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A CONVEX HULL AND EXTREME POINTS OF SOME FAMILY 
OF HOLOMORPHIC FUNCTIONS 

In the present paper the notions of the s e t , family and 
c l a s s of functions wi l l be regarded as equivalent. By C, U 
and UQ we shal l denote the complex plane, the disc-[ztC:|z|<l} 
and the ring { z e e : 0 < [ z | < l } , respect ively . 

Denote by H(D) the set of a l l functions holomorphio in 
the domain DC c . V.Paatero, (see C6] ) , introduced and exa-
mined the family V^, k > 2, of functions 

(1) 
p o 

f ( z ) = z + a 2z + a^z + . . . 

holomorphic in U, with a nonvaniahing derivative in U, 
and such that 

2 or 
lim J | l + Re 
r-1 0 

i t f ^ r e 1 * ) 
f i r e " ) } dt « K * . 

Let Ck , k > 2, be a subset of H(U) of functions f 
of the form (1) such that , for each of them, there ex i s t a 
function <p belonging to Vk and a rea l constant a e ^ - l y , 75)» 
such that , for each z e U, 

a r a - j l M - < j r . 
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2 J.Zyskowski 

In p a r t i c u l a r , C2 i s the well-known family of c lo se - to -con-
vex funot ions introduced by M.Biernacki i n a geometrical way, 
( [ 2 ] ) , and by W.Kaplan in an a n a l y t i c a l way, (C51). The family 
C^ was inves t iga ted e a r l i e r by J .Szynal and J.Waniurski ([8]). 
In t h i s paper we s h a l l examine i t s f u r t h e r p rope r t i e s . 

2% Let (X) stand f o r the s e t of p robab i l i ty measures 
defined on Borel subsets of the space X = {x e <D: ( x | = l} . 
The subset of the family H(U), cons i s t ing of the func t ions 

where p e 3K(X), w i l l be denoted by P. I t i s the well-known 
family of Caratheodory funct ion 's . 

The family Ck, k £ 2, i s a compact subset of the l o -
ca l l y convex l i n e a r topologica l spaoe H(U) with the topolo-
gy of almost uniform convergence i n U. Let G be any non-
empty subset of H(U). By oo G and EQ we s h a l l denote, 
r e s p e c t i v e l y , the closed convex h u l l of the se t G and the 
se t of extreme points of t h i s se t ( e . g . , £71, p.172). 

We s h a l l prove 
T h e o r e m 1. I f k i s an a r b i t r a r y f ixed r e a l 

number, k 4, then co C t i s a compaot s e t , and 

( 2 ) 

X 

(3) co C (3) co Ck = K(z;x ,y ,v) d((i1 (x)x:^2(y)<|u3(v)) e W(X) 

(4) c | K ( Z | x , y , v ) : | x | = [ y | = | v | = l } c c k , 

'k " 

where the func t ion K{z{x,y,v), defined on the se t U * X^ 
±s the so lu t ion to the equation 
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Convex hull and extreme points 

4- k-1 -(— k+1 
(5) "f̂  K(z;x,y,v) = (1 - xz)2 (1 - vz)(1 - yz) 2 

with the initial condition K(0;x,y,v) = 0. 
P r o o f . Let f be any fixed function of the family 

Cjj., k > 4. Then, according to the definition of the family 
C^ and formula (2), there exist: a function cp € V^, a con-
stant £ "f » ̂  a n d a measure y 6 1E(X), such that 

(6) f' (z) = cp'(z) J (1+CVZ)(1-VZ)_1 dY(v), c = e2it\ 
X 

In paper [3] the closed convex hull of the family V^ was 
determined in the case k > 4. From the result obtained the-
re (Theorem 4.1) we have that, for some measure fî  * fig, 
Hi« «(!}, 

/
— k-1 -I— k+1 Ì 

(1 - M J 8 (1 - UZ) U /DIFI^XJX^IU)). X2 

Prom this and formula (6), by taking account of the Fubini 
theorem, we shall get that 

(7) f'(z) = / (1-XZ)2 k"1 (l-uzfl* k+1l(l+cvz)(l-vz)-1 
3 X 

d(p1 (x) xjji2(u) * v(v)) 

for some probatility measures pg» Y* 
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4 J.Zyskoweki 

Since the function g(z) := log(l - z), log 1 ='0, maps U 
onto the convex domain g(U), therefore 

|±|-log(l - uz) + logd - vz) € g(U). 

