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ON SOME CURVE IN A SUBSPACE OF A FINSLER SPACE 

1. Introduction 
Consider a subspace Fffi with coordinates u * ( t t=1 , , . . , a ) 

snd metric tensor g n { u , u ' ) imbedded in a Finsler space F OCB XI 

with coordinates x ( i = 1 , . . . , n ) and metric tensor g ^ ( x , x ' ) , 
then we have [ 5 J : 

(1.1) g ^ U . u ' ) « g ^ * , * ' ) ^ » 

where 

X^ = axVdu* . 

In a Finsler space there ex i s t two se t s of (n-m) dimen-
sional normals, one (f1 = m + 1 , . . . , n ) ^ independent 

of x'P and the other depending on x ' 1 . The secon-
•fci r -1 dary normals s a t i s f y the following re la t ions |_2J: 

(1.2) g i j Z * - n f M ) i 0, 

(1.3) g i 3 - 1. 

1 ) 
Early Greek indices a., jify e t c . , take the values 

from 1 , . . . , m ; l a t e r Greek indices ¿j, «J, tf e t c . , take the 
values from m4-1,...,n and l a t i n indices i , j , k , e t c . , take 
the values from 1 , . . . , n . 
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u 
(1 .4) g j L i nJJ, 

and 

where are the secondary second fundamental tensors 
of the subspace. 

Consider now a set of (n-m) congruences of curves 
such that one curve of each congruence passes through each 
point of the subspace Fm< I f A | j can be expressed as: 

(1 .6 ) = 2 tfpt)**)' 

then we have 

(1.7) c o s e ( ^ = 

and 

jfcH M. 9 * 
(1.8) 1 - t ( i u ) t ^ ) o l = c o e 8 (|uS))' 

where 6 /..j» i s the angle between the vectors whose contra-
' n * i ' * i variant components are and 

A curve C in F„ which i s imbedded in F„ has m-1 m n 
curvatures and m-1 normals re lat ive to Fm and n-1 curvatures 
and n-1 normals re lat ive to Let curvatures and unit n t 
normals re lat ive to Fm be denoted by ^ ( r ) ( r = 1»•••»m—1) 

VoC -
and s ( r ) ( r = 2 , . . . ,m ) and those re lat ive to F f l by 

( r = 1 , . . . , n - l ) and ^ ( p ) » (^ = 2 , . . . , n ) respectively. The 

unit vector tangent to the curve C i s denoted by 7 ) o r 

^ j according to that, i f i t is regarded as a vector in 
F„ or in F . n m 
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2. Cp-ourveB In a F i n s l e r spaoe 
F i r s t of a l l we s h a l l def ine Cg-curves as the carves of 

the subspace having the property t h a t a t every po in t , i t s nor -
mal geodesic sur face (formed by f i r s t and seoond normal) con-
t a i n s the tangent vector to a curve of the congruence of cur -
ves through tha t poin t . Next we def ine Cg-curves of order p 
as the curves of the subspace having the property t h a t a t eve-
ry po in t , i t s normal geodesic sur face (formed by f i r s t and 
EH-1-th normal) contains the tangent vector to a curve of the 
congruence of curves through t h a t po in t . I f the vec tor with 
con t ravar ian t components l i e s i n t h i s geodesic surfaoet, 
then we have 

{ 2 " 1 ) ¿ ( ¡ J = V ? ( 2 ) + b(fX)V(p+2)> 

where a ^ j and b ^ j are to be determined. 
Prom (1.6J and ( 2 . 1 ) , we obtain 

I f we assume t h a t the curve C i s an asymptotic curve 
of order p i n a P i n s l e r space [4] f then we have 

( 2 ' 3 ) ?(p+1) = ^ p + D ^ ' 

D i f f e r e n t i a t i n g (2.3) w . r . t . the arc length of the curve C 
we obtain the equation 

( 2 ' 4 ) ' V l ) ? ( p + 2 ) = K(P+1 )^(p+2) X i + 2 )^(p+1 
f1 

which can be w r i t t e n i n the form 

( 2 ' 5 ) K(p+1)V(p+2) = K ( p + l i , ( p + 2 ) X i + 2 K l |U)(p+1)n*p) ' 
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where 

By virtue of (2.3) and (2.5), the-equation (2.2) takes 
the form 

(2.7) t( }x)X« + 2 C*|u4)n5) " a(fx)^(2)Xa + 

+ C(fx)(K(p+1)^e(p+2)Xi + 2 K (V)(p+1)nU) ) ' 

V 
a 

p+2)Xi* + -

d where C^j = p + i ) • Multiplying (2.7) by gijXjj and 
using (1.1) and (1.2) we obtain 

( 2 - 8 ) ^ T f i ) = a ( f i )S^°(2) + C(fi)K(p+1)6o(^,(p+2)-

Again multiplying (2.7) by g ij(x,x/)n*^j and summing 
on i , we get 

( 2 , 9 ) = C(p)K(V)(p+1)' 
Q 

Now multiplying (2.8) by £ ( 2 ) summing on (1, and using 
the relatione 

(2.10) 

we get 

Sot^(2)^(2) = 1» 

Soi^(2)^(p+2) = 0 

(2.11) S*f$V)M2) " a ( f i ) ' 
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Prom ( 2 . 8 ) , (2.9) and (2.11) we now obta in the equat ion 

(2.12) S«j j*(p)K ( > , ) ( p + 1 ) 

fc°< *Z yd * / v* 
= S c c ^ ( 2 ) K ( ^ ) ( p + D , V t ( f i r ( 2 ) + C ( ^ ) K ( p + 1 ) S ^ ( p + 2 ) 

which on m u l t i p l i c a t i o n by and summing on ji y i e l d s 

(2.13) C*|uO)K(p+1 )^(p+2) " 

