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TOPOLOGICAL PROPERTIES OF C-NETS 

1. In t roduct ion 
The purpose of t h i s paper i s to study the topological and 

algebraic proper t ies of c -ne t s , more general systems than 
nets (A.Blikle [ 3 ] ) . A c-net i s a poset with zero, in which 
every directed subset has a l e a s t upper bound. In a c-net 
a monoid operation i s def ined. I t i s d i s t r i b u t i v e with r e s -
pect to the l ea s t upper bounds of d i rected s e t s . 

A T0-itopology (cal led h e r e a f t e r a topology induced by 
a p a r t i a l order) i s introduced in the c -ne t . (compare with 
D.Scott [4D). According to D.Scott a complete l a t t i c e L i s 
continuous, i f f o r each y 6 L : y = V { x e If : x whe-
re x y y 6 Int {z e L : x < zj-; the i n t e r i o r i s in the 
sense of the topology induced by a p a r t i a l order in L.D.Scott 
proved that the i n fec t ive TQ- topological spaces are exactly 
continuous l a t t i c e s . The following problem a r i s e s : does there 
ex i s t a theory of continuous posets , tha t genera l izes the theo-
ry of continuous l a t t i c e s ? In t h i s paper D.Scot t ' s conception 
of continuous l a t t i c e i s generalized i n a na tu ra l way and fun-
damental theorems are proved. 

2. Symbols and d e f i n i t i o n s 
Let C^, Cg be posets and tp be a mapping from Ĉ  in to 

C5. We say that- tp i s monotonie i f i t preserves order i „ e . : 
a ,b e 01 and a < b imply Cp(à) <«f (b ) . The mapping <p 
i s continuous ( in the algebraic sensé) i f : f o r every non-empty 
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2 J.Skuoha 

directed set D £ C1 f if there exists the join V d in C1 
then there also exists the join (d) : d e D^ in C^ and 
the following equation is satisfied: =V{(p(d)':d e d}. 

In this paper we shall consider only non-empty directed 
sets. Let C1 * ... x C n (p >1) denote the direct product of 
a family posets C^,...,^. 

R e m a r k 2.1. The mapping <pi C.j * ... * C Q — C is 
monotonic if and only if it is monotonia with respect to each 
variable separately. 

T h e o r e m 2.2. Let 0^,...fC , C be posets such 
that every directed subset of C^ (i = 1,...,n),C has a 
least upper bound. Then any mapping <p : Ĉ  * ... * C n — • C- is 
continuous if and only if it is continuous with respect to 
each variable separately. 

The proof is analogous to the one given in [4] th.2.6 by 
D.Scott. So we omit here the details* 

D e f i n i t i o n 2.3. By a c-net we shall mean the 
relation system <C;<, 0 , 0, e> such that: 

1. is a poset with least element 0, in which 
every directed subset has a least upper bound. 

2. (Oj 0 , 0, e ) is a semigroup with zero 0 and unit e. 
(the binary operation "o" is called a composition). 

3. the composition "oM is continuous. 
R e m a r k 2.4. The composition "o" is monotonic. 
E x a m p l e 2.5. C-net of continuous operations. 

Let P be a poset with least element 0, in which every di-
rected subset has a least upper bqund. Furthermore, let F 
denote the set of all continuous mappings of the set P to 
itself such that f(0) = 0 for each f e F. We introduce 
the partial order in F in natural way: if f^ ,.fg e F then 
f1 ^ ^2 ^ f o r 9 V e r7 x € P. Let us introduce 
a partial operation of the least upper bound in F: if 
{f ia a directed set then / V f+V*) = V 1 v t c x VteT *•/ t€T x 
for every x € P. The relation system , 0 , 0, E^ is 
a c-net provided that (f.jOfgMx) = f^f^x)) fdr levery 
x e P and 0(x) = 0, E(x) = x for every x 6 P. 
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D e f i n i t i o n 2 . 6 . A mapping h : C., — * C 2 

where < C.,; 0 1 , e.,> , < C 2 ; < 2 , o 2 , 0 2 , e 2 > are 
c - n e t s , i s sa id t o be a homomorphiam i f and only i f the f o l -
lowing c o n d i t i o n s are s a t i s f i e d : 

