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1. I n t r o d u c t i o n 
A n o n - f l a t n-d imens ional (n > 2) Riemannian manifold i s 

s a id be of r e c u r r e n t curva tu re [9]] ( b r i e f l y , a r e c u r r e n t ma-
n i f o l d ) i f i t s cu rva tu re t e n s o r s a t i s f i e s the c o n d i t i o n 

f o r some non-zero v e c t o r f i e l d o^, where the comma i n d i c a t e s 
cova r i an t d i f f e r e n t i a t i o n wi th r e s p e c t to the m e t r i c . 

As a g e n e r a l i z a t i o n of rihe concept of a r e c u r r e n t mani-
f o l d , Lichnerowicz [4^ i n i t i a t e d i n v e s t i g a t i o n s of n-d imensio-
n a l (n > 2) Riemannian manifolds whose curva tu re t e n s o r s s a -
t i s f y the r e l a t i o n of the form 

N o n - f l a t manifo lds of such a type , i . e . s a t i s f y i n g (2) 
f o r some t e n s o r e . a r e c a l l e d second-order r e c u r r e n t o r , 
b r i e f l y , 2 - r e c u r r e n t man i fo lds . 

According to Katz in and Levine [3J a Riemannian manifold 
i s sa id to admit a symmetry ca l l ed a n u l l geodesic c o l l i n e a -
t i o n i f t he re e x i s t s a vec to r f i e l d v such t h a t 

( 1 ) R h i j k , l = G l R h i j k c,R, 

( 2 ) E h i j k , l m = e i m R h i j k ' ei„R, 

(3) 'id . r ' 

- 343 -



2 W^Gpyoak 

where Q i s a cer ta in function, and Ll"^ denotes the l i e 
derivative with respeot to v. 

I f Q = const, the nul l geodesio ool l ineat ion i s an a f f i -
ne one. 

Roter proved [ 6 j that a null geodesic co l l inea t ion in a 
loca l ly symmetric as well as in recurrent manifold i s necessa-
r i l y an af f ine one. 

The purpose of the present paper i s to obtain some gene-
r a l i z a t i o n s of h i s r e s u l t s . 

Throughout t h i s note we assume that a l l considered mani-
folds are connected, of c lass C and have indef in i te metric 
forms. 

2 . Preliminary r e s u l t s 
In the sequel we need the following lemmas: 
L e m m a 1 ( [ l ] , Theorem 1 ) . I f B^i jk i s a 8 e n 9 ~ 

ra l ized curvature tensor ( [ 5 ] , [ 8 ] ) on a Riemannian manifold 
M sat is fy ing the condition 

{ 4 ) B hi jk , lm " Bhidk,ml = 0 

and a., j , b. . are symmetric tonsor f i e l d s such that 

( 5 ) a i j , 1 m ' a i j , m l = b imSj l + V ^ i l " bil&;jm " b j l g i m ' 

then 

( 6 ) (blm ~ I 8lm) ( B h i j k ~ "nTn^TT ( g hkSi j " e h j 6 l k ) ) = 0 . 

where b = g r s b r g , S = g r s g i ; i B r i 

L e m m a 2 ( [2] , Theorem 1) . I f a vector f i e l d P. 
s a t i s f i e s the equation 

^ V ^ i j l c = P kS i d " 
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L, 
f o r some veotor f i e l d v^, where g ^ and R are the 
metr ic and curvature tensors of ths manifold M r e s p e c t i v e l y , 
then 

(8) Ph ( B l i j k " n(n-1) ( g l k £ i j " S l j S 3 i ) ) = 

L e m m a 3 ( [6])* I f a Riemannian raaniiold admits 
a n u l l geodesic o o l l i n e a t i o n , then the following r e l a t i o n s 

a h i , j = A h 6 i j + A i e h j ' 

i'10* a h i f j k " a h i , k j = ^ . k 6 ! ; ) + A i ,k®hj " A h , j s i k ~ A i , j s h k 

hold , where 

, r UI1U a i j " y (11) Ah = g^Q _ and a , , = Lg, 

3. Main r e s u l t s 
Now we s h a l l prove the main r e s u l t s of t h i s paper. 
T h e o r e m . I f a 2-re current manifold I.I admits 

a nu l l geodesic c o l l i n e a t i o n , then t h i s c o l l i n e a t i o n i s ne-
c e s s a r i l y an a f f i n e one. 

P r o o f . The condi t ion (2) implies 

R h i j k , l m " R h i jk ,ml = ^elm " eml ) R h i j k ' 

whence, by Lemma 2 of [7j, we get 

( 1 2 ) R h i j k , l m " R h i jk ,ml = 0 

everywhere on LI. 
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I f we se t B h ± i k = H h i j k , a i ; J = L g ^ , b ± i = A± , - ' Q f l f J , 
I = -b ^ and v̂ ^ = A^, then i n view of (12) and (10) , we 
see tha t the equations (4) and (5) are s a t i s f i e d . Henoe, by 
v i r t u e of Lemma 1, the condi t ion (6) ho lds . 

We may assume tha t 

i n some neighbourhood U. Otherwise M would be of constant 
curvature and our a s s e r t i o n would fol low from Theorem 2 of [6], 

Therefore , d i f f e r e n t i a t i n g (13) covar iant ly and making 
use of Rioci iden t i ty , "we obtain (7 ) . 

Hence, i n view of (12) and lemma 2, P^ = -b ^ = 0 i n U. 
But the l a s t r e s u l t , together with (7 ) , y i e l d s 

A r R l i 3 k " 

which, by covariant d i f f e r e n t i a t i o n , implies 

n R l i j k + V ^ i j k . l = 

On the other hand, as an immediate consequence of (10) 
and (13)» we get 

(15) a k r R r i j m + " °> 

and t h e r e f o r e , 

3? r r Tii1 
a k r , p l R i jm + a k r , p R i j m , l + a k r , l R i jm,p + a k r R i j m , p l + 

j» p 

+ a i r , p l H kjm + a i r , p R k jm. l + a i r , l R kjm,p + a i r R k jm,pl = 
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The l a s t r e l a t i o n , because of ( 9 ) , (13)» (14) , (2) and 
(15) , gives 

Ak ( Rpi;jm,l + ^ i ^ p ) + A i ( Rpk;jm,l + R l k jm ,p ) = 0 

whence 

Ai<H;jmkp,l + R j m k l t P
} " 0 i n U ' 

R h i j k 1 + R h i j l k = B ianch i ' s i d e n t i t y y i e l d s 
R n i j k l = o u r a s s e r t i o n fol lows immediately from 
Theorem 2 of [6], 

The l a s t remark completes the proof . 
Sinoe a non - f l a t Riemannian manifold (n > 2) > whose cu r -

vature tensor s a t i s f i e s (1) as well as R^i jk lm s 0 2 - r e -
c u r r e n t , we have 

C o r o l l a r y 1. Let M be a n o n - f l a t Riemannian 
manifold (n > 2) whose curvature tensor s a t i s f i e s R^i jk im

= 0» 
I f M admits a nu l l geodesic c o l l i n e a t i o n , then t h i s c o l l i -
neat ion i s an a f f i n e one. 

C o r o l l a r y 2. ( [6] , Theorem 4) . I f a r ecur ren t 
manifold admits a nu l l geodesic c o l l i n e a t i o n , then t h i s c o l l i -
nea t ion i s an a f f i n e one. 
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