" ) ( p+1) (**'p) " gT<5tlil A 2 fi ( 2 ) ) = 

Equation (2.13) r e p r e s e n t s the d i f f e r e n t i a l equat ion of 
Cri-curves of order p in Fm. For a congruence s p e c i f i e d by •ts 111 

the parameters s o l u t i o n of (2.13) determines the 
C-g-curves of order p in Fm r e l a t i v e to t h a t congruence. 
Denoting the L.H.S. of (2.13) by 

(2.14) Y { p ) = c ( ^ ) K ( p + 1 ) S ( p + 2 ) " K (V)(p+D B ( ( i ) ' 

where 

/ *£ yC 
(2.15) B ( | J ) = ^t ( { J l ) -

and c a l l i n g Y ( p ) ^ e con t ravar ian t components of the curva-
tu re vec tor of CB-curves of order p we def ine these curves 
as f o l l o w s . 

A Cn-curve of order p of Fm w . r . t . a congruence de te r -
mined by the parameters t i s a curve along which the cur-

va tu re vec to r i s a n u l l v e c t o r . 
I f in p a r t i c u l a r p = 1, then (2.13) reduces to the equa-

t i o n 
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(2.16) C 
i f W ) K ( 2 f>\3) " K(<*} ( 2 ) ( f ( } i ) "&yS tfp A 2 ) ^ ( 2 ) ) = 0 

which we call the di f ferential equation of -curves in P„. u m 

3. Some specj'al properties 
Prom (2.14) i t follows that i f K(^)j(t>fi), = 0 (i*Q*> the 

curve C is an asymptetio curve of order p+1, [4J) and 
^(p) = ^en we ^ a v e either p_j_-|) = ® ( i . e . , the cur-
ve C is a geodesic of order p+1,t4]) o r the vector with com-
ponents ¿,£(p+2) i s a n u H vector. Hence we have the follow-
ing theorem. 

T h e o r e m 3*1* A necessary and sufficient con-
dition for a Cg-ourve of order p to be an asymptotio curve 
of order p+1 is one of the following: 
( i ) i t is a geodesic of order p+1 in FJj 

£ 

( i i ) the vector with components ^ (p+2) a vector1; 
( i i i ) the congruence is formed of tangential veotors only. 

In addition to th is , i f = 0 and = 0, we 
get either ) (p+1) = ^ 0I> B*pt) = Hence we have 

T h e o r e m 3.2. A necessary and suff icient condi-
tion for a CB-curve of order p to be a geodesio" of order 
p+1 in F is one of the following: 
( i ) i t is an asymptotic curve of order p+1, 
( i i ) the vector with components B ^ j is a null vector. 

Let us denote by ^ ( p ) "tiie curvature of the CB-curve of 
prder p, then we have from (2.14) the following relation 

The positive and negative signs are to be taken according as 

( 3 ' 1 ) ^ ( p ) = K( p+1)CTflV) ± K (V)(P+1) 
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•#OC y K) A 

the angle between t ^ j and 5 ( p + 2 ) i s 90+fy j or 90- jJ^) 
r e apeo t i ve ly . From (3.1) we can eas i ly obta in : 

T h e o r e m 3 .3 . | A. necessary and s u f f i c i e n t con-
d i t i o n f o r a Cg-curve of order p to be a geodesio of order 
p+1 in Fm i s one of the fo l lowing: 
( i ) the curve i s an asymptotic curve of order p+1, 
( i i ) the congruence i s tha t of normals only, 
( i i i ) the vec tors t ^ j and v ( 2 ) 0 1 6 P81,311®1» 

In p a r t i c u l a r f o r a congruence of t angen t i a l vec tors equa-
t i o n (3.1) takes the form 

( 3 - 2 ) % ( P ) = ± K ( - * ) ( P + i ) B i n v 

which by v i r t u e of the r e l a t i o n [4 ] : 

{ 3 , 3 ) K(p+1) = K(p+1) + 4> ) (p+1) 

y i e ld s 

( 3 . 4 ) p+1) - K ( p + 1 ) + 4 ( p ) 

Henoe we have the following theorem». 
T h e o r e m 3 .4 . For the congruence of t angen t i a l 

vectorsj,Cg-curves of order p are geodesic of order p+1 i n 
both Fm and s imultaneously, provided the vec tors t ^ j 

and 4^(2) a r e n o t p a r a l l e l . 

Again equation (3.1) f o r a normal congruence reduces to 

(3 .5) ^ ( p J - f c J p + U 

which by v i r t u e of (3.3) y i e l d s 

( 3 ' 6 ) K(P+1) • Ki(.p) + K ( ^ ) ( p + 1 ) 
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Henoe we have 
T h e o x- e m 3.5. Por the congruence of normals,CB-cur-

ves of order p are asymptotic curves of order p+1 and geo-
desic of order p+1 in Pn simultaneously. 

Again if the vectors t*®j and a r e P^ 8 1 1® 1 w e 

have 

(3.7) Kfp+1) = K ^ ) ( p + 1 ) + Kf(p) secV ( f W ). 

Thus we get 
T h e o r e m 3.6. If the vectors t*^ and 

are parallel, then a necessary and sufficient condition for 
a Cg-curve of order p to be geodesic of order p+1 in Ffl 
is that it has to be an asymptotic curve of order p+t, pro-
vided the congruence is formed not of tangential vectors only. 
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