(h^) h i s con t inuous , 
(hg) h p rese rves the composi t ion, t h a t means: h(xlo^y) = 

= h ( x ) o ^ i ( y ) f o r each x ,y e C.,, 
(h 3 ) h(p.,) = 0 2 ; h ( 0 1 ) = e 2 . 
A homomorphism h : C., — C 2 i s c a l l ed a f u l l one i f 

the fo l lowing c o n d i t i o n i s a l s o s a t i s f i e d : 
(hQ) i f { h i a t ) } t e T i s a d i r e c ' f c e ^ 8 0 * a n ^ V k(a-(J = 

= h( a) then t h e r e e x i s t : a d i r e c t e d s e t T-k-tJ-fceT and b £ C, 
such t h a t h ( b t ) = h ( a t ) f o r each t € T, h(b) = h(a) and 
V = b. 
teT T 

Any f u l l homomorphism h : G^—»-C2 which i s "one-one" 
and "onto" i s c a l l e d an isomorphism. 

T h e o r e m 2 . 7 . Every c - n e t C can be embedded i n 
the c - n e t F of cont inuous o p e r a t i o n s . 

Out l ine of a p roof : Since C i s a c - n e t , i t i s a poset 
wi th the l e a s t element 0 , i n which each d i rec ted- subse t has 
a l e a s t upper bound. Let P be the s e t of a l l cont inuous 
mappings f : C —*-C. For each a e C we d e f i n e a cont inuous 
mapping f : C — a s f o l l o w s a 

f . ( x ) = a o x f o r each x 6 C. 
a 

Let now m : C —»• F be a mapping such t h a t m(a) = f_ f o r 
8 

a € C. I t i s easy to v e r i f y t h a t "m" i s an isomorphism 
(compare d e f . 2 . 6 ) . 

3. Topology in a c*-net 
We d e f i n e the open s e t s i n a c - n e t as f o l l o w s : 
d e f i n i t i o n 3 . 1 . Let U £ C; U i s an open 

s e t i f and only i f i t s a t i s f i e s the fo l lowing c o n d i t i o n s : 
( 0 . ) I f x e U and x < y then y e U. 
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4 J.Skucha 

(02) Whenever D S C is a directed set and V d 6 U then 
D r, U 0. 

The sets satisfying (0^) and (O2) form the topology in-
duced by the partial order in a c-net C. Therefore C becomes 
a topological T0-space. 

Now we can generalize the theorem which was proved for 
the complete lattices by D.Scott (C4], th.2.5). 

I h e 0 r e m 3.2. If C, C' are posets with their to-
pologies induced by the partial order and in which each di-
rected subset has a least upper bound then a mapping fsC —*-C' 
is continuous in the topological sense if and only if for each 
directed subset D £ C there exists V ^ C d ) : d € d} in c' 
and the following equation is satisfied: 

(a) f(VD) =V{f(d) : d e D}. 

P r o o f . Let us assume that for each directed set 
D S C there exists \ / ^ f ( d ) : d e d} and the condition (a) 
is satisfied. Then let U' be an open set in C' and U = 
= {x fc C : f(x) e U'} . We shall prove that U is open in C. 
Since f is monotonic and U' is an open set in C', if 
x € U and x ^ y, we have: f(x) < f(y) € U'. Therefore 
y e U, so the set U satisfies the condition (0^) from the 
definition 3.1. Let now V d € U for a directed set D S C , 
so f(VD) e u'. Hence V{f(d) : d e d} 6 u' and U' is 
open then there exists d 6 D such that f(d) € U' i.e. 
d € U thus D n U / (I, 

Conversely: Pirst we shall show that a mapping f : C — 
continuous in the topological sense is monotonic. Let us sup-
pose that x,y 6 C and x < y. If f(x) ̂  f(y) then 
f(x) e U' = {z : z ti f(y)} and U' is an open set in c'* 
Consequently x 6.f~1(U') £ C. But x « y, therefore 
y e f"1(U'} so f(y) € U', which is a contradiction to the 
definition of U'. 