So, there exists a function h e H(U), h(0) = 0, (h(z)| < 1, 
(e.g., [71, p.2), for which 

k+2 2 
(1 - uzf (1 - vzf = (1 - h(z))"1, 

which means that 

k+2 2 
(8) (1 - uz}""^ (1 - (1 - z)"1, 

where the symbol stands for the domain subordination ([7], 
p.2). 

It is known, ([3]), that, if F = { f € H(U) :f (1+dz) (1-z J"1} 
for a fixed d € U, then, for any fixed a > 1, 

co {fa : f € ?} = | J [(1 + dyz) (1 - yz)-1]8 d 6T(y)} 6e3«(X) 

Hence, by adopting d = 0 and a = 75- k+2, and from relation 
(8) it follows that there exists a measure tfeTftfX) for which 

_ 2. f _ 1 jj+2 
(1 - uz) 2 (1 - vz)-1 = J (1 - yz) 2 d£ (y). 

X 
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Convex hall and extreme points 5 

Taking account of this equality and relation (7 ) , we shall 
obtain the following form of the function f ' 

f ' ( z ) = / (1-XZ )2 w ( l . , z f ( 2 k + 2 ) ( i + c v z ) . d ( h ( z ) » £ ( y M W ) , 

X3 

where are some probability measures on X. Conse-
quently, we have shown that f ' belongs to the set 

B' := j / K(z jx,y,v ) d(p1 (x)x p2(y )x ̂ ( v ) ) , p i e ? B U ) J , 

X3 

the function K {z jx ,y fv ) being the solution to equation (5) . 
The set 7tl[Z) i s a compact set in the weak-*-topology, 

( e .g . , C9], p.93), and a convex one. 
Taking this itito consideration, in a simple way one can prove 
the convexity and compactness of the set B' and of the set 

B K(z jx,y,v ) d(p.j(x)x|i2(y)*^3(v)); ^ e 1W(X)|- . 

X3 

Of course, tne function f belongs to the set B. Sinoe f 
is any function of the family - C ,̂ and the set B is convex 
and compact, therefore co Ĉ  c B. 

The extreme points of thé set B are generated by the 
measures i = 1,2,3, cumulated at one point, ( e . g . , [ 4 ] , 
Theorem 1). Consequently, each function g, being an extreme 
point of the set B, is of the form g(z) = K(zjx,y,v) for 
some |x| = | y ] = |v| = 1. Besides, the function K(zjx,y,v) 
belongs to the family Ĉ  for each value of x,y,v, |x[ = 
= [y| = ( v| = 1. So we have shown the following relations of 
inclusion 
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6 J.Zyskowski 

(9) {k(z;X,7,v) : | x | = | y | = | v | = lj 

For the set B, as convex and compact, the equality 
B = co B is true. It follows from the Krein-Mi;llman theorem, 
(e.g., [7], p. 172), that B = co B = oo" Eg, which, in view 
of relation (9), means that B c co Ck. Prom this and the 
relation co Ck c B proved earlier we obtain the equality 
co Ck = B, which concludes the proof of (3). 

Inclusion (4) follows from (9). Equality does not hold 
in this case because the function K(z;x,x,x) = z(l-xz) 

— — -V-

is not an extreme point of the set co S contained in 
co C^, where S* denotes the well-known family of starlike 
functions, (e.g., [7], p.13). Theorem 1 has thus been proved 
in full. 

