 0 

yi ( s 0 )E 7 , jr1(B«>y1(s) , „ (16) E ^(«0 )« 'Dr2 ( .0 ) ] - - T g - / 2 y^(s)cJ'[y2(s)]ds 
I r 

- - ^ - g r j rg y£(«0«'Oz<8>] ds + 

I 
+ b y ^ ( 0 < y 2 ( s ) ] ds = g(so), 

where 

K(?.y) [(*+fA)r(y,y) - E m r j - y£(s0)P(?,y) + y^(s0)Q(?,y), 

g(s0) = g(s0) ^ f ( s ) d s " 

- h i [y2<so> - f , ( s ) d s -
£ 

The above system of integra l equations consists of two 
singular integra l equations with the main part being the same 
as in the integra l equation considered in [ 2 ] and so i t i s 
solvable. Due to the condition (5), we get from (16) the ve,c-
tor u ( x 2 ) , from (10) the vector u(x), from (6) the vector 
w(x), and f i n a l l y from (4) the vector 7 ( x 2 ) . Note that the 
choice (15) of ac i s essent ia l , since the kernel of the po-
t en t i a l (10) i s in that case weakly singular on -t , [ l } . 
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