Let now D be a directed subset in C, then {f(d)-:d 6 D} 
is a directed set in C', so there exists the least upper 
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Topological p roper t i es of C-nets 5 

bound V { f ( d ) : d e D^. Let us consider -any open se t U' i n 
C ' . I f f ( V D ) e U' then V d e U = f 1 ( ' U ' } and aocording 
to the d e f i n i t i o n of an open se t there e x i s t s an element d € E 
such tha t d e U = f " 1 ( u ' ) . Hence f ( d ) $ V' and v { f ( d ) : 
: d e D } C i j 1 , On the other hand, i f V { f ( d ) : d € D} e U' 
there e x i s t s an element d 6 D such tha t f ( d ) 6 U' i . e . 
d € U = f " 1 ( U ' ) . But d< VD, consequently: V d e U = 
= f - 1 ( U ' ) , thus f ( V D ) 6 U' . We conclude tha t V { f ( d ) : 
: d€ J e D ' ^ f l V H ] € U' . C i s known to be a topologica l 
To-space which means the open s e t s d i s t i ngu i sh po in t s . This 
implies t ha t the condi t ion (a) i s f u l f i l l e d . 

4. Theorem concerning topology i n a d i r ec t product of 
c -ne te . 

The d i r ec t product of a family { C o J ^ g of c -ne t s i s 

the c-net 3C = < H j < , ° , 0* B > , where: H = f~l i s 
ote£ 

the c a r t e s i a n product of a family " ( c ^ ^ g j . . We introduce 

the p a r t i a l order "by the components" i . e . : i f h^,h^ € H 
then h1 < h 2 h^ot) < h 2 («) f o r each ot € Z . We define 
the operat ions as fo l lows: i f { h - j j i s a d i rec ted se t 
then I V = V f o r each ot € Z ;{h..oho)(o0 = 

\ t«T v teT ' 1 2 

= h^(<x) ° h 2 ( a ) f o r each a ( 2 , The func t ions 0, E are 
the d is t inguished elements of H, where 0(«) = 0,-, , E(ol) = 

Mot 

= e„ f o r each ot € 2 ; 0r , en are zero and unit in the Mot ^ot ^oi. 

c-net C ^ correspondingly. I f C<̂  = C f o r every ot e £ then 
we wri te CZ ins tead of PI C„, and C^ i s ca l led the 

cteS 01 

d i r e c t power of a c-net C* 
Let C be a c-net with the topology induced by the pair-

t i a l order . We def ine a binary r e l a t i o n •»•<« i n C as f o l -
lows : 

D e f i n i t i o n 4.2« (D*Scott [4])-. For x,y € C: 
x < y y e Int •{ z ; x 4 z}, 
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6 J.Skucha 

D e f i n i t i o n 4.3« A c-net C is continuous i f 
and only i f for every y e C: the set •{ jc : x •< y j is d i -
rected and y = V { x : x -<y}. 

L e m m a 4.4. Let C be a c-net. For ever?' y € C 
the following conditions are equivalents 

1. A set { x : x -< y} is directed and y = V { x : x -< y } . 
2. For each open set U in C the following condition 

holds: i f y e U then there exists x € U such that x y. 
P r o o f . Suppose, condition 1 i s sat is f ied. I f 

y =X/ {x : x -< y}• and y e U then by the definition of an 
open set there exists x € U such that x -< y. I f condi-
tion 2 is satisf ied, we shall prove f i r s t that Y = ^x : x -< y} 
is a directed set. Let x^,x2 € Y. Then y e Int{z : x^ < z} 
and y e Int{z; Consequently y e Intfz : x^ < z} rv 
n Int{z : x2 < = Int{z : x1 < z and x2 < a}.» By virtue 
of condition 2, there exists x e Int{z : x^ 4 z and x2 < z } 
such that x -i y. Thus x^ ^ x, x2 < x, x -< y and Y is 
a directed set. Obviously v { x : x ^ y } < y. I f a = 
= V< [ x : x -< y} ^ y then y e U = { z : z £ a } and there 
exists x e U such that x -< y. But then x -< y implies 
x < a , a contradiction. 

E x a m p l e 4.5. The c-net, which is not conti-
nuous. 1 

The c-net C consists of the closed inter-
>1/2 val of the real numbers <1/2,1> , the 

/ elements 0 and e, as on a diagram. 
0 

We define the composition as follows: 
0 ® x = xoO = 0* 
e o x = x o e = x for each x e C, 
x o y = min(x,y) for x,y <1/2,1 )> . 

