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ON SOME CURVE IN A SUBSPACE OF A FINSLER SPACE

1. Introduction

Consider a subspace Fm with coordinates u® (a=1,...,m)

end metric tensor gqp(u,u’) imbedded in a Finsler space F,

with coordinates xi(i=1,...,n) and metric tensor gij(x,x’),
then we have [5]:

(1.1) gup(u,u') = gij(_x,x')x&xa;

where ,
NP 8
& = axt/aut
In a Finsler space there exist two sets of (n-m} dimen-

sional normals, one n%“) (p = m+1,...,n)1) independent

of x'® and the other n'(’;;) depending on x/*. The secon-
dary normals n?;) satigfy the following relations [2]:

. i i
(1.2) 83 n?ﬂ) Xi: nfmi I =0,
*i ey
(1-3) . glj n(H) n(y) = 1!

1) Early Greek indices o, f§,7 etc., take the values
from 1,...,m; later Greek indices u, 9, ¥ etc., ‘take the
values from m+1,...,n and Latin indices i,J,k, etc., take
the values from 1,ooo,nl
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(1.4) 81 n(y) n9) ¢(P) 6-, ’
and
i %31
(1.5) Xd#—ggﬂ(“)u’;n(yl
where 2% *p are the secondary second fundamental tensors
of the subspace.
Consider now a set of (n-m) congrusnces -A( of curves

such that one curve of each dongruence passes tﬁrough each
point of the subspace F 1f .2'(‘;;) can be expressed as:

ml

i i

then we have
*
{(1.7) cose*(yo) = C(P”
and
2. %

(1.8) 1 =~ t(H) (P)« = C08" 9 (Ho),

where e (V) is the angle between the vectors whose contra-
variant components are A(W and n’(‘s).

A curve C in Fm which is imbedded in Fn has m-1
curvatures and m-1 normsls relative to Fm and n~1 curvatures
and n-1 normals relative to F +« Let curvatures and unit

normals relative to F, be denoted by K(r) (P = 1y00e,m=1)

and é(r) (r = 2,...ym) and those relative to F by K(p)
(r = 1,¢00,0~-1) and T](r), (r = 2,000,n) respectively. The
unit vector tangent to the curve C 1is denoted by ‘f)(” or
E,(” according to that, if it is regarded as a vector in

Fn or in F
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2. Cp~curves in a Finsler spaqe

PFirst of sll we shall defins CB-curves as the curves of
the subspace having the property that at every point, its nor-
mal geodesic surface {formed by first and second normal) con-
talns the tangent vegtor to a curve of the congruence of cur-
ves through that point, Next we defilne Cy~ourves of order . p
as the curves of the subspace having the property that at eve-
ry point, its normal geodesic surface (formed by first and
p+i-th normal) contains the tangent vector to a curve of the
congrusnce of curves through that point. If the vector with
contravariant components l?i) lies in this geodesic surface,
then we have ¢

i i i
(241) ‘l,(eP,) = a(y)?(2) + b(H)V(P*Q),

where a( ) and b( ) are to be determined.
From (1.6? and (2.,1), we obtain

* i * i i i
(2.2) t(;)xq"‘ ; C(M)“’(‘o) = Bu)(2) * b(p)’?%pm'

If we assume that the curve C is an asymptotic curve
of order p in a Fineler space [4], then we have

i o
(2.3) Pp+1) T é(p+1)xi'

Differentisting {(2.3) w.r.t. the arc length of the curve C
we obtain the equation

o

v i - ! « i * ﬁ *i
(2.4) By ) W(pe2) = K{pes )g(p+2)xa * ; 2 (y)upg(ﬂf’(pﬂ)?(y)
which can be written in the form

i o i *3,
(2.5) K(p+1)"7(p+2) = K/(p+1 )g(p+2)x°( +%: K;([1)(1:>+1)n(}«l)’
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where

i o¥ o B
(2.6) B (o) =2 (uapd (15 (pe1)

By virtus of (2.3) and (2.5), the .equation (2.2) takes
the form

‘ ¥ g * ¥ X i
(2.7) S e * ; Clan ) = cuh(2¥at

, d o o
+ C() (K{pur b (pr2)¥a * ; K(9)(p+1)2(5) )2

where C( /K(p+1). Multiplying (2.7) by gijx_% and

, u) = P(u)
vsing (1.1) and (1.2) we obtain

*of o ) o
(2.8) ety = a(y)8epbl2) + O(u)X{ps1)8apd (pr2)

hAgain multiplying (2.7) by gij(x,x’)n?g) and summing
on i, we get

*
(2.9) Sua =S¥ en)e

Now multiplying (2.8) by §ﬁ(2) sumaing on f, and using
the relations

go(fSE’d(2)§P(2) =T

(2.10) N
gapg(z)g(pﬂ) =0
we get
¥ P
(2.11) 8&p-’°(p)§(2) = Bu)e
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From (2.8), {2.9) and (2.11) we now obtain the equation

#O
(2.12) gyt (u)¥(y) (ps1) =

x *y .6 * ’ o
= 8y €(2)Kw)(p+1),%¢s"(y)5(2) * Cun p+1)8apb (pe2)

which on mwltiplication by. gps and summing on P yields

* ’ £
(2.13) Clua)%(p+ ® (pe2) =

_ *€ xy g0 & _
- K(v)(p+1)(t(p) - g75t(y)5(2)&(2)> = 0.

