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REMARKS ON SOME FIXED POINT THEOREMS 

V V 

The well-known fixed point theorem of L j .B .Cir io has been 
used to prove some r e s u l t s concerning common fixed points of 
a pair of mappings defined on a oomplete metric space. Our 
work re f ines some known r e s u l t s . 

1. Introduction 
Let (X,d) be a metric space. Then clearly a f ixed point 

of a mapping S:X —•• X i s a oommon fixed point of S and 
the identity mapping I j on X. Motivated by t h i s , Jungck 
[ 5 ] obtained the following generalization of the Banach Con-
tract ion Prinoiple by replacing by a continuous mapping 
T:X — X . 

T h e o r e m A. A continuous self-mapping T of a 
complete metric space (X,d) has a fixed point i f there 
e x i s t s a r ea l number oc e (0,1) and a mapping S:X X which 
commutes with T and s a t i s f i e s 
( i ) S(X) c T(X), 
( i i ) d(Sx,Sy) < cnd(Tx,Ty) for a l l x,y 6 X. 

Indeed, S and T have a unique common f ixed point. 
Following i s yet another generalization of Banach Con-

tract ion Principle which i s due to Cirio [2 ] . 
T h e o r e m B. Let S be a self-mapping of a me-

t r i c space (X,d). I f the inequality 

( * ) d(Sx,Sy) < amax{d(x,y) , d (x ,Sx) , d(y,Sy) , d(x ,Sy) , d(y,Sx)} 
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holds for a l l x,y e X, * £ ( 0 , 1 ) , and X is S-orbitally 
Complete, then S has a unique fixed point. 

Mappings satisfying (*) are called quasi-contraetions. 
More recently, Das and Naik [ 3 ] proved the following r e -

sult which unifies Theorem A and Theorem B. 
T h e o r e m C. l e t (X,d) be a complete metric spa-

ce. Let T be a continuous self-mapping on X and S be 
any self-mapping on X that commutes with T. Further, l e t 
S and T satisfy 
( i ) S(X) c T(X), 
( i i ) d(Sx,Sy)<oimax{d(Tx,Ty),d(Tx,Sx),d(Ty )Sy)>d(Tx,Sy),dtry,Sx)} 
holds for a l l x ,y € X and a € ( 0 , 1 ) . 

Then S and T have a unique common fixed point. 
I t may be mentioned that Theorem C has also been obtained 

ear l ie r by Ranganathan [7^* Also note that in the proof of 
Theorem A, use i s made of the Continuity of S, which i s a 
consequence of ( i ) , but no continuity argument of S has been 
used in the proof of Theorem C. I t i s known that every comple-
te metric space is orbitally complete but the converse is not 

V v 

true (see Ciric T1D). Therefore Theorem B, as claimed by 
Das-Naik [3] and Ranganathan [ 7 ] , does not follow from Theo-
rem C by taking T = 1^. 

In this note we show aniong other things that Theorem C 
actually follows from Theorem B. To do this we f i r s t prove 
a coincidence theorem which i s subsequently utilized to es ta -
blish the main theorem. 

2. Main results 
T h e o r e m 2 . 1 . Let S and T be two mappings of 

a non-empty set X into a metric space (Y,d) satisfying 
the following conditions for some non-negative real number 
d < 1 s 
( i ) S|(X) c T(X) 
( i i ) for a l l x ,y 6 X the inequality 

d(Sx,Sy)4oimax{d(Sx,Tx) fd(Sy,Ty),d(Sx,Ty) ,d(Sy,Tx) ,d(Tx,Ty)} . 
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I f S(X) or T(X) i s aomplete under the metric d; then 
there e x i s t s a point a € X such that S (a ) = T ( a ) . 

P r o o f . Let U be a choice funct ion f o r the family 
( 7 ) : y € S ( X ) } . Then Sou i s a mapping of S(X) into 

i t s e l f and s a t i s f i e s 

d(S<>Ux,S<>Uy)^ot.maxi|d(S0Uxtx) ,d (S °Ux ,x ) ,d (S °Uy ,y ) ,d(S°Ux,y) , 

d ( S ° U y , x ) , d ( x , y ) | 

f o r a l l x ,y 6 S (X) . So i f S(X) i s complete, then by 
Theorem B we have SoU(b) = b f o r some b 6 S (X) . Put 
a = Ub. Then a e T~ 1 (b) and we have b = T ( a ) . Henoe 
S ( a ) = SoU(b) = b = T ( a ) , as r equ i red . I f T(X) i s complete 
then we consider a choice funct ion f o r the family - | s " 1 ( y ) : y e 
€ T (X) } . 

R e m a r k s : 
( i ) Machuca [ 6 ] obtained a coincidence theorem f o r map-

pings s a t i s f y i n g a Contraction type condit ion which i s a spe-
c i a l case of a quas i -oontraot ion . Hence Theorem 2.1 g e n e r a l i -
zes Machuca's r e s u l t . 

( i i ) Theorem 2.1 o f f e r s c r i t e r i a f o r the ex i s tence of so-
l u t i o n s fo r equations of the form Sx = Tx, and Sx = y , 
y 6 X by s p e c i a l i z i n g T to the constant mapping with va-
lue y . 

Our main theorem reads as f o l l o w s . 
T h e o r e m 2 .2 . Let S and T be commuting map-

pings of a non-empty set X into a raetrio space (Y,d) and 
s a t i s f y i n g condit ions ( i ) and ( i i ) of Theorem 2 . 1 . I f S(X) 
or T(X) i s complete under the metric d, then S and T 
have a unique common f i x e d point . 

P r o o f . By Theorem 2 . 1 , there e x i s t s a point a £ X 
such that S (a ) = T ( a ) . Then commutativity of S and T 
g ive s T(Ta) = T(Sa) = TS(a) = ST(a) = S (T(a ) ) = S ( S a ) . So 
using condition ( i i ) we have d ( S a , S ( S a ) ) = Ü, that i s , 
S ( S ( a ) ) = Sa . Hence T (S (a ) ) = S(Sa) = 3a. Thus Sa(=Ta) 
is a common f ixed point of S and T. The uniqueness of the 
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common f ixed point of S and T i s rou t ine and fo l lows onoe 
again from condi t ion ( i i ) . This completes the proof . 

R e m a r k . In Theorem C the cont inui ty of T was 
used both by Das-JJaik [ 3 ] and Ranganathan [ 7 ] . Our Theorem 2.2 
shows tha t even the cont inui ty of T can be dispensed wi th . 

F i n a l l y , we wish to present an app l i ca t i on of Theorem 2.2 
T h e o r e m 2,3. Let (X,d) be a non-empty comple-

te metric spaoe and S, T be mappings of the product space 
X*X i n t o X such t h a t 

S(X*X) c T(XRX) and S{T(x,y) ,y) = T(S(x ,y) ,y) 

f o r al l . x ,y € X. I f there e x i s t s a constant ot wi th 
0 < <* < 1 and 

(**) disix.yJ.SCx'.y'JJioimaxidCiix.yJ.TCx'.yOJ.diTCx.yJ.S^.y)), 

d(T(x' ,y' ) ,S(x' ,y ' )),d(T(x,y ),S(x' ,y' )),d(T(x' ,y' ),S(x,y))} 

f o r a l l (x ,y) , | ( 'x ' ,y '} € XxX, then there e x i s t s exact ly one 
point a 6 X such tha t S(a,y) = a = T(a,y) f o r a l l y e X. 

P r o o f . Let y = y' and x 4 x ' . Then by (**) f o r 
every y e X we have 

d (S(x ,y ) t S(x ' , y ) )<o imax{d(T(x ,y ) ,T (x ' f y) ) , d (T(x ,y ) ,S (x ,y ) ) , 

d ( T ( x ' , y ) , S ( x ' , y ) ) , d ( T ( x , y ) , S ( x ' , y ) ) , d ( T ( x ' , y ) , S ( x , y ) ) } . 

Therefore by Theorem 2 .2 , f o r each y € X there e x i s t s only 
one x(y) £ X such tha t 

S(x(y) ,y) = x(y) = T (x (y ) , y ) . 

Now we claim tha t x(y) = x ( y ' ) f o r y i y ' . Suppose not , 
then by (* *) we would have 

d(x(y) , x ( y ' ) )< ecd(.x(y) , x ( y 1 ) ) , 
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as a < 1 , we find that x ( * ) i s some constant a G X. So 
S(a,y) = a «= T(a,y) for a l l y € X. Unicity of a is ob-
vious« 

R e m a r k . Theorem 2.3 extends a result of Iseki [4 ] . 
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