Let us take an open sev- U = < 1 / 2 , 1 > v j { e } s C . We shall 
show that there does not exist x € U such that x -< e. If 

x -< e then x < e, consequently x = e. But P -< e 
e 6 Int{z : e < z} B = { z : e 4 z } is the open set. 

The set B is not open, because the least upper bound of the 
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Topological properties of C-nets 7 

set <1/2,1) belongs to B, but the elements of the set 
<1/2,1) don't belong to B. 

T h e o r e m 4.6. The direct product Of = <H;<,° ,0,B> 
of a family { c « } , * ^ t i l e continuous c-nets i s a conti-
nuous c-net . Moreover the topology induced by the par t i a l or-
der in H coincides with the product topology. 

Before we prove Theorem 4.6. We sha l l prove the following 
lemmas. 

L e m m a 4.7 . For every f i n i t e sequence of indices 
« ^ , . . . , 0 ^ e Z , a set of the form X={h€H:h(o(i)eUot , i= l , . . . ,n} , 

where Û  are the open sets in Ĉ  for i = 1 , . . . , n , i s 

open in the topology induced by the par t i a l order in H. 
P r o o f . If h € H and h < h1 • then hfo^) h1 (o^), 

i = 1 , . . . , n . Since Û  i s an open set for i = 1 , . . . , n 

then h.,(oL) € U. and h1 € X. If V € X, where 

W
1 * " i 1 UT x , v 

+ i s directed in H then V M 0 ^ ) = V 
teT x 1 VteT V 1 

e U . U. i s the open sa t , therefore there ex i s t s t . € T 
i i 1 

such that h (<*., ) e , i = 1 , . . . , n . Consequently there i s t i i a± 
h t e "t-^tl-tpj such that h t ^ h t for i = 1 , . . . , n . Since 

o i o 
h+ ( « . ) € U. and are the open se t s , h+ (oc., ) 6 

t i 1 « i To 1 1 
for i = 1 , . . . , n . Thus h t € X and { t̂}-fc€Qi O X ¿ 0 . 

O 

L e m m a 4.8. If U £ H i s an open set in the topo-
logy induced by the par t i a l order then for every OL eEtp^JU) = 
= -{h(o() : h € u} i s an open set in the topology induced by 
the par t i a l order in C^ ( i . e . the projections are open map-
pings in the topology induced by the par t i a l order). 

P r o o f . If h(d) € P^iU) and h(ot) < c e C^ then 
l e t h.jioO = c and h^ot') = h(ot') for ocVot. So we have: 
h^ € U and ĥ  (ot) = c € because h ^ h1 and h € li. 
If i s directed in C^ and V c t € P„JU) then 

t cT 
there ex i s t s h € U such that h(oc) = \/ c+. Let now 

ttT X 
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8 J . S k u c h a 

J a t ( o O = c t a n d i a t ( o c ' ) = h ( c x ' ) f o r o c V o c . '-The s e t 

i s d i r e c t e d a n d h = \ / h ^ € U . H e n c e t h e r e e x i s t s 

t 0 e T s u c h t h a t h t 6 U a n d h t (<x) = c t € P ^ U ) . C o n -
O 0 0 

s e q u e n t l y P ^ i U ) i s o p e n i n t h e t o p o l o g y i n d u c e d b y t h e p a r -

t i a l o r d e r i n C . 

L e m m a 4 . 9 . L e t I~1 W_ £ H = P I C . , w h e r e 
ot€ S « t f S 

W ^ = C ^ f o r a l l e x c e p t f i n i t e n u m b e r o f e Y . T h e n 

I n t n W ^ = n I n t W ^ ( i n t h e t o p o l o g y i n d u c e d b y t h e 

p a r t i a l o r d e r i n H ) . 

