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SOME REMARKS ON NULL GEODESIC COLLINEATIONS
IN 2 -RECURRENT RIEMANNIAN MANIFOLDS

1. Introduction

A non-flat n-dimensional (n > 2) Riemannian manifold is
said be of recurrent curvature [9] (briefly, a recurrent ma-
nifold} if its curvature tensor satisfies the condition

(1) Rpisk,1 = %1Bnijx

for some non-zero vector field cj, where the comma indicates
covariant differentiation with respect to the metric.

As s generalization of the concept of a recurrent mani~
fold, Lichnerowicz [4] initiated investigations of n-dimensio-
nal (n > 2) Riemannian manifolds whose curvature tensors sa-
tisfy the relation of the form

(2) Bpijk,1m = ®infhijk®

Non-flat manifolds of such a type, i.e. satisfying (2)
for some tensor 8330 are called second-order recurrent or,
briefly, 2-recurrent manifolds.,

According to Katzin and Levine [3] a Riemennian manifold
is said to admit a symmetry called a null geodesic collinea-
tion if fhere exists a vector field v such that

h hr
(3) Lrij = g gijQ,I"
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where Q 1is a certain function, and Lrig denotes the Lie
derivative with respect to v.

If Q = const, the null geodesic collingation is an affi-
ne one, :

Rofer proved [6] that a null geodesic collineation in a
locally symmetric as well as in recurrent manifold is necessa-
rily an affine one.

The purpose of the present paper is to obtain some gene-
rglizations of his results.

Throughout this note we assume that all consldered mani-
folds are connected, of class ¢ and have indefinite metric
forms,

2+ Preliminary results

In the sequel we need the following lemmas:

Lemma 1 ([1], Theorem 1). If Byjjx 18 @ gene-
ralized curvature tensor ([5], [8]) on a Riemannian manifold
M satisfying the condition

=0

(4) Bpijk,1m = Bhijk,ml

and aij' hij are symmetric tonsor fields such that

b

(5) 844 1m = 8iy,m1 = PinBj1 * PjuBil ~ P418jm = P318ime

then

b S
(e (blm ) E“glm) (Bhijk ~ n(n=17 (Bnkdij - 3h331k’) = Dy

where b = grsbrs, S = grsgijBrijs.
)
Lemma 2 ([2], Theorem 1). If & vector field Py

satisfies the equation
T
(7) VeR 44 = Pi8iy = Py8yy
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for some vegtor field Vi where 844 and Rhi‘k are the

metric and curvature tensors of the manifold M respectively,
then

‘ S
(8) By (Blijk - 217 (81k8ij = 813g1k)) = 0.

Lemma 3 ([6])¢ If a Riemannian uanilold admits
a null geodesic collineation, then the following relations

(9) ahi’j' = Ahgij + Aighj’

(10) 81,3k T %hi,kj = 4h,k813 * A1 ,18nj ~ An, 381k "4y, 3Bnk

hold, where

3. lain results

Now we shall prove the main results of this paper,

Theorem, If a 2=-recurrent manifold Il admits
a null geodesic collineation, then this collineation is ne=-
cessarily an affine one.

Proof. The condition (2) implies

~ R

Byisk,1m = Buijk,m1 = (®1m = ®m1! Rnije

whence, by Lemma 2 of [7], we get

(12) Bpigk,im = Buige,mi = ©

everywhere on Ii.
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If we set Bhijk = Rhijk’ aij = Lsij' b13 = Ai = Q ,j°
Eo==b A and vy = A;, then in view of (12} and ?10), we
see that the equations (4) and (5) are satisfied. Hence, by
virtue of Lemma 1, the condition (6) holds,.

We may assume that

_ b

in some neighbourhood U, Otherwise M would be of constant
curvature and our assertion would follow from Theorem 2 of [6].

‘Therefore, differentiating (13) coveriantly and making
use of Ricci identity, we obtain (7).

Hence, in view of (12) and lLemma 2, P, = -b j = 0 in U,
But the last result, together with (7), yields

1- _

which, by covariant differentiation, implies

b r -
(14) n Bragx * AR 14k,1 = Oe

On the other hand, as an immediate consequenae of (10)
and (13), we get

(15) alﬂ'Rrijm + aiI‘Rrkjm = 0,

and therefore,
r I r r
8er,p1® 13m t Bkr,p® 13m,1 * %kr,1¥ iim,p * 2kr® iym,pl *

AT r r T _
* 857 013 kim * Bp,oF kim,1 * 2ir,1% kjm,p * Bir® kim,pl = 0.

- 346 -
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The last relation, because of (9), (13}, (14), (2) and
(15), gives

be(Rosgm,1 * Ruigm,p) + 44 Rpegn,1 *+ Biggm,p! = ©

whence

It Rhijk,l + Rhijl,k = 0, Blanchi’s identity yields

R .. = 0, and our assertion follows immedietely from
nijk,1
Theorem 2 of [6].

The last remark completes the proof,

Sinoce & non-flat Riemannian manifold (n > 2). whose cur~
vature tensor satisfies (1) as well as Rhijk,lm = 0 is 2-re-
current, we have

Corollary Te Let M be a non-flat Riemannian
manifold (n > 2) whose curvature tensor satisfies Rhijk lm=0.'

4
If M admite a null geodesic collineation, then this colli-
neation is an affine one.

Corollary 2. ([6], Theorem 4} If a recurrent
manifold admits a null geodesic collineation, then this colli-
neation is an affine one.

REFERENCES

[1JW. 6ryoaks: Null geodesic collineations in con--
formally recurrent manifolds, Tensor, New Series, 33
(1979).. ,

[2]W. Gryoak: Ongéneralized curvature tensor ‘and
symmetric (Q,2)-tensors with a symmetry condition imposed
on the 2 nd derivative, Tensor, New Series, 34 (1980).

- 347 -



6 W.Grycak

[3]G.H. Xatzin, J. Levine: Applications
of Lie derivatives to symmetric, geodesic mappings, and
first integrals in Riemannian spaces, Collogq. Math. 26
(1972) 21-38.

[4]4 Lichnerowicz: Courbure, nombres de Betti
et espaces symetriques, Proc., of the Inter. Congr. of
liath., 2 (1952) 216-223. -

[5] Ke Nomigzu: On the decomposition of generalized
curvature tensor fields, Differential geometry in honor
of K,Yano, Kinokuniya, Tokio 1972, p.335-345.

[6(] W, Roter: On null geodesic collineations in some
Riemannian spaces, Collog. Math. 31 (1974) 97-105.

[7TJW. Roter: Some remarks on second order recurrent
spaces, Bull., Acad. Polon. Sci., Ser. Sci. lath. Astr,
Phys., 12 (1964) 207-211.

[7TJUu. Simon: On differential operators of second or-
der on Riemannian manifolds with nonpositive curvature,
Collogq. Math. 31 (1974) 223-229.

[9] 4.Go, Walker: OnRuse’s spaces recurrent curvatu=-
re, Proc. London Math, Soc., 50 (1950) 36-64,

INSTITUTE OF MATHEMATICS, TECHNICAL UNIVERSITY, WROCLAW
Received June 2, 1980,

- 348 -