In the case k = 2 the theorem was proved in paper [4]. 
It remains open to determine co Cjj. for 2 < k < 4. 

_3. We shall now make use of the information on the extre-
me points of the set co k > 4, included in Theorem 1, 
in order to solve a certain extremal problem. 

Define on the family k > 4, a functional 

where r g (0,1) and p e CI,00) are fixed. Since it is a 
convex and continuous functional defined on a compact set, 
therefore 

On the basis of property (10), we shall prove the follow-

1 

J(f) 
n 

(10) max J(f) = max J(f) = max J(f). 
fe Ck fe c o Ck 

ing 
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Convex hull and extreme points 7 

T h e o r e m 2. I f k > 4, P^L I , 0 0 ) and r € (0,1) 
are any fixed numbers, then 

max J ( f j = J(K(. ; - 1 , 1 , - D ) , 
feck 

where the function K is given by equation (5) . 
P r o o f . By remark (10) and Theorem 1, i t i s s u f f i -

cient to confine our considerations only to the function 
K(z;x,y,v) , |x| = |y| = |v| = 1. We then have that 

TT 

J ( f ) = j / u^t-t . , ) u 2 ( t - t 2 ) u 3 ( t - t 3 ) dt-p , 

where 

k-1) 
U l ( t ) = | 1 + r ô " | 2 

u2 ( t ) = |'1 + r e 1 ^ , 

u3 ( t ) = |l - re j 2 

- i t . 
and t^, tg, t^ are some real numbers such that e ^ = -x , 
- i t - —it 

e - -v, e 3 = y. Making now use of the result obtained 
in paper (£13» Lemma 5.1), we shall get 

W ^ j / u ^ t J U a i t J U j C t J d t l = i / | dl K(Z;-1,1,-1)|P dtlP = 

= J(K(.;-1,1,-1)), 

which completes the proof of the theorem. 
Taking account of the above Theorem 2 in the case p=1, 

one can obtain an exact estimation of the length of the curve 
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B J.Zyskowski 

being the Image of the oirole | z | = r under the mapping 
through a function of the family (V, k > 4. 

REFERENCES 

D.A. A h a r o n o v , S. F r i e d 1 a n d : On 
functions of bounded boundary rotation, Ann. Acad. Sei. 
Penn., Ser. A, 585 (1974) 1-18. 

[2] M. B i e r n a c k i : Sur la representation conforme 
des domaines linéairement accessibles, Prace Mat.-Fiz. 
44 (1936) 293-314. 

[3] D.A. B r a n n a n , J. C l u n i e , W.E. K i r -
w a n : On the coefficient problem for functions of 
bounded boundary rotation, Ann. Acad. Sei. Penn., Ser. A, 
523 (1973) 1-18. 

([43 L. B r i c k m a n , T.H. M a c G r e g o r , 
D.R. W i 1 k e n : Convex hulls of some classical fa-
milies of univalent functions, Trans. Amer. Math. Soo., 
156 (1971) 91-107. 

[[5] W. K a p l a n : Close-to-convex schlicht functions, 
Michigan Math. J., 1:2 (1952) 169-185. 

[6] V. P a a t e r o : Uber die konforme Abbildung von Ge-
rieten deren Ränder von beschränkter Drehung sind, Ann. 
Acad. Sei. Ponn., Ser. A, 33, 9 (1931) 1-77. 

Q73 G. S c h o b e r : Univalent functions - Selected To-
pics, Lecture Notes in Mathematics, 1975. 

[8] J. S z y n a 1 , J. W a n i u r s k i : Some problems 
for lineary univariant families, Ann. Univ. Mariae Curie-
-Skiodowska, Sec. A, 30 (1976) 91-102. 

[̂ 9] y. P y ä h h : ttyHKijHOHajiBHHÖ aHanH3, MocKBa 1975* 

INSTITUTS OP MATHEMATICS, UNIVERSITY OP LÔVÎ 
Received October-11, 1980. 

- 404 -