P r o o f . A n e l e m e n t h b e l o n g s t o I n t I~1 W « i f o les 
a n d o n l y i f t h e r e e x i s t s a n o p e n s e t U s u c h t h a t h € U S 

£ I " ! W . , H e n c e f o r e a c h d . e 2 : h ( o i ) € p _ , ( U ) £ W . . B y 
ot €2 * <* oC 

Lemma 4 . 8 we h a v e t h a t P ^ U ) a r s o p e n f o r e a c h ex. € 2 , 

s o h ( o ( ) € I n t W ^ a n d h € H I n t W ^ . C o n v e r s e l y : i f ' 

h € f l I n t W « . t h e n h ( c c ) € I n t W«* f o r e a c h ot 6 2 . 
<x€S 

H e n c e t h e r e e x i s t s a n o p e n s e t U ^ s c ^ s u c h t h a t h ( o t ) € 

€ U ^ c . W ^ f o r e a c h oc e 2 a n d 1 1 ^ = W « . f o r a l l e x c e p t f i -

n i t e n u m b e r o f ot € £ . C o n s e q u e n t l y h e U ^ £ W^ 

a n d I~ ] i s o p e n i n t h e t o p o l o g y i n d u c e d b y t h e p a r t i a l 

o r d e r i n H* H e n o e h € U £ F l W„. a n d h € I n t [ " T W . . 
o t e 2 04 o£€Z 01 

L e m m a 4 . 1 0 . I f $ i s a f i n i t e s u b s e t o f t h e s e t 

Z a n d h ^ e H s u c h t h a t : 

c ^ f o r ot € $ 

0 f o r ot fL $ 

t h e n : h -< h ^ ^ = » h ( c c ) - < h | ( o t ) f o r e v e r y <x e 2 ( t h e r e l a t i o n 

i s i n t h e s e n s e o f t h e t o p o l o g y i n d u c e d b y t h e p a r t i a l 

o r d e r ) . 

P r o o f , h -K e I n t { k ,: h 4 k } h ^ e 

€ I n t n { k ( < * } : h ( c i ) < k ( o t ) } = f l I n t { k ( o f ) : h ( o t ) < k (<* ) } 
c u e E o i e s 
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(by ^erama 4 . 9 ) . That way we see t h a t h h ^ i f and only i f 
hj(oW € I n t { k ( a ; : h(<*/ < f o r every & e £ <=*ii(o(Mh${oc) 
f o r every ot e Z . 

P r o o f of theorem 4 . 6 . Any element h £ n can be 
w r i t t e n i n the f o l l o w i n g form: h = V ha., whore Z i s a 

f e z * 
f a m i l y of a l l f i n i t e s u b s e t s of the s e t 2 and f o r each 
$ € Z the r e i s 

y « ) = 
h ( « ) f o r <* e $ 

0 f o r a fi i . 

The s e t i s d i r e c t e d , F i r s t we s h a l l prove t h a t the 
c - n e t H i s con t inuous . Let h = N/ h i e H and Ph = 

, $ 6 Z n 

= { k e H : k We s h a l l show t h a t the s e t P^ i s d i r e c t -
ed . I f k 1 f k 2 6 p^ then k^ -< h f -< h and •k1-< \/r. ^ J » 

. V h x . Consequent ly V h* £ In t {h : k 1 ^ hV and 
$ € Z 1 I J 

Int {h k 2 < h} . 
§ € Z 

y h $€Z 
such t h a t k 1 < h^ , k 2 -< h j 

Hence t h e r e e x i s t , $ 2 e Z 

Then by Lemma 4 . 1 0 

k ^ c i ) -i h^ (<*) 

k^ot ) = 0 

k 0 ( a ) (<*) 

k2(o«) = 0 

f o r 

f o r 

f o r 

f o r 

a e $1 

o( 6 

o« 4 $ 2 . 

I f oi € $T rs $ 2 then t , {«*)-< h | ( a ) = h(<x), k2(oc) -< h^ ( «} 

h(c<) but the c - n e t C,* i s cont inuous so t h e r e e x i s t s » 

CoC € C0C such t h a t 

k 1 ( o c ) < o^ htoc) = t j (ot) 

k2 (ot) < Cot -< h(oc) = ( « ) 
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10 J.Skucha 

Let now 

k(a) 

for Ot £ »1 
k 2 (a ) for OC 6 *2 

coc for « € »1 r> $ 2 

0 for « t *1 u $2* 

Obviously k1 < k, < k and k -< h. Then P^ ={k:k h} 
i s directed. Moreover P^ = {k : k •( = {k t H : k •< h^ for 

some $ € z}= L J {k € H : k •< h|}= ( J P ^ , where P ^ = 

= {k e H : k •< h -̂} i s the direoted set , for each i e Zj so 

( v p h l ) < « > -

V k(oc) for <* e $ 
k(otHhj(oi) 

0 for a i. $1. 

Consequently ( V ^ h i ) ^ = kj(oi) because the c-net C i s con-
tinuous and V^hf = f o r e a c l 1 Thus 

V r „ 
z * 

h. 

In th is way we have proved that the c-net H i s continuous. 
Final ly we sha l l prove that the product topology in the c-net 
H coincides with the topology induced by the par t ia l order. 
Let U be an open set in the induced topology in H and 
l e t h = V hi « U» Thus, there ex i s t s $ € Z such that 

f e z * ° 
hi € U and 

•o 

h 4 (oO = 
Mot) 

0 

for 

for 

« 6 *c 

«* i f r 
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Topological properties o f C - n e t s 11 

Since H i s continuous, Lemma 4.4 implies ex is t ing h'€ U 
such that h' •< h| . Consequently h^ € In t {k : h' < k } £ U. 
Moreover 0 0 

Int { k : h ' < k } = Int IH {k(oi ) : h' (a ) < k ( d ) } = 
deZ 

= n Int { k ( « ) î h' (<x) < k(oi ) } = n w., 
1 J „ces 04 

where 

Wot " * 

I n t { k ( d ) : k ' (oc) < k(oc)} f o r a 

0- f o r 

We have h € JT^, W^ £ U, because h j < h. Lemma 4.7 implies 

that n 
oceS 

W* are open in the induced topology, consequently 

they form a basis f o r the open sets in this topology. On the 
other hand i t i s known that 
product topology. 

f t e m a r k 4.11. 
0, 3 > 

n 
ot€2 

form a basis f o r the 

- < H ° * » 
o » » 

« e S 
i s continuous c-net then 

P r o o f . Let c 

I f the d i rect product 
of a family { c o c } 0 ( € 2 : 

tf-

of the c-nets 

i s continuous, f o r each a. e Z 

e C^. We shal l show that a set 
F<* = { c d : c<* c } directed and c = V P d « This resul ts 
from the fac t that P = { k : k -< h} i s directed and V P = & 
f o r h € H such that h(oc) = c and h(ot')1 = 0 f o r ol' ¿ a . 

D e f i n i t i o n 4.12. A T0-space T i s i n f e c t i v e 
i f and only i f f o r any spaces X and Y such that X i s a 
subspace of Y, every continuous function f : X — • T can 
be extended to a continuous function f : Y — T . Following 
diagram i l l u s t r a t e s the above de f in i t i on 

X £ Y 

\ / = f . 
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12 J.Skucha 

E x a m p l e 4.13. The two-element Boolean algebra 
A = {o, e} (0 < e) i s a c-net i f we mean the operation of 
the greatest lower bound as a composition. In this c-net the 
par t ia l order induces the T -topology. The topological space 
defined in th is way i s infect ive . Note, that the c-net A 
which i s s direct power of the c-net A i s an infect ive space 
in the product topology (D.Scott [4] th .1 .3 ) . f i n a l l y , since 
the c-net a i s a continuous l a t t i c e , the product topology in 
a coincides with the topology induced by the par t ia l order 
(D.Scott [4] th .2 .8 , th .2 .9 ) . 

5. Topological re t ract of a c-net 
Let C be a c-net with the topology induced by the par-

t i a l order, following theorem gives a suf f ic ient condition 
for the topological re t ract of the c-net C to be a c-net too. 

T h e o r e m 5.1. If a mapping j : C —^C i s a r e -
tract ion such that (*) ; j (x )oy - x o j ( y ) for each x,y e C 
then the topological re t ract j(C) = T i s a c-net with r e s -
pect to the res t r i c t ions of the par t ia l order, the l eas t upper 
bound of the directed sets and the res t r i c t ion of the composi-
tion in C. Moreover the subspace topology coincides with the 
topology induced by the part ia l order in the re t rac t 'J?. 