Equation (2.13) represents the differential equation of
CB-curves of ordeI:x p in Fm; For a congruence specified by
the parameters t( ) the solution of (2.13) determines the
CB-curves of order p in Fm relative to that congruence,
Denoting the L.H.S. of (2.13) by

*E * / € Yy
(2140 Y(p) = Cua)K(pr b (pe2) = Kio) (p+1)B(p)?

where

%€ *E *y 8 €
(2.15) Bluy = <t(y) - 8yat(m§(z)§(z))

and calling 1?2) the contravariant components of the curva-
ture vector of Cg-curves of order p we define these curves
as follows,

A Cgp-curve of order p of F_ w.r.t. a congruence deter-

m
mined by the parameters t?s) is a curve along which the cur-

vature vector fﬂp) is a null vector,
If in particular p = 1, then (2.13) reduces to the equa-
tion
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* 1 € #E #y 36 &
(2:16) Clua)Kizp(3) = Kio)(2) () =86 b 28122) = o
which we call the differential equation of CB-ourves in Fm'

3. Some specjal properties

From (2.14) it follows that if X gyq)= 0 (i.e., the
curve C 1is an asymptotie ocurve of order p+l, (4]) and
X(p) = 0, then we have either K( pt1) = 0 (i.e., the cur-
ve C is a geodesic of order p+1, t4]) or the vector with com~-
ponents g(p+2) is a null vector., Hence we have the follow-
ing theorem.

Theorem 3.1, 4 necessary and sufficient con=-
dition for a CB—curve of order p to be an asymptotic curve
of order p+1 is one of the following:

(1) it is a geodesic of order p+1 in F i3

(ii) the vector with components é£(p+2) is a null vector;

(iii) the congruence is formed of tangential vectors only.
In addition to this,if K{ 1) =0 and 7*(59) =0, we

get either K(Q)(p+1) =0 or B? ) = 0. Hence we have
Theoren 3.2 A necessary and sufficient condi-~
tion for a Cg~curve of order p to be a geodesic of order
p+1 in Fm is one of the following:
(i) it is an asymptotic curve of order p+1,
{ii) the vector with components B( ) is a null vector,
Let us denote by Kb the curvature of the Cg-curve of
grder p, then we have from (2.14) the following relation

1/2
(3:1) Ky(p) = Kpyq)Cuy) £ Kw)(pn)(“Z“”(w)) .

. sinﬁ(“),

where f () 18 the angle between vectors t(y) and 5 (2)*
The positive and negative signs are to be taken according as
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the angle between () and 8F ) 1 90+8,) OF 90-Pry,)
respectively. From (3.1) we can easily obtain:

Theorem 3.3, |A necessary and sufficlent con-
dition for = CB-curve of order p to be a geodesio of order
p+1 in Fm is one of the following:

(1) the curve is an asymptotic curve of order p+i,
{1i1) the congruence is that of normals only,
(1i1) the vectors f?u) and g“(z) are parallel,

In particular for a congruence of tangential vectors equa-
tion (3.1) takes the form

(3.2) K8(p) = £ K(9)(p+1)88 Bry)

which by virtue of the relation [4]:

2 12 2
(3.3) Kips1) = K{pe1) + Xw)(ps1)
yields

2 12 2 2
(3.4) Klp+1) = K(p+1) * Fp(p) 00800 B(y).

Hence we have the following theorein.

Theoren 3.4, For the congruence of tangential
veotorq,CB—curves of order p ars geodesic of order p+1;ﬁi
both Fm and Fn simultaneously, provided the vectors t(P)

and §ﬁ(2) are not parallel,

Again equation (3.1) for a normal congruence reduces %o

1
(3.5) Xg(p) = K(p+1)
which by virtue of (3.3) yields

2 _ 2 2
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Henoe we have

Theorem 3.5 For the congruence of normals,Cp~cur-
ves of order p are asymptotic curves of order p+1 and geo-
desgic of order p+1 in F, simultaneously.

Again if the vectors t?ﬁ) and 5p(2) are parallel we
have

2 2 2 2 %
(3.7) Kip+1) = K(v) (p+1) * BB(p) 58° @ (pv)°

Thus we get

Theorem 3,6, If the vectors f?q) and §g(2)
are parallel, then a necessary and sufficient condition for
e CB-curve of order p *to be geodesic of order p+1 in Fn
is that it has to be an asymptotic curve of order p+1, pro-
vided the congruence is formed not of tangential vectors only,.
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