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REMARKS ON SOME FIXED POINT THEOREMS

The well-known fixed point theorem of Lj.B.EiriE has been
used to prove some results concerning common fixed points of
a pair of mappings defined on a complete metric space, Our
work refines some known results.

1. Introduction

Let (X,d) be a metric space. Then clearly a fixed point
of a mapping S:X —= X 1s a common fixed point of S and
the identity mapping Ix on X. Motivated by this, Jungck
[5]~obtained the following generalization of the Banach Con-
traction Principle by replacing IX by a continuous mapping
T:X —X.

Theorem A, A continuous self-mapping T of a
complete metric space (X,d) has a fixed point If there
exists a real number o e¢ (0,1) and a mapping S:X — X which
commutes with T and satisfies
(1) s(x) € ©(x),

(i1) a(sx,Sy) € «d(Tx,Ty) for all x,y € X.

Indeed, S and T have & unique common fixed point,

Following is yet another generallzation of Banach Con~-
traction Principle which is due to Cirid [2].

Theorem B. Let S Dbe a'self-mapping of a mg-
tric space (X,d). If the inequality

(%) d(sx,Sy) < amax{d(x,y), d(x,sx), d(y,Sy), d{x,Sy), d(y,Sx)}
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holds for all x,y € X, & € (0,1), and X 1is S-orbitally
Complete, then S has a unique fixed point.

Mappings satisfying (%) are called quasi-contractions,

More recently, Das and Naik [3] proved the following re-
sult which unifies Theorem A and Theorem B,

Theorem C. ILet (X,d) be a complete metric spa-
ce, Let T be a continuous self-mapping on X and S be
any self-mapping on X that commutes with T, Further, let
S and T satisfy
(1) 8(X) ¢ ™(X),

(11) d(Sx,5y)< amax{d(Tx,Ty),a(Tx,5x),d(Ty,5y),d(Tx,Sy),dfry,Sx)}
holds for all =x,y € X and o € (0,1).

Then S and T have a unique common fixed point.

It may be mentioned that Theorem C has also been obtained
earlier by Ranganathan [7]. Also note that in the proof of
Theorem &4, uge is made of the Continuity of 3, which is a
consequence of (i), but no continuity argument of S has been
used in the proof of Theorem C. It is known that every comple-
te metric space is orbitally complete but the converse is not
true (see Cirid [1]). Therefore Theorem B, as claimed by
Das~Naik [3] and Ranganathan [[7], does not follow from Theo-
rem C by taking T = IX‘

In this note we show among other things that Theorem C
actually follows from Theorem B, To do this we first prove ‘

a coincidence theorem which is subsequently utilized to esta-
blish the main theorem.

2+« Maln results

Theorem 2.1, Let S and T be two mappings of
a non-empty set X into a metric space (Y,d) satisfying
the following conditions for some non-negative real number
o<1
(1) s(X) € T(X)
(i1) for all x,y € X the inequality

d(sx,5y)< etmax{d(sx,Tx),d(sy,Ty) ,d(5x,Ty),d(Sy,Tx) ,d(Tx,Ty)} .
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If S(X) or T(X) is complete under the metric d; then
there exists a point a € X such that S(a) = T(a).

Proof. Let U bYe a cholce function for the family
{T'1(y):y € s(x{}. Then SeU is a mapping of S(X) into
itself and satisfies

d(SOUx,SOUy)gqmax{d(S°Ux,x),d(S°Ux,x),d(S°Uy,y),d(S°ngﬁ,
d(Sko,x),d(x,y)}

for all x,y € S(X). So if S(X) is complete, then by
Theorem B we have SoU(b) = b for some b € S(X)., Put

a = Ub. Then a € T'1(b) and we have b = T(a). Hence

S(a) = SeU(b) = b = T(a), as required. If T(X) 1is complete
then we consider a choice function for the family {8'1(3):3 €
€ ()},

Remarks:

(1) Machuca [6] obtained a coincidence theorem for map-
pings satisfying a contraction type condition which is a spe-
cial case of a quasi~contraction. Hence Theorem 2.1 generali-
zes Machucsa’s result,

(ii) Theorem 2.1 offers oriteria for the existence of so-
lutions for equations of the form Sx = Tx, and Sx =y,

y € X by specializing T to the constant mapplng with va-
lue y.

Our main theorem reads as follows,

Theorem 2.2 Let S and T be commuting map=-
pings of a non-empty set X into a metric space (Y,d) and
satisfying conditions (i) and (ii) of Theorem 2.1. If S(X)
or T{X) 1is complete under the metric d, then S and 1T
have a unique common fixed point,.

Proof. By Theorem 2.1, there exists a point a € X
such that S{a) = T{a). Then commutativity of S and T

gives T(Ta) = T(Sa) = TS(a) = ST{a) = S(T(a)) = S(Sa). So
uging condition (ii) we have d(Sa,S{Sa)} = 0, that is,
5(s(a}} = Sa. Hence T(S{a)) = S(Sa) = Sa. Thus Sa(="a)

iz a common fixed point of S and T. The unigueness of the
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common fixed point of S and T is routine and follows once
again from condition (ii). This completes the proof,

Remark., In Theorsm C the continuity of T was
used both by Das-Naik [3] and Ranganathan [7]. Our Theorem 2,2
shows that even the continuity of T can be dispensed with.

Pinally, we wish to present an application of Theorem 2,2

Theorem 2,3, Let (X,d) be a non-empty comple-
te metric space and S, T be mappings of the product space
XxX into X sach that

S(XsX) € T(X*X) and S{T(x,3),7) = T(5(x,3),7)

for all x,y € X, If there exiats a constant o with
O0ga<1 and

(%) d(s(an)fs(x' 2J7')) €t max{d('l"(x,y),’l‘(x' 7' ))ed(T(x,5),5(x,¥) ),
A(P(x' 43" ,8(x " 43" )),a(T(x,¥),5(x' 43" ))yd(T(x' ¥’ )45(x,¥))}

for all (x,y),(x',3') € XxX, then thers exists exactly one
point a € X such that S(a,y) = a = T(a,y) for all y € X.

Proof. ILet y=73 and x # x', Then by (¥*) for
every y € X we have

d(5(x,y),5(x',3) )¢ max{a(2(x,3),2(x',3)),d(T{x,3),5(x,3)),
d(2(x',y),8¢x',3)),d(T(x,3),5(x',3)),4(T(x',3),5(x,3) )} .

Therefore by Theorem 2,2, for each y € X there exists only
one x(y) € X such that

S(x{y),y) = x(y) = T(x(3),3).

Now we claim that x(y) = x(y') for y # y'. Suppose not,
then by (& %) we would have

ad(x(y),x(y'))cxd{x(y),x(3')),
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as &<1, we find that x(°*) 1is some constant a € X, So
S(a,y) = a = P{a,y) for all y € X, Unicity of a is ob-
vious,

Remark, Theorem 2,3 extends a result of Iséki [4].
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