P r o o f . i'he part ia l order " in the set T i s 
the res t r i c t ion of the part ia l order "< " because the map-
ping j i s monotonic. Since the mapping j i s continuous 
and o(Vl>) = V{ j (c l ) : d f 1)} = V c in T for any directed 
set D £T, the set T i s closed with respect to the leas t 
upper bounds of the directed se t s . If x,y e '£ then j ( x o y ) = 
= j (x o y) o e = ( x o j ) o j ( e ) = (x o j ( y ) ) o e = x o y . Thus the 
set T i s closed with respect to the composition. The e l e -
ment 0 i s the least element in T because j (0 ) = j ( 0 ) o e = 
= Ooj (e ) = 0 and the mapping j i s monotonic. The element 
ê  = j ( e ) i s unit in !C because e ^ o x = j ( e ) o x = e o j ( x ) = 
= e ox = x and s imi lar ly xoe^. = x for each x e T. The 
set T i s a semigroup with zero 0 and unit e1 = j ( e ) and 
"O" i s the composition just l i ke in the c-net C. Moreover, 
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i f x e T and D c t i s a directed set then xo\/D = 
= V { x o d : d e D} and V d O X = V { d O X : d e d} . In th is 
way we see that the set T i s the c - n e t . 

Next w e ' l l show that the subspace topology coincides with 
the topology induced by the par t ia l order in T. Since the 
part ia l order in T i s the same as in G then, of course, 
every open set in the subspace topology i s open in the topo-
logy induced by the part ia l order in the spaoe I too. On 
the other hand: i f a set U i s open in T = { x 5 x = 3 fx)} 
then w e ' l l show that U = A r> T, where A = { c e C:'J(c)"€ Û  
i s open in C. F i r s t we ' l l ver i fy the conditions of the de-
f i n i t i o n 3 . 1 . for the stet A. {0^} I f x e A and x < y 
then j ( x ) < j ( y ) and j ( x ) € U. The set U i s open in T 
so j ( y ) € U and consequently y e A. (0 o ) I f \ / c + € A 

I \ t e T 
for a directed set {c-tj-tgQi then V c^ e U and 

V 3(c+) € U. Hence there e x i s t s t € T such that j ( c + )eU 
teT * 0 t o 
and c+ 6 A. The set U i s contained in the set A because 

*o 
U £ T. I t i s evident that U £ A r* T. Conversely, i f x e A 
and x e T then j ( x ) e U and x) = x . Hence x e U then 
U = A n T. 

The contrary theorem ( i . e . i f a topological r e t r a c t of 
a c-net i s a c-net and the subspace topology coincides with 
the induced topology then the r e t r a c t i o n - a mapping j sa -
t i s f i e s the condition ( * ) ) i s not true. The following exam-
ple shows i t : 

E x a m p l e 5 . 2 . Let C be an arbi trary c-net 
(ICI >2} and A = { o , e } be the c-net of the example 3 . 3 . 
A i s a topological subspace of the space C. The subspace 
topology coincides with the topology induced by the par t ia l 
order in A. We define the mapping j : C—* A as follows: 

j(O) = 0 ; j ( x ) = e f o r x i 0 . 

Obviously A = { x 6 C : x = The mapping j i s cont i -
nuous because for a directed set { a t } + ,, in C we have: 
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v - -J 
\teT 

V d(a+ ) = 

e i f there exists t e T such that a^ ^ 0 

0 i f a t = 0 for each t s ' f 

e i f there exists u l each that a^ ^ 0 

teT 10 i f a t -= 0 for each t e T . 

Of course A is the c-net with the same operations as in 
Example 3.3. The condition {•*) of Theorem 5.1 is not 
satisf ied, because for y = e we have: j ( x ) o e = x o j ( e ) 
that is j ( x ) = x for each x 6C. 

T h e o r e m 5.3 (P.S.Aleksandrow T2]). Every TQ-spa-
oe can be embedded in an infective•spaoe, in faot, in a car-
tesian power of the 2-element Sierpinski Space. 

C o r o l l a r y 5.4. Every o-net can be embedded 
£ 

as a topological subspace in the' c-net A (the direct po-
wer of the 2-element c-net A). 

C o r o l l a r y 5.5. I f a c-net C is infective in 
the topology induoed by the partial order then it i s the to-y 
pological retract of the c-net A . 

P r o o f . I f 0 is infective then it is (homeomorphism y 
too) a subspace of the space A . But, since C is in jeo-
tive, the identity mapping on the subspace to i t se l f can be 

y 
extended to the whole space A resulting in the required 
retraction 

C £ A£ 

/ J j (o) = c for c 6 C